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1. Introduction

The difference equation describes the evolution of a certain phenomena over a
period of time. The theory of difference equations is based on the operator Δ
defined as

Δf(t) = f(t+ 1)− f(t), t ∈ N = {0, 1, 2, 3, · · · }.
The forward h-difference operator Δh defined as

hΔhf(t) = f(t+ h)− f(t), t ∈ [0,∞), h ∈ (0,∞)

can be found in Difference Calculus, in particular in Fracional Difference Cal-
culus, see [1, 4, 5].

In [9], Miller and Ross defined a fractional sum of order ν > 0 via the
solution of a linear difference equation. They introduce it as

Δ−νf(t) =
1

Γ(ν)

t−ν∑
s=a

(t− σ(s))(ν−1)f(s). (1)

Equation (1) is discrete analogue to the Riemann-Liouville fractional integral

aD
−ν
x f(x) =

1

Γ(ν)

x∫
a

(t− σ(s))ν−1f(s)ds

of order ν > 0, which can be obtained via the solution of a linear differential
equation [9, 10]. The basic properties of the operator Δ−ν (1) have been ob-
tained in [9]. More recently, Atici and Eloe introduced the fractional difference
of order μ > 0 by Δμf(t) = Δm(Δμ−mf(t)), where m is the integer part of μ,
and developed some of its properties that allow to obtain solutions of certain
fractional difference equations [2, 3]. Since equation (1) yields more results in
difference equations rather than in number theory, we make use of the forward
(α, β)-difference operator and its inverse, similar to (1), to obtain significant
formulas on certain types of finite and infinite series in number theory.

Throughout this paper, we assume the following notations:

(i) N = {0, 1, 2, 3, ...}, Nh(j) = {j, j + h, j + 2h, ....},
(ii) α, β, h are positive reals and m,n, r are positive integers, and

(iii) [x] is the integer part of x and rCi =
r!

(r − i)!i!
.
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2. Relations Among Difference Operators and Shift Operator

In this section, we present some basic definitions and preliminary results which
will be useful in the further discussion.

Definition 2.1. Let f(t) be real or complex valued function on [0,∞).
Then, the forward (α, β)-difference operator Δ(α,β)(h) on f(t) is defined as

hΔ(α,β)(h)f(t) = βf(t+ h)− αf(t), h ∈ (0,∞). (2)

Remark 2.2. i) When β = 1, the difference operator hΔ(α,1)(h) becomes
the generalized α-difference operator hΔα(h) as hΔα(h)f(t) = f(t+ h)− αf(t),
see [8].

ii) When α = 1, and β = 1 the difference operator Δ(1,1)(h) becomes the
generalized difference operator hΔh as hΔhf(t) = f(t+ h)− f(t), see [6].

iii) When α = 1, β = 1 and h = 1, Δ(1,1)(1) is nothing but the usual
difference operator Δ [1].

iv) The usual shift operator E satisfies Ehf(t) = f(t+ h).

The following are simple deductions using the definition of Δ(α,β)(h):

The operators Δ(α,β)(h), Δh and E satisfy the following relations:

(i) Eh = β−1[hΔ(α,β)(h) + α] = (1 + hΔ)h = 1 + hΔh, (3)

(ii) α+mΔ(α,β)(m) = β

m∑
i=0

mCiΔ
i,
1

β
Δ(α,β)(m) = Δα

β
(m),

(4)
(iii) Δ(α,β)(h)(c1f(t) + c2g(t)) = c1Δ(α,β)(h)f(t) + c2Δ(α,β)(h)g(t),

(iv) (hΔ(α,β)(h))
n =

n∑
r=0

nCr(−α)r(β)n−rEh(n−r), (5)

and hence

(hΔ(α,β)(h))
nf(t) =

n∑
r=0

nCr(−α)r(β)n−rf(t+ h(n− r)), (6)
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(v) α+ (h1 + h2 + . . . + hn)Δ(α,β)(h1+h2+...+hn) =
n∏

i=1
(α + hiΔ(α,β)(hi)), hi

,s

are real, and

(vi) hΔ(α,β)(h) = β(1 + hΔ)h − α, hΔ(α,β)(nh) = β(1 + hΔh)
n − α. (7)

The discrete version of the Leibnitz theorem according to Δ(α,β)(h) is given
below.

