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1. Introduction

The difference equation describes the evolution of a certain phenomena over a
period of time. The theory of difference equations is based on the operator A
defined as

The forward h-difference operator Ay defined as

can be found in Difference Calculus, in particular in Fracional Difference Cal-
culus, see [1, 4, 5].

In [9], Miller and Ross defined a fractional sum of order v > 0 via the
solution of a linear difference equation. They introduce it as

1 t—v

ATV = 5y 2 = o)V f (). (1)

S=a

Equation (1) is discrete analogue to the Riemann-Liouville fractional integral

1 f v—1
£ = o Fspas

a

oDV f(2) =

of order v > 0, which can be obtained via the solution of a linear differential
equation [9, 10]. The basic properties of the operator A™" (1) have been ob-
tained in [9]. More recently, Atici and Eloe introduced the fractional difference
of order pr > 0 by A f(t) = A™(AF~™f(t)), where m is the integer part of p,
and developed some of its properties that allow to obtain solutions of certain
fractional difference equations [2, 3]. Since equation (1) yields more results in
difference equations rather than in number theory, we make use of the forward
(a, B)-difference operator and its inverse, similar to (1), to obtain significant
formulas on certain types of finite and infinite series in number theory.
Throughout this paper, we assume the following notations:

() N=1{0,1,2,3,..}, No(j) = {j.j + h,j + 2h, ...},
(ii) «, B, h are positive reals and m,n,r are positive integers, and

r!

(iii) [z] is the integer part of z and rC; = eI
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2. Relations Among Difference Operators and Shift Operator

In this section, we present some basic definitions and preliminary results which
will be useful in the further discussion.

Definition 2.1. Let f(¢) be real or complex valued function on [0, c0).
Then, the forward (o, 3)-difference operator A, gy) on f(t) is defined as

By () = BF(t+ 1) — af(t), h e (0,00). (2)

Remark 2.2. i) When § = 1, the difference operator hA (o,1)(n) becomes
the generalized a-difference operator hA, ) as hAypy f(t) = f(t+h) —af(t),
see [8].

ii) When o = 1, and 8 = 1 the difference operator A 1)) becomes the
generalized difference operator hA;, as hA f(t) = f(t+ h) — f(t), see [6].

iii) When a = 1, 8 = 1 and h = 1, Ay 1)1) is nothing but the usual
difference operator A [1].

iv) The usual shift operator E satisfies E"f(t) = f(t + h).

The following are simple deductions using the definition of A, gyn):
The operators A, gyn), An and E satisfy the following relations:

() E" =87 hA@pm +al = (1+hA)" =1+ hA,, (3)

y S i1
(ZZ) o+ mA(aﬁ)(m) =4 Z mC; A", BA(a’ﬁ)(m) = Ag(m),
=0

:
(i) Do pym(erf 1)+ e29(0) = 1B f 1) + 285 malt), W
(i) (W) = Zn;nCr(—a)r(ﬁ)”_’"Eh(”_r)7 6

and hence
(B o) F(0) = S nCo(—al (BT S 4 hln ), (©

r=0
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n

(’U) o+ (hl 4+ ho 4+ ...+ hn)A(a7ﬁ)(hl+h2+.“+hn) = 1:[1((1 + hiA(a,ﬁ)(hi))v hi's
are real, and -

(vi)  hAapm) = B(L+hA) —a, WA g)mn = B+ hA)" —a.  (7)

The discrete version of the Leibnitz theorem according to A, gy(n) is given
below.

Theorem 2.3. If f(t) and g(t), t € [0,00) are two real or complex valued
functions, then

Losym (FDg(1) = nCra AL, 5y F (AR Tg(t+Th).
r=0
Proof. The operators Ef, E} defined as

EY(f(t)g(t)) = f(t+h)g(t), ES(f(1)g(t)) = f(t)g(t + h) (8)

yield
Eh = EMED. (9)

Again by defining
(hA@pym)1 = BET —a and (WA gw)2 = FES —a (10)
for the functions f(¢) and g(t) respectively, we obtain
hA (o 5y ) = BE" — a = BETEY — a.
From (3), we get
A @) = [(FA@ s +alB; — a,

hA a5y (h) = (WA a3y )1 ES + a(hA)2,

where E} — 1 = (hAy,)2 (see Theorem 2.5, [6]).
Hence, we find

(WA (0,5 m)" (f(£)g (1)) = {a(hAR)2 + (WA () )L ES Y (f(£)g(t)). (11)

The proof follows by using the Binomial theorem, (8), (9), (10) and (11). O
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Lemma 2.4. Ifh € (0,00) and n is a positive integer, then

=B~ cha "(hA 5y (12)

Proof. The proof folows from (3). O

The following is the discrete version of the generalized Binomial theorem
involving A4 gy(n)-

Theorem 2.5. If m and n are positive integers, then

B™(t +nh)™ ZnC’a "(hA (0, 5) ()™ (13)

Proof. The proof follows by operating (6) and (12) on f(t) = t™. O

Example 2.6. If 6 is in degrees assuming only integer values in the
anticlockwise direction, then

B" sin(t + nd) ZnC a” a,8)(0))" sin(t +70).

