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Abstract: In this paper, we discuss the asymptotic behaviour of solutions of
the generalized difference equation

tu(k) + F(b,u(k), Au(k), ..., Al Vu(k) =0, ke0,00), (1)
where the function f is defined on [0,00) x R™ and /¢ is a positive real.
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1. Introduction

The basic theory of difference equations is based on the operator A defined as
Au(k) =u(k+1) —u(k), ke N=1{0,1,2,3,--- }. Eventhough many authors
(see [1], [12]-[16]) have suggested the definition of A as

Au(k) =u(k+ ) —u(k), ke R, £eN(1), (2)
no significant progress has taken on this line. Recently, E. Thandapani, M.M.S.
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Manuel and G.B. Antony Xavier [7] considered the definition of A as given in
(2) and developed the theory of difference equations in a different direction
(see [7, 8]). For convenience, the operator A defined by (2) is labelled as Ay
and by defining its inverse A, ', many interesting results and applications in
number theory (see [7,10,11]) were obtained. By extending the study related
to sequences of complex numbers and ¢ to be real, some new qualitative prop-
erties like rotatory, expanding, shrinking, spiral and weblike were analysed for
the solutions of difference equations involving A,. The results obtained using
Ay can be found in (see [7-9]). The qualitative properties of lower order differ-
ence equations were studied by various authors. See for example [3,6,15]. Very
few results on the study of the properties of solutions of higher order difference
equations are available in the literature, for example [2, 14]. The above studies
are based on the difference operator A. The results found in this paper gener-
alize those of [2]. In this paper, we discuss various properties of the solutions
for (1).
Throughout this paper we make use the following notations:

() N=1{0,1,2,3,...}, N(a) = {a,a+ La+2,... ,Ny(j) = {j,j + £,§ +
2,...1,

(ii) [z] denotes the integer part of  and [z] denotes upper integer part of

(iii) F, denotes the class of all functions u(k) defined on [a,00) such that
(k)| = o((K)?)) as k — oo.

2. Preliminaries

In this section, we present some preliminary definitions and theorems which
will be useful for further subsequent discussion.

Definition 2.1. (see [7]) Let u(k), k € [0,00) be a real or complex valued
function and ¢ € (0,00). Then, the generalized difference operators A, and V,
are defined as

Apu(k) = u(k+£0) —u(k). (3)
Vou(k) = u(k) —u(k —2). (4)

Similarly, the generalized difference operators of the " kind are defined as
Aju(k) = Ap(Ag(... (Agu(k)))) - ()

r times
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Viu(k) = Vo(Ve(... (Veu(k)))) . (6)

r times

Definition 2.2. (see [7]) Let u(k), k € [0,00) be a real or complex valued
function and ¢ € (0,00). Then, the inverse of A, denoted by Agl is defined as

follows.
If Apw(k) = u(k), thenv(k) = A, u(k) + ¢, (7)

where ¢; is a constant for all k € Ny(j),5 = k — [%4] .
In general A, u(k) = A; YA, " Du(k)) for n € N(2).
Similarly one can define V, ™

The following is an extension of Lemma 4.2 in [7]

Lemma 2.3. (see [7]) If the real valued function u(k) is defined for all
k € [a,00), then
[57]

A (k) = Z u(k —rl) + ¢;, (8)
r=1

where c¢; is a constant for all k € Ny(j), j =k —a— [%}E.

Theorem 2.4. If Ayu(k) = u(k) for k € [ks, 00) and j = k — ky — [%}e
then
[kfkgfjfl]
[

v(k) —v(ke +j) = Z u(ky +j + rl).
r=0

Proof. The proof follows from Definition 2.2, Lemma 2.3 and ¢; = v(ks +
7). O

Theorem 2.5. (see [8]) Let u(k) be defined on [0,00) and a € [0,00).
Then, for all k € [a,0), j =k —a — [k ¢l fand0<m<n-—1,

nl —m
)( )

Ag@u(k)zz (Z f) Aju(a + j)

~

=m

(k—a—j—rl— E)(n m=1)

1) Aju(a+j+1l), 9)
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where k{™ = k(k — £)(k — 20) ... (k — (n — 1)¢).

Lemma 2.6. (see [8]) Let
all k € [a,00) and j =k —a — [%“}E,

A{u(k)v(k)}
= u(k+ 0)Aw(k) +v(k)Apu(k) = vk +0)Awu(k) +u(k)Ap(k) (10)
and i
u(a+j+rl)Ap(a+j5+rl)
r=0
= u(ro(r)l_,— > vla+j+L+r0)Amu(a+tj+re). (11)
r=0

Proof. By operating A;l on both sides of (10) and from Definition 2.2 and
Theorem 2.4, (11) follows. O

Definition 2.7. (see [4]) Two difference systems are said to be asymptot-
ically equivalent if, corresponding to each solution of one system, there exists a
solution of the other system such that the difference between these two solutions
converges to zero.