Theorem 2.3. If f(t) and g(t), t ∈ [0,∞) are two real or complex valued
functions, then

Δn
(α,β)(h)(f(t)g(t)) =

n∑
r=0

nCrα
n−rΔr

(α,β)(h)f(t)Δ
n−r
h g(t+ rh).

Proof. The operators Eh
1 , E

h
2 defined as

Eh
1 (f(t)g(t)) = f(t+ h)g(t), Eh

2 (f(t)g(t)) = f(t)g(t+ h) (8)

yield

Eh = Eh
1E

h
2 . (9)

Again by defining

(hΔ(α,β)(h))1 = βEh
1 − α and (hΔ(α,β)(h))2 = βEh

2 − α (10)

for the functions f(t) and g(t) respectively, we obtain

hΔ(α,β)(h) = βEh − α = βEh
1E

h
2 − α.

From (3), we get

hΔ(α,β)(h) = [(hΔ(α,β)(h))1 + α]Eh
2 − α,

hΔ(α,β)(h) = (hΔ(α,β)(h))1E
h
2 + α(hΔh)2,

where Eh
2 − 1 = (hΔh)2 (see Theorem 2.5, [6]).

Hence, we find

(hΔ(α,β)(h))
n(f(t)g(t)) = {α(hΔh)2 + (hΔ(α,(h))1E

h
2 }n(f(t)g(t)). (11)

The proof follows by using the Binomial theorem, (8), (9), (10) and (11).
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Lemma 2.4. If h ∈ (0,∞) and n is a positive integer, then

Enh = β−n
n∑

r=0

nCrα
n−r(hΔ(α,β)(h))

r. (12)

Proof. The proof folows from (3).

The following is the discrete version of the generalized Binomial theorem
involving Δ(α,β)(h).

Theorem 2.5. If m and n are positive integers, then

βn(t+ nh)m =
n∑

r=0

nCrα
n−r(hΔ(α,β)(h))

rtm. (13)

Proof. The proof follows by operating (6) and (12) on f(t) = tm.

Example 2.6. If θ is in degrees assuming only integer values in the
anticlockwise direction, then

βn sin(t+ nθ) =

n∑
r=0

nCrα
n−r(hΔ(α,β)(θ))

rsin(t+ rθ).

Proof. The proof follows by operating (6) and (12) on f(t) = sin t and
taking h = θ.

The following theorem establishes a generalized version of Montmorte’s the-
orem with reference to Δ(α,β)(h).

Theorem 2.7. If the series
∞∑
t=0

f(th)xth converges, then it can be expressed

as ∞∑
t=0

f(th)xth = β

∞∑
t=0

xth(hΔ(α,β)(h))
tf(0)

(β − αxh)t+1
. (14)

Proof. Using the definition of the shift operator E, we get

∞∑
t=0

f(th)xth =

∞∑
t=0

xthEthf(0) = {1− xhEh}−1f(0).

Now, the proof follows from the relation Eh = β−1[α+ hΔ(α,β)(h)].
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Lemma 2.8. Let t
(n)
h = t(t−h) · · · (t−(n−1)h) be a generalized polynomial

factorial. Then,

hΔ(α,β)(h)t
(n)
h = [(β − α)t+ (β + α(n − 1))h]t

(n−1)
h . (15)

Proof. The proof follows by (2) and the relation

t
(n−1)
h = t(t− h)(t − 2h) · · · (t+ 2h− nh).

Lemma 2.9. (see [6]) For n ∈ N(1), if snr and Sn
r are the Stirling numbers

of first and second kinds respectively, then

t
(n)
h =

n∑
r=1

snrh
n−rtr; tn =

n∑
r=1

Sn
r h

n−rt
(r)
h . (16)

Lemma 2.10. Let f(t), t ∈ [0,∞) be a real or complex valued function
and h, α are positive reals. Then

∞∑
j=0

xjhf(jh)

j!hj
=

{
e

xhα
βh e

xhhΔ(α,β)(h)
βh

}
f(0). (17)

Proof. From the shift operator, Ejhf(0) = f(jh), we find that

[
e

xhEh

h
]
f(0) = f(0) +

xhEh

1!h
f(0) +

x2hE2h

2!h2
f(0) + · · · =

∞∑
j=0

xjh

j!hj
f(jh).