Proof. The proof follows by operating (6) and (12) on f(t) = sint and
taking h = 0. O

The following theorem establishes a generalized version of Montmorte’s the-
orem with reference to A, g)mn)-

o0
Theorem 2.7. If the series Z f(th)x™ converges, then it can be expressed

> et = 93 e 10 (1)

t=0

as

Proof. Using the definition of the shift operator E, we get
o o
> fn)att = 2" ETF(0) = {1 — 2" E"} 1 F(0).
t=0 t=0

Now, the proof follows from the relation E" = 7o + hA a8y () ]- O
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Lemma 2.8. Let tén) =t(t—h)--- (t—(n—1)h) be a generalized polynomial
factorial. Then,

WAty = (8= )t + (8 +aln — D)hlr ™", (15)
Proof. The proof follows by (2) and the relation
7D = 1t — h)(t — 2R) - - (t + 2h — nh).

O

Lemma 2.9. (see [6]) Forn € N(1), if s} and S}' are the Stirling numbers
of first and second kinds respectively, then

) =" sy =S s (16)
r=1 r=1

Lemma 2.10. Let f(t),t € [0,00) be a real or complex valued function
and h, a are positive reals. Then

i 2" f(jh) _ {6";? eizhmé‘i’m(h) }f(o). (17)

T
e J\hi

Proof. From the shift operator, E/"f(0) = f(jh), we find that

Zhph :ChEh thEQh e xjh .
[e ]f(o):f(o)”LWf(O)”LWf(OH”':;)W (jh).
Now, the proof follows from (3). O

3. Inverse of the Operator A(aﬁ)(h)

In this section, we introduce the definition of inverse of the operator A, gy
and develop results involving A;lﬂ) (h)"
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Definition 3.1. The inverse of the operator A, gy denoted by A( B)(h)
is defined as follows. If hA(, gymv(t) = f(t) and j =t — [£]h, then

(b o) O = v(t) = (5) L (18)

where v(j) is constant for all ¢ € Nj,(5), 8 # 0 and the n'* order inverse operator
denoted by A( 8)(h) is defined as,

Awpmd®) = A smAapmd B n=2.

Example 3.2. Since hA(, gyn) (ﬁf y = =t+ (ﬁ L [ # a by Definition 3.1,
we obtain

Bh t «

(hBapya) " (t+ 55) =

where j =t — [ﬂh
Remark 3.3. A(a,ﬁ)(h)A(_al,ﬁ)(h)f(t) # A(_a{g)(h)A(a,ﬁ)(h)f(t)-

Lemma 3.4. If«, 8 and h are positive reals and t € [h,0), then

r

t
F
(hA(a 5)(}1 1 Z t — ’I“h (19)

Proof. The proof follows from the relations

[%} r—1

hA(a,B)(h){ Zaﬁr ft— rh)} = f(t),
r=1

]
v(j) = 3 % f(j—rh) =0as j =t — [£]h < h and Definition 3.1. O

r=1

Lemma 3.5. Let A # 1,t > 2ah and P(t) is a function in t. Then

5]
o t—rh —r = Y
> —ﬁr ATTP(t = rh) = (1) (ﬁ)

r=1
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> )\ hA
where v(t) = Z )\11%[3)1(;)] P(t).

t=0

Proof. For a function F'(t), we find

hA (0 5y (N F () = BATIF(t + h) — aX'F(t)

= N(BAN"E" — a)F(t) = X' P(t),
hence, we take

(BA'EM —a)7LP(t) = F(t). (20)

Since hA (q,8)n) (A F(t)) = X' P(t), by Definition 3.1, we get
t
[£]

(h (o))~ (ALP(1)) = AF () — (%) NF(j),

and hence from (20), we get

_ _ a[t]
(PA @8y m) " (ATP(1)) = A(BN'E" — a) "' P(t) — (3) CNPG), (21
where j = ¢ — [£]h. The proof now follows from (3), (19), (20), (21) and the
Binomial theorem. O

4. Applications of A@lﬁ)(h) on finite terms of A.P.

In this section, we establish the formula for the sum of arithmetic - geometric
progression as well as arithmetic - double geometirc progression in number
theory, as an application of A, g)(1)-

The following theorem is the general formula for the sum of the higher
powers of arithmetic - geometric progression.

