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1. Introduction and Preliminaries

Let (X,T ) be a Hausdorff locally convex space and U(x) be the fundamental
system of balanced, convex and absorbing neighbourhoods of origin. For u ∈
U(x), set pu = sup{|f(x)| : f ∈ u0}, where u0 is the polar of u. Then pu is a
seminorm. Moreover, pu = inf{α > 0 : x ∈ αu}. Let D = {pu : u ∈ U(x)}.
Then D is the family of continuous seminorms generating the topology T on
X. We denote by E(X), the class of all sequences x = {xn} ∈ X such that

{pu(xn)} 1
n tends to zero as n tends to infinity for each u ∈ U(x). For each

x = {xn} ⊂ E(X) we define Pu(x) = sup(pu(xn))
1
n . Then Pu satisfies the

following properties:
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1. Pu(x) ≥ 0,

2. Pu(x+ y) ≤ Pu(x) + Pu(y),

3. Pu(αx) ≤ A(α)Pu(x), x, y ∈ E(X),

where α is a scalar and A(α) = max{|α|, 1}. Srivastava [6] proved in his paper
that Pu is a paranorm on E(X) and (E(X), Pu) is a paranormed space for each
u ∈ U(x). If we consider V Pu the superemum of the topologies induced by all
paranorms Pu, u ∈ U(x), then (E(X), V Pu) is a topological vector space. It is
proved in [6] that if X is complete, then (E(X), V Pu) is also complete.

If the mapping u : N → C and v : N → N are such that u.f ◦ v ∈ E(X),
then a weighted composition transformation mu,v : E(X) → E(X) is defined
as mu,vf = u.f ◦ v for every f ∈ E(X). In case mu,v happens to be continuous,
we name it as a weighted composition operator.

A linear transformation A defined on a locally convex space (X,TP ) where P
is the family of seminorms on X is an isometry if for every p ∈ P, p(Af) = p(f),
for every f ∈ X. For more details about sequence spaces one can refer to ([6],[7])
and references therein, whereas the study of weighted composition operators on
some function spaces are considered by ([1],[2],[3],[4],[5]) etc. By B(E(X)) we
denote the set of all bounded linear operator from E(X) into itself.

In this paper we plan to study the weighted composition operators on se-
quence spaces of entire functions E(X).

2. Main Results

Theorem 2.1. Let mu,v : E(X) → E(X) be a linear transformation. Then
mu,v is continuous if and only if for each ε > 0 there exists b > 0, M > 0 such
that

1. {n : n
v(n) > b} ∩ {n : u(n) ≥ ε} is a finite set,

2. |u(n)| 1n ≤ M for every n ∈ N .

Proof. Assume first that mu,v is continuous. If the condition (i) were false,
there exist ε > 0 such that the set {n : n

v(n) > k} ∩ {n : u(n) ≥ ε} is an infinite

for each k ∈ N . Let {nk} be an infinite sequence of natural numbers such that
nk

v(nk)
≥ k and u(nk) ≥ ε. Suppose u ∈ U(X) and 0 
= y ∈ u. Take x = y

pu(y)
.

Then pu(x) = 1. Let fnk
: N → X be the function defined by fnk

= Rnkxχv(nk)
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where 0 < R < 1. Now,

Pu(fnk
) = (pu(R

nkx))
1

v(nk) = R
nk

v(nk) .(pu(x))
1

v(nk) ≤ Rk → 0 as k → ∞.

Let x ∈ X be such that x ∈ u for some u ∈ U(X). So

Pu(mu,vfnk
) = sup{(pu(u(m)fnk

(v(m))))
1
m ,m ≥ 1}

≥ (pu(u(nk)R
nkx))

1
nk

= ε
1
nk .R(pu(x))

1
nk

≥ εR,

this shows that mu,vfnk

→ 0, which is a contradiction. Hence the condition (i)

must be true. Next if the condition (ii) were false, then for every k ∈ N , there

exists nk ∈ N such that u(nk)
1
nk > k. Let u ∈ U(X) be such that x ∈ u and

pu(x) = 1. Let fnk
= χv(nk).

x
u(nk)

. Then

Pu(fnk
) =

[
pu(

x

u(nk)
)
] 1

v(nk)

<
(1
k

) nk
v(nk)

→ 0 as k → ∞.