Now, the proof follows from (3).

3. Inverse of the Operator Δ(α,β)(h)

In this section, we introduce the definition of inverse of the operator Δ(α,β)(h)

and develop results involving Δ−1
α,β)(h).
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Definition 3.1. The inverse of the operator Δ(α,β)(h) denoted by Δ−1
(α,β)(h)

is defined as follows. If hΔ(α,β)(h)v(t) = f(t) and j = t− [
t
h

]
h, then

(hΔ(α,β)(h))
−1f(t)

∣∣t
j
= v(t) − (α

β

)[ t
h

]
v(j), (18)

where v(j) is constant for all t ∈ Nh(j), β �= 0 and the nth order inverse operator
denoted by Δ−n

(α,β)(h) is defined as,

Δ−n
(α,β)(h)f(t) = Δ−1

(α,β)(h)Δ
−(n−1)
(α,β)(h)f(t), n ≥ 2.

Example 3.2. Since hΔ(α,β)(h)
t

(β−α) = t+ βh
(β−α) , β �= α by Definition 3.1,

we obtain

(hΔ(α,β)(h))
−1

(
t+

βh

β − α
) =

t

(β − α)
− (α

β

)[ t
h

]
j

(β − α)
,

where j = t− [
t
h

]
h.

Remark 3.3. Δ(α,β)(h)Δ
−1
(α,β)(h)f(t) �= Δ−1

(α,β)(h)Δ(α,β)(h)f(t).

Lemma 3.4. If α, β and h are positive reals and t ∈ [h,∞), then

(hΔ(α,β)(h))
−1f(t)

∣∣t
j
=

[ t
h
]∑

r=1

αr−1

βr
f(t− rh). (19)

Proof. The proof follows from the relations

hΔ(α,β)(h)

{ [ t
h
]∑

r=1

αr−1

βr
f(t− rh)

}
= f(t),

v(j) =

[
j
h

]
∑
r=1

αr−1

βr f(j − rh) = 0 as j = t− [
t
h

]
h < h and Definition 3.1.

Lemma 3.5. Let λ �= 1, t ≥ 2αh and P (t) is a function in t. Then

[
t
h

]
∑
r=1

αr−1

βr
λt−rhP (t− rh) = v(t)− (α

β

)[ t
h

]
v(j),
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where v(t) =
λt

α(λh − 1)

∞∑
t=0

(−1)t
[λhhΔ(α,β)(h)

α(λh − 1)

]t
P (t).

Proof. For a function F (t), we find

hΔ(α,β)(h)(λ
tF (t)) = βλt+hF (t+ h)− αλtF (t)

= λt(βλhEh − α)F (t) = λtP (t),

hence, we take
(βλhEh − α)−1P (t) = F (t). (20)

Since hΔ(α,β)(h)(λ
tF (t)) = λtP (t), by Definition 3.1, we get

(hΔ(α,β)(h))
−1(λtP (t)) = λtF (t)− (α

β

)[ t
h

]
λjF (j),

and hence from (20), we get

(hΔ(α,β)(h))
−1(λtP (t)) = λt(βλhEh − α)−1P (t)− (α

β

)[ t
h

]
λjP (j), (21)

where j = t − [
t
h

]
h. The proof now follows from (3), (19), (20), (21) and the

Binomial theorem.

4. Applications of Δ−1
(α,β)(h) on finite terms of A.P.

In this section, we establish the formula for the sum of arithmetic - geometric
progression as well as arithmetic - double geometirc progression in number
theory, as an application of Δ(α,β)(h).

The following theorem is the general formula for the sum of the higher
powers of arithmetic - geometric progression.