3. Main Results
Theorem 3.1. Let for all k € [a,0),a € [0,00) and j =k —a — [%} 14
the following inequality be satisfied

k—a—j—¢

u(k) < p(k)+q(k) > fla+j+rlula+j+ro). (12)
r=0

Then, for all k € [a,00) and w(r,7) =1+ q(r+0+j+70)f(r+ £+ 75+ 70),

x

S hor—j—2¢
[ £

u(k) < p(k) + q(k) platj+rO)fa+j+re) J[ wirr). (13)
r=0 7=0
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Proof. Define a function v(k) on [a, 00) as follows

v(k) = Z fla+j+rlula+j+rel).

For this function, we have
Ap(k) = f(k)u(k),v(a) = 0. (14)
Since u(k) < p(k) + q(k)v(k), and f(k) > 0, from (14) we obtain

v(k +0) = (L+q(k)f(k)v(k) < p(k)f (k). (15)

Let
e(g, fora+j) =1 +qla+j+rl)f(a+j+re)™

and because
1+q(k)f(k) >0

k—a—j
0

for all k € [a, 00), we can multiply (15) by H e(q, f,r,a + j), to obtain

r=0
Ay HO e(q, forya+ j)o(k)| < p(k)f(k) HO e(q, forya+ j).

From Lemmas 2.2 and 2.4 and using v(a) = 0, we obtain

k—a—j—1¢ k—a—j3—4
3

H e(q, f,r,a+j)v(k) < pla+j+rl)f(a+j+rel) H e(q, f,m,a+7).
r=0 r=0 7=0

which is the same as

k—a—j—4 k—r—j—2¢
[ [
v(k) < platj+rOfa+ji+re) J[ wirr). (16)
r=0 7=0

Now (13) follows from (16) and the inequality u(k) < p(k) + q(k)v(k). O
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Corollary 3.2. Let in Theorem 3.1, p(k) = p and q(k) = q for all k €
[a,00). Then, for all k € [a,00) and j =k —a — [%]6,

k—a—j—1¢

uk) <p J] (+af(a+j+ro).
r=0

Proof. We have from Lemma 2.4 and (16),

k—a—j5—¢
3
Apw(k) <pfR) I (1+af(a+j+r0)
r=0
and the proof follows by (14). O

Lemma 3.3. Let 1 <m <n—1 and u(k) be defined on [a,o0). Then,
(i) lim inf A7u(k) > 0 implies lim Alu(k) = 00,0 <i<m—1
k—r00 k—r00

(ii) lim sup APu(k) < 0 implies lim Abu(k) = —00,0 <i <m — 1.
k—r00 k—r00

Proof. klim inf AJu(k) > 0 implies that there exists a large ki € [a,00)
—00
such that AJ'u(k) > ¢ > 0 for all k € [k, 00). Since
k—ky—j—t
£

k—k
AP Nu(k) = AP Mu(ki4g)+ > Afu(ki+jtre) and j = k—kl—[ - 1]5,
r=0

it follows that
A7 u(k) = AP ulky + §) + ek — k= j),

and hence

lim A7 lu(k) = .
dim A7 ulk) = oo

The rest of the proof is by induction. The case (ii) can be treated similarly. O

Theorem 3.4. (Generalized Discrete I’Hospital’s Rule).
Let u(k) and v(k) be defined on [a,00) and v(k) > 0,Aw(k) < 0 for all
large k in [a,00). If klim u(k) = klim v(k) =0, then
— 00 — 00

1 f <1 f—= <1 —2 < 1] .
hvoo L Agu(k) = hmee T u(k) = koo P u(k) = kmeo P Agu(k) (17)
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Proof. Let k; € [a,00) be sufficiently large so that for all k € [k, 00),v(k) >

0 and Apv(k) < 0. We assume that
Agu(k)
Agv(k‘)
where ¢ € [0,00). Then, Aju(k) < cAypv(k) and by summation we obtain
u(k + pl) —u(k) < c(v(k + pl) —v(k)) for all k € [k1,00) and 0 < p € [0,00).

> ¢ for all k € [k, 00),

k
Allowing p — oo, we find —u(k) < —cv(k), which is the same as % > ¢ for all
v

k € [k1,00). Since the same holds with the inequalities reversed, (17) holds. O

Corollary 3.5. Let u(k) and v(k) be as in Theorem 3.4. Then,

k Apu(k
klggo ZE k’i = ¢ provided kl;rglo AEZE k?i = ¢ exists.
Example 3.6. u(k) = 5, v(k) = -4 satisfies the conditions of Corollary
3.5, . .
Theorem 3.7. Assume that the function f(k,u,...,u,—1) satisfies

n—1
|f(ky o, .oy un—1)| < Zpl(k:)|u1|, for all f(k,ue,...,up—1) € [0,00) x R",
1=0

(18)
where p;(k),0 < i <n — 1 are nonnegative functions, defined on [0,00) and

o) n—1

H 1+ Z(a—i—j +T€)§n7i*1)pi(a+j +710)] < oo where, j =k —a— [k 2 a}é.
r=0 =0

Then, the difference equation (1) has solutions which are asymptotic to ai(k)éi)
i=0
as k — oo, where a;,0 <1i <n — 1 are constants such that a,_1 # 0.