But Pu(mu,vfv(nk)) ≥ (pu(u(nk).fv(nk)(v(nk))))
1
nk = (pu(x))

1
nk which 
−→ 0 as

k −→ ∞, which is again a contradiction. Hence the condition (ii)must be true.
Conversely, suppose that the condition (i) and (ii) are valid. We first prove

that mu,v is an into map. Let ε > 0 be given. Then for f ∈ E(X) and ε > 0,

we have (pu(f(vn)))
1

v(n) < ε for all except finitely many values of n. Now

(pu(u(n)f(v(n))))
1
n = |u(n)| 1n (pu(f(vn))

1
vn )

v(n)
n

≤ Mε
1
b

for all but finitely many values of n. Hence u.f ◦ v ∈ E(X). The continuity of
mu,v follows from the identity

pu(mu,vf) = sup{(pu(u(n)f(v(n))) 1
n : n ≥ 1}

≤ MPu(f ◦ v)
≤ MδPu(f)

for some δ > 0. Hence mu,v is continuous.
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Theorem 2.2. Let mu,v ∈ B(E(x)). Then mu,v is invertible if and only if

1. v is invertible,

2. {n : n
v−1(n)

≥ b} ∩ {n : 1
uov−1(n)

≥ ε} is a finite set,

3. | 1
uov−1(n)

| 1n ≤ M for every n.

Proof. We first assume that mu,v is invertible with its continuous inverse G.
For every n ∈ N , (mu,v ◦G)(en) = en = (G◦mu,v)(en), so that u.(Gen)◦v = en,
which implies that u(n) 
= 0. If v is not surjection, then mu,ven = 0 for every
n ∈ N\v(N) so that mu,v has non-trivial kernel, which contradict the injectivity
of mu,v. Hence v must be surjective. Next if v is not an injection, then for two
distinct positive integers n1 and n2, v(n1) = v(n2) = n0 (say). Now either
u(n1) = u(n2) or u(n1) 
= u(n2). In case u(n1) = u(n2), then we have

(mu,vf)(n1) = u(n1).f(v(n1))

= u(n2).f(v(n2))

= (mu,vf)(n2).

Thus g ∈ E(X) with g(n1) 
= g(n2) will not be in the range of mu,v. Hence
v must be injective. Further, in case u(n1) 
= u(n2), we have χ(n1,n2) is not in
the range of mu,v. Hence v must be invertible. Set q = v−1 and p : N → C
be defined as p(n) = 1

u(q(n)) . Then G = mp,q. By continuity of G, {n : n
q(n) >

b} ∩ {n : p(n) > ε} is a finite set and | 1
uov−1(n)

| 1n ≤ M for every n ∈ N .

Conversely, assume that the conditions of the theorem are true. Define the
mapping p : N → C and q : N → N as p(n) = 1

u(v−1(n))
and q(n) = v−1(n)

respectively for all n ∈ N . Then in view of Theorem 2.1, mp,q is the continuous
inverse of mu,v.

Theorem 2.3. Let mu,v ∈ B(E(X)). Then mu,v has closed range if and

only if ur is bounded away from zero on [Z(u)]
′
, where ur(n) = |u(n)| 1n .