Theorem 4.1. Lett € [h,00) and n is a positive integer and ( # 0. Then,

> Gt =)~ (5) i, (22)
where " () = ﬁ%a[t” o Bhe () — e — — BR8],
0(t) = 0(5) = 6%04 and v*(t),v%(t), .- ,v""1(t) are obtained from the above

expression by putting the corresponding values for n.
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Proof. The proof follows by taking f(t) =t" in Lemma 3.4 and (18). O

The following corollary illustrates Theorem 4.1 and gives formula for the
sum of the cubes of an arithmetic - geometric progression.

Corollary 4.2. Lett € [h,o0),a# ,n=3 and j =t — [%]h Then

(t —rh)® = v3(t) — (%) [#3(5). (23)

Proof. Since hA, g)(n) (t°) = B — a, Definition 3.1 yields

() (10 = 1) = () — (%) 1 o0(), (24)

where Uo(t) = Uo(j) = 5%04' Since hA(aﬁ)(h)t = (ﬁ - Oz)t +ﬁh and hA(a,B)(h) is
linear, Definition 3.1 and (24) give

(o)t = o' (1) — (2) Lot ), (25)

where v!(t) = 7=t — BhO(t)]. Since hA (0,5t = (B — a)t? + 2t5h + Bh2.
Definition 3.1,

@

(24) and (25) yield
_ Q| L .
(18w =20 - (5) 20, (20
where v2(t) = ﬁ[tz —2Bhvl(t) — RO (t)]. Similarly, since
hA (o gymt® = (B — )t + 38Rt + 3Bh°t + Bh?, (27)
from Definition 3.1 and (27), we find
_ Q| L .
(18w = 0 - (5) 20, 29
where v3(t) = ﬁ[tzs — 3Bhv2(t) — 3Bh%2vL(t) — BR3VO(1)].
Now, the proof follows by applying (19) for (hA(aﬁ)(h))*lt? O

The following example is an illustration of Corollary 4.2.
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Example 4.3. The value of the cubes of an arithmetic-geometric series

20 2! ﬂﬂflt t

(3)v*(t) = 3(3)(3)%0' (1) — (3)(3)°0° (1),
3)vl (1) — 3(3)%0°(t),
vl(t) =t —3(3)%(t) and °(t) =1.

In particular, when ¢t = 46, we find A% = 55842.97862.
Remark 4.4. Similarly, one can find A", for n € N(0).

The following theorem gives formula for sum of products of terms of G.P.
with m consecutive terms of A.P.

Theorem 4.5. Let t € [h,00), j =t — [£]h and n is a positive integer
and 3 # 0. Then,

= aﬁr (= i)™ = (m) () (%) o (7). (29)
mo i () (m—1) 7
where o™ (1) = (=1)'m _th ‘ (Bh) . B# «

Proof. The proof follows by using the Stirling numbers of first kind, Lemma
3.4 and Theorem 4.1. O

Corollary 4.6. Let t € [h,o¢), j =t — [£]h and m = 3. Then

AR GO U I L0 e I L0

whnere U(3) =
here V() = B o) " B—af T (B-aPf  (B-a)
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The following example is an illustration of Corollary 4.6.

Example 4.7. By taking h =2, « =2, f = 3 and t = 201 in (30), we

obtain
100

r—1
Z 2 (201 — 2r)3) = 43 (201) — (%)10%(@(1)

3" ’

r=

where v (201) = (201)® — (3)(6)(201)? + (3)@(6)2(201)M) — (3)B3)(6)3.

The following theorem is the formula for the sum of the arithmetic - double
geometric progression.

Theorem 4.8. Ifa # Ba”, t € [h,00), j =t — [%]h and 3 # 0, then
k] .
741iy1@—rhmt”%:w@>—(%)Lon» (31)
where w(t) = (e’ Bha' ™

(Bal =) (Bah —a)?’

Proof. Since

t hatt"
hA(a,8)(h) (—@?‘i a)> = (t)at +

Definition 3.1 yields

(t)al a
Ga=ryiY (5" =)

B 3 ,Bh t+h
= (M @pm) " (ta") + (MA@ gym) <(5aha7_a)) :

) = a”, by (18), we find

(32)

ak

Also, since hA (4 g)(n) (

Balh — «

(Bah —a) (5) ' (Bah —a)” (%)

o o (11— 1E]n)
(PA (0 p)m) " = i

Since A( B)(h) 18 linear. The proof follows from (32), (33) and (19) for f(t) =
tal. O
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The following example illustrates Theorem 4.8.