Theorem 4.1. Let t ∈ [h,∞) and n is a positive integer and β �= 0. Then,[
t
h

]
∑
r=1

αr−1

βr
(t− rh)n = vn(t)−

(α
β

)[ t
h

]
vn(j), (22)

where vn(t) =
1

β − α
[tn − nβhvn−1(t)− · · · − −βhnv0(t)],

v0(t) = v0(j) = 1
β−α and v1(t), v2(t), · · · , vn−1(t) are obtained from the above

expression by putting the corresponding values for n.
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Proof. The proof follows by taking f(t) = tn in Lemma 3.4 and (18).

The following corollary illustrates Theorem 4.1 and gives formula for the
sum of the cubes of an arithmetic - geometric progression.

Corollary 4.2. Let t ∈ [h,∞), α �= β, n = 3 and j = t− [
t
h

]
h. Then

[
t
h

]
∑
r=1

αr−1

βr
(t− rh)3 = v3(t)− (α

β

)[ t
h

]
v3(j). (23)

Proof. Since hΔ(α,β)(h)(t
0) = β − α, Definition 3.1 yields

(hΔ(α,β)(h))
−1(t0 = 1) = v0(t)− (α

β

)[ t
h

]
v0(j), (24)

where v0(t) = v0(j) = 1
β−α . Since hΔ(α,β)(h)t = (β −α)t+ βh and hΔ(α,β)(h) is

linear, Definition 3.1 and (24) give

(hΔ(α,β)(h))
−1t = v1(t)− (α

β

)[ t
h

]
v1(j), (25)

where v1(t) = 1
β−α [t − βhv0(t)]. Since hΔ(α,β)(h)t

2 = (β − α)t2 + 2tβh + βh2.
Definition 3.1, (24) and (25) yield

(hΔ(α,β)(h))
−1t2 = v2(t)− (α

β

)[ t
h

]
v2(j), (26)

where v2(t) = 1
β−α [t

2 − 2βhv1(t)− βh2v0(t)]. Similarly, since

hΔ(α,β)(h)t
3 = (β − α)t3 + 3βht2 + 3βh2t+ βh3, (27)

from Definition 3.1 and (27), we find

(hΔ(α,β)(h))
−1t3 = v3(t)− (α

β

)[ t
h

]
v3(j), (28)

where v3(t) = 1
β−α [t

3 − 3βhv2(t)− 3βh2v1(t)− βh3v0(t)].

Now, the proof follows by applying (19) for (hΔ(α,β)(h))
−1t3.

The following example is an illustration of Corollary 4.2.
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Example 4.3. The value of the cubes of an arithmetic-geometric series

A3 =
20

31
(t− 1(3))3 +

21

32
(t− 2(3))3 + · · ·+ 2

[
t
3

]
−1

3

[
t
3

] (t− [ t
3

]
3)3

is v3(t)− (
2
3

)[ t
3

]
v3(j), where h = 3, α = 2, β = 3 and

v3(t) = t3 − 3(3)(3)v2(t)− 3(3)(3)2v1(t)− (3)(3)3v0(t),

v2(t) = t2 − 2(3)(3)v1(t)− 3(3)2v0(t),

v1(t) = t− 3(3)v0(t) and v0(t) = 1.

In particular, when t = 46, we find A3 = 55842.97862.

Remark 4.4. Similarly, one can find An, for n ∈ N(0).

The following theorem gives formula for sum of products of terms of G.P.
with m consecutive terms of A.P.

Theorem 4.5. Let t ∈ [h,∞), j = t − [
t
h

]
h and n is a positive integer

and β �= 0. Then,

[
t
h

]
∑
r=1

αr−1

βr
(t− rh)

(m)
h = v(m)(t)−

(α
β

)[ t
h

]
v(m)(j), (29)

where v(m)(t) =

m∑
i=1

(−1)im(i)t
(m−i)
h (βh)i

(β − α)i+1
, β �= α.

Proof. The proof follows by using the Stirling numbers of first kind, Lemma
3.4 and Theorem 4.1.

Corollary 4.6. Let t ∈ [h,∞), j = t− [
t
h

]
h and m = 3. Then

[
t
h

]
∑
r=1

αr−1

βr
(t− rh)

(3)
h = v(3)(t)−

(α
β

)[ t
h

]
v(3)(j), (30)

where v(3)(t) =
t
(3)
h

(β − α)
− 3(βh)t

(2)
h

(β − α)2
+

3(2)(βh)2t
(1)
h

(β − α)3
− 3(3)(βh)3t

(0)
h

(β − α)4
.
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The following example is an illustration of Corollary 4.6.