Proof. Suppose first that the condition of the theorem is true. We prove
that mu,v has closed range. Let h ∈ E(X) be such that mu,vhn → h for some
sequence {hn} in E(X). Then for ε > 0, 0 < ε < 1, we have Pu(mu,vhn −
mu,vhm) < ε for all n,m > n0. This implies that

δ sup
[Z(u)]′

(pu(hn(v(k)) − hm(v(k)))
1
k ≤ sup(|u(k)| 1k pu(hn(v(k))hm(v(k)))

1
k

≤ Pu(mu,vhn −mu,vhm)

< ε, for all n,m ≥ n0.
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or [pu(hn(v(k)) − hm(v(k)))]
1
k < ε

δ . Therefore [pu(hn(v(k)) − hm(v(k)))]
1

v(k) ≤
( εδ )

k
v(v(k)) < ( εδ )

b, for all n,m ≥ n0 and for all k ∈ [Z(u)]
′
, where b = inf{ k

v(k) :

k ∈ [Z(u)]
′}, for each n ∈ N , define

gn(k) =

{
hn(k), if k ∈ [Z(u)]

′ ⋂
T (N);

0, elsewhere.

Then gn ∈ E(X) for each n ∈ N and Pu(gn − gm) = sup{pu(hn(v(k)) −
hm(v(k))) : k ∈ [Z(u)]

′} 1
k < ε for all n,m ≥ n0. This shows that {gn} is a

cauchy sequence in E(X). Therefore there exists g ∈ E(X) such that gn → g.
By continuity of mu,v, mu,vgn → mu,vg. Hence mu,vg = h, so that h ∈ ran mu,v

which proves that mu,v has closed range.
Conversely if ur is not bounded away from zero on [Z(u)]

′
, then there exists

a sequence {nk} of positive integers such that |u(nk)|
1
nk = 0. Define h : N → X

as

h(m) =

{
0, if m 
∈ {nk : k ∈ N};
|u(nk)|x, if m = nk for some k ∈ N.

Then (pu(h(m)))
1
m = (pu(|u(nk)|x))

1
nk = |u(nk)|

1
nk (pu(x))

1
nk → 0 as k →

∞ so that h ∈ E(X). Let gm =
m∑
k=1

e(v(nk)). Then Pu(mu,vgm − h) =

sup{(pu(u.gmov − h)(k))
1
k } = 0. Hence h ∈ ran mu,v so that ran mu,v is

closed.

Theorem 2.4. Let mu,v ∈ B(E(X)). Then mu,v is compact if and only if

the set Eε = {n ∈ N : |u(n)| 1n ≥ ε} is a finite set for each ε > 0.

Proof. Suppose that mu,v is a compact operator. We see that Eε is a finite
set for each ε > 0. If Eε is an infinite set, then we can choose a sequence {nk} of

infinitely many elements such that (u(nk))
1
nk ≥ ε and v(nk) ∈ Eε. Now {enk

x}
is a bounded sequence in E(X) and Pu(mu,venix − mu,venjx) ≥ ε(pu(x))

1
nk

which does not go to zero. This contradicts the continuity of mu,v. Hence the
condition of the theorem must be true.

Conversely, assume that Eε is a finite set for each ε > 0 so that 0 < ε <
sup |u(n)| 1n . Let H = {n : |u(n)| 1n < ε} and G = {n : |u(n)| 1n ≥ ε}. Then
v(G) = {p1, p2, · · · , pn}. Let {fn} be a bounded sequence in E(X). That
is for each u ∈ U(X), there exists mu > 0 such that pu(fn) ≤ mu for all
n = 1, 2, 3, · · · . We can choose a positive integer n0 and a subsequence {gn}
of {fn} such that sup(pu(gn(pi) − gm(pi)))

1
k < ε

3||u|| . Now if k ∈ G, then
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(pu(u(k)gn(v(k)) − u(k)gm(v(k)))
1
k < ε

3 . Further, if k ∈ H, then Pu(mu,vgn −
mu,vgm) = sup{(pu(u(k)gn(v(k))−u(k)gm(v(k))))

1
k : k ≥ 1} ≤ ε(pu(gn(v(k))−

gm(v(k)))
1
k < ε. This shows that mu,v is a compact operator.
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