Example 4.9. Consider the sum of the arithmetic - double geomet-
0 1 2
Gt — @O + e - 2)(2)3 ) + G -
(3)(2))3- @ .. .4 (5) [%] -
(3)[%

_ 03 (3)2)E) b _o o _a o _a;
where w(t) = % @22 by taking h =2,a=3,a=5and § =3 in
(31).

In particular when ¢ = 21, we find

(21)3*"  (6)3*

ric series Gy =

(t—[£]2)(3)® 412, Then Gy =w(t) — (g) [Q}w(j),

w2l) =3 9292
| e (63
w(l) =5~ ~ o

and 5
Gy =w(2l) — (g)mw(l) = 8817818435.

Similarly, one can use Theorem 4.5 and Theorem 4.8 to find several types of
sum of products of terms of G.P. with consecutive terms of A.P. and Arithmetic
- double Geometric progression respectively.

1

5. Applications of A(_a )y On infinite terms of A.P.

In this section, we establish the formula for the sum of an arithmetic - geometric
progression as well as an arithmetic - double geometirc progression of infinite
series in number theory as an application of A(_al 8)(h)"

Lemma 5.1. If lim f(t) =0, then for a > 1, a > f3,
t—o00

51"
(hA(a,5m) " f (1) = Z ) f(t+rh). (34)
r=0
Proof. The proof follows from the relation

r

byt Y0 g F(E+ ) = (1),
r=0
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v(j) =0 as t — oo and Definition 3.1. O

Theorem 5.2. Ifa > 1 and o > 3, then

(3] 8" B 1
e e w

Proof. The proof follows from the Definition 3.1, and by f(¢) = 1 in Lemma
5.1. O

The following theorem gives the formula for sum of arithmetic geometric

progression on infinite series.

Theorem 5.3. Ifa>1,a> f andt € [0,00), then

= B 1 Bh
> o fttrh) = (a—ﬁ)(t_ﬁ—a)'

r=0

(36)

. Bh -
Proof. Since hA (4 gynyt = (8 — o) (t+ m) and A, gy(n) is linear, from

Definition 3.1, we find

t -1 Bh -1
Gy~ MBesm)t+ 5= (@) (1),
which yields from (35),
1 Bh
~1
Now the proof follows by f(¢) =t in Lemma 5.1. O

The following example illustrates Theorem 5.3.

o
Example 5.4. Takingh =2, a =5and f = 21in (36), we find ) 5?—_:1(75—1—
r=0

rh) =3 (t+ B2) When t =2, 2+ 20 1 ZR 4 20 4. (24 ).

Theorem 5.5. Let t € [0,00) and h € (0,00). Then,

r 2 8h 28h
2t = g Gy {%‘ Fa

r=0

[e.9]

+ h] . (38)
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Proof. Since A, g)p) is linear, from Definition 3.1,

t? _
o = MBapm)
L 26h _ Bh? -
T B aam) "+ g (B @sm) " (1): (39)
By substituting (37), (35) in (39), we find
_ t? Bh 2ﬁh
hA 12 = —~ 4
(PA(a,5)(h)) B-a) (B-a)? [ p— ] 1)
Now the proof follows by Lemma 5.1. U

The following is an illustration for Theorem 5.5.

Example 5.6. The sum of arithmetic-geometric progression for power 2,

= (1L5)" 2 (1.5)(0.2) 2(1.5)(0.2)
> GEy (t402r)" = o + =5 [275-1— —

+0.2} . (41)
r=0

Solution. (41) follows by taking h = 0.2, « = 2.5 and § = 1.5 in (38). In

particular, when ¢ = 5, we get

5 (15)(5.2)* | (1.5)%(54)* 5 N (1.5)(0.2) 3(0.2)

o= 10
35 3.5 (357 > 2 [ +

+ 0.2] .

The following theorem gives the formula to find the sum of arithmetic-
geometric progression of power 3.

Theorem 5.7. Lett € [0,00) and h € (0,00). Then,

2 ot = e e Boap

(26%h%)  BR2 N\ 38R [ ¢ 3h3
(B—a) (6—a)2> (a—ﬁ)<ﬁ )+<a—ﬁ>2‘

=B t3 35h t2 2tBh
> (3

+

(42)

—

Proof. Since A, gy(n) is linear, from Definition 3.1,

t? 1,3 3h 142
= MA@pm) t+ z— (M @pm)

—

sy
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3h? h3
hA(, 4
A L COIOY 3

(hA gy m)) (1) (43)

—

Substituting (40), (37) and (35) in (43), we find

(PA @,z )t =

A LU LGl R S L
B-a) B-af (B-aF  (B-ap

(44)

Now the proof follows from (44) and Lemma 5.1.

1]

In general, one can find similar formulas using A, gy and its inverse. []
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