Example 4.7. By taking h = 2, α = 2, β = 3 and t = 201 in (30), we
obtain

100∑
r=1

2r−1

3r
(201 − 2r)(3) = v(3)(201) − (2

3

)100
v(3)(1),

where v(3)(201) = (201)(3) − (3)(6)(201)(2) + (3)(2)(6)2(201)(1) − (3)(3)(6)3.

The following theorem is the formula for the sum of the arithmetic - double
geometric progression.

Theorem 4.8. If α �= βah, t ∈ [h,∞), j = t− [
t
h

]
h and β �= 0, then

[
t
h

]
∑
r=1

αr−1

βr
(t− rh)at−rh = w(t)−

(α
β

)[ t
h

]
w(j), (31)

where w(t) =
(t)at

(βah − α)
− βhat+h

(βah − α)2
.

Proof. Since

hΔ(α,β)(h)

(
(t)at

(βah − α)

)
= (t)at +

βhat+h

(βah − α)
,

Definition 3.1 yields

(t)at

(βh − α)
− (α

β

)[ t
h

] (
t− [

t
h

]
h
)
a

(
t−
[

t
h

]
h
)

(βah − α)

= (hΔ(α,β)(h))
−1(tat) + (hΔ(α,β)(h))

−1

(
βhat+h

(βah − α)

)
. (32)

Also, since hΔ(α,β)(h)

( ak

βah − α

)
= ak, by (18), we find

(hΔ(α,β)(h))
−1ak =

ak

(βah − α)
− (α

β

)[ t
h

]
a

(
k−

[
t
h

]
h
)

(βah − α)
. (33)

Since Δ−1
(α,β)(h) is linear. The proof follows from (32), (33) and (19) for f(t) =

tat.
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The following example illustrates Theorem 4.8.

Example 4.9. Consider the sum of the arithmetic - double geomet-

ric series Gd = (5)0

31
(t − (1)(2))3t−(1)(2) + (5)1

32
(t − (2)(2))3t−(2)(2) + (5)2

33
(t −

(3)(2))3t−(3)(2)+· · ·+ (5)

[
t
2

]
−1

(3)

[
t
2

] (t−[
t
2

]
2)(3)(t−

[
t
2

]
2). ThenGd = w(t)− (5

3

)[ t
2

]
w(j),

where w(t) =
(t)3t

22
− (3)(2)(3)t+2

(22)2
, by taking h = 2, a = 3, α = 5 and β = 3 in

(31).
In particular when t = 21, we find

w(21) =
(21)321

22
− (6)323

222

,

w(1) =
(1)(3)

22
− (6)33

222

and

Gd = w(21) − (5
3

)10
w(1) = 8817818435.

Similarly, one can use Theorem 4.5 and Theorem 4.8 to find several types of
sum of products of terms of G.P. with consecutive terms of A.P. and Arithmetic
- double Geometric progression respectively.

5. Applications of Δ−1
(α,β)(h) on infinite terms of A.P.

In this section, we establish the formula for the sum of an arithmetic - geometric
progression as well as an arithmetic - double geometirc progression of infinite
series in number theory as an application of Δ−1

(α,β)(h).

Lemma 5.1. If lim
t→∞ f(t) = 0, then for α > 1, α > β,

(hΔ(α,β)(h))
−1f(t) = −

∞∑
r=0

βr

αr+1
f(t+ rh). (34)

Proof. The proof follows from the relation

−hΔ(α,β)(h)

∞∑
r=0

βr

αr+1
f(t+ rh) = f(t),
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v(j) = 0 as t → ∞ and Definition 3.1.

Theorem 5.2. If α > 1 and α > β, then

∞∑
r=0

βr

αr+1
=

1

(α− β)
. (35)

Proof. The proof follows from the Definition 3.1, and by f(t) = 1 in Lemma
5.1.

The following theorem gives the formula for sum of arithmetic geometric
progression on infinite series.

Theorem 5.3. If α > 1, α > β and t ∈ [0,∞), then

∞∑
r=0

βr

αr+1
f(t+ rh) =

1

(α− β)

(
t− βh

β − α

)
. (36)

Proof. Since hΔ(α,β)(h)t = (β − α)
(
t+

βh

β − α

)
and Δ(α,β)(h) is linear, from

Definition 3.1, we find

t

(β − α)
= (hΔ(α,β)(h))

−1t+
βh

β − α
(hΔ(α,β)(h))

−1(1),

which yields from (35),

(hΔ(α,β)(h))
−1t =

1

(β − α)

(
t− βh

β − α

)
. (37)

Now the proof follows by f(t) = t in Lemma 5.1.

The following example illustrates Theorem 5.3.

Example 5.4. Taking h = 2, α = 5 and β = 2 in (36), we find
∞∑
r=0

2r

5r+1 (t+

rh) = −1
3

(
t+ (2)(2)

3

)
. When t = 2, 2

5 +
2(4)
52

+ 22(6)
53

+ 23(8)
54

+ · · · = −1
3

(
2 + 4

3

)
.

Theorem 5.5. Let t ∈ [0,∞) and h ∈ (0,∞). Then,

∞∑
r=0

βr

αr+1
(t+ rh)2 =

t2

(α− β)
+

βh

(α− β)2

[
2t− 2βh

β − α
+ h

]
. (38)
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Proof. Since Δ(α,β)(h) is linear, from Definition 3.1,

t2

β − α
= (hΔ(α,β)(h))

−1t2

+
2βh

β − α
(hΔ(α,β)(h))

−1t+
βh2

β − α
(hΔ(α,β)(h))

−1(1). (39)

By substituting (37), (35) in (39), we find

(hΔ(α,β)(h))
−1t2 =

t2

(β − α)
− βh

(β − α)2

[
2t− 2βh

β − α
+ h

]
. (40)

Now the proof follows by Lemma 5.1.

The following is an illustration for Theorem 5.5.

Example 5.6. The sum of arithmetic-geometric progression for power 2,

∞∑
r=0

(1.5)r

(3.5)r+1
(t+ 0.2r)2 =

t2

2
+

(1.5)(0.2)

22

[
2t+

2(1.5)(0.2)

2
+ 0.2

]
. (41)

Solution. (41) follows by taking h = 0.2, α = 2.5 and β = 1.5 in (38). In
particular, when t = 5, we get

52

3.5
+

(1.5)(5.2)2

3.52
+

(1.5)2(5.4)2

(3.5)3
+ · · · = 52

2
+

(1.5)(0.2)

22

[
10 +

3(0.2)

2
+ 0.2

]
.

The following theorem gives the formula to find the sum of arithmetic-
geometric progression of power 3.

Theorem 5.7. Let t ∈ [0,∞) and h ∈ (0,∞). Then,

∞∑
r=0

βr

αr+1
(t+ rh)3 =

t3

(α− β)
− 3βh

(α− β)

( t2

β − α
− 2tβh

(β − α)2

+
(2β2h2)

(β − α)3
− βh2

(β − α)2

)
− 3βh2

(α− β)

( t

β − α

)
+

βh3

(α− β)2
. (42)

Proof. Since Δ(α,β)(h) is linear, from Definition 3.1,

t3

β − α
= (hΔ(α,β)(h))

−1t3 +
3h

β − α
(hΔ(α,β)(h))

−1t2+
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3h2

β − α
(hΔ(α,β)(h))

−1t+
h3

β − α
(hΔ(α,β)(h))

−1(1). (43)

Substituting (40), (37) and (35) in (43), we find

(hΔ(α,β)(h))
−1t3 =

t
(3)
h

(β − α)
− 3(βh)t

(2)
h

(β − α)2
+

3(2)(βh)2t
(1)
h

(β − α)3
− 3(3)(βh)3t

(0)
h

(β − α)4
. (44)

Now the proof follows from (44) and Lemma 5.1.
In general, one can find similar formulas using Δ(α,β)(h) and its inverse.
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