Proof. Let u(k) be a solution of (1). For any a € [¢,00), Theorem 2.5 yields
n—1 (i—m)
(k—a),

AJu(k) = Z ) Abu(a + j5)
kfzfj —n+m
1 . (n—m—1)
—m Z (k—a—j—rf—f)z

r=0
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x flatj+rlula+i+rl), Apulati+re),..., Ay u(a+j+7()),0 <m < n—1.

(20)
Thus, from (18) we find [AJ u(k)| < Am(kj)gnfmfl)
kizij —ntmp 1 .
By (k) ST S pia+ j+r0)|Afua+ j + )], (21)
r=0 =0

_yn—l k (i—m)
where A4,, = [(k)én—m—l)} Z ( )E
Define A = maxogmgn_lyke[;;w; A, then, since B, < 1,0 < m <n —1 from
(21), we obtain

(’L _ m)[ |A;’UJ(CL +])|’ and B, = 1/(n—m—1)'

AT (k)| < (k)™ VF(E),0<m<n—1, (22)
where
kﬂzij —ntmp_q
Fhy=A+ > > pila+i+r0)Aula+j+ro).
r=0 1=0

Using (22) in the above equality, we obtain

k—a—j—1¢
7 n—1 )
F(k)< A [1 + Z(a +J+ r€)§”_z_1)pi(a +Jj+ ré)]
r=0 =0

and hence from (19) there exists a finite constant ¢ > 0 such that F(k) < c.
Thus, inequality (22) implies that

AT u(k)| < c(k)@nim*l),o <m<n-1. (23)

Also, from (20) we have A} tu(k) = A} u(a + j)

[
— Z fla+ji+rt,u(ati+re), Apulat+i+re), ..., A Tula+j+rl)). (24)
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Since condition (19) implies that % Z?:_OI(a—i—j—i—ré)én_i_1)pi(a—|—j+r€) < 00,

we find from (18) and (23) that the sum in (24) converges as k — oo and
therefore klim A} 'u(k) exists and is a finite number. To ensure that this limit
— 00

is not zero, we choose a so large that 1 —¢ 32 S a4 j + r()gn_i_l)pi(a +
j+7¢) > 0 and impose the condition A} 'u(a) = 1 on the solution of (1). This
solution has the desired asymptotic property. ]

Example 3.8. For the generalized difference equation Aju(k) = 663 —

33—t 2 ;
%, the solution is asymptotic to ) ai(k)g)
k" i=0

l
as k — oo, where a;,0 < ¢ < 2 are constants. Infact u(k) = k‘f’) + ﬁ, is a

4

3
ﬁ and for p;(k) =

solution of the difference equation.

Corollary 3.9. Under the hypotheses of Theorem 3.7, equation (1) has
all solutions nonoscillatory.

Theorem 3.10. If there exists a constant ¢ > 0 such that, for any function
u(k) defined on [0,00), lim infu(k) > ¢ (lim supu(k) < —c) and j =k —a —
k—00 k—00
—a

[T] ¢ such that

o0

> flatjtrt,u(atj+rl), Aulatj+re), ..., Ay u(a+j+rl)) = £oo, (25)
r=0

then every nonoscillatory solution u(k) of (1) satisfies klim inf ju(k)| < c.
— 00

Proof. Let u(k) be a nonoscillatory solution of (1), say u(k) > 0 for all
k > a, and assume that klim inf u(k) > ¢. The case u(k) < 0 for all £ > a can
— 00

be treated similarly. From (24) and (25) it is clear that k]im A} (k) = —o0,
— 00
and therefore klim sup A’g_lu(k) < 0. But, then, Lemma 3.3 implies that
—00
klim u(k) = —oo, which is a contradiction to our assumption that u(k) > 0. O
— 00
Example 3.11. For the generalized difference equation Aju(k) = 51¢(3k—

42ké3)) every nonoscillatory solution u(k) of (1) satisfies the condition of The-
orem 3.10.



134 M.M.S. Manuel, G.B.A. Xavier, D.S. Dilip, G.D. Babu

Lemma 3.12. Consider the difference equation

Vou(k) — %u(k) + @ =0,k € [m,00),m € N(1), (26)

where the function f is defined on [m, o) and nonoscillatory. If klim |f (k)| = o0
—00

and u(k) is the solution of (26) with u(a) = 0, where m < a € [m,0), then

lim u(k) = +o0.

k—o0

Proof. By direct substitution, it is easy to verify that, for j = k—a— [%} L,

uk) = ()™ 3" flatjrlrr0/arj+erroi™ (21
r=0

is a solution of (26) satisfying u(a) = 0. Since f is of constant sign for all large
k, the summation

ST flatj+r0)/(a+j+ro)"
r=0

exists on the extended real line. If the value of this summation is different from
zero, then the result is trivial. If it is zero, then, let

]
pk)= > fla+j+l+r0)/(a+j+0+r)f™
r=0
and
a(k) = 1/(k)}"
so that Lt
Agp(k) = f(itll)
(k+0),"
and ’
—m
Agqlk) = —— .
(k + )i
By Corollary 3.5 we find that
p(k) . Agplk) . f(k+1)

P =1 =4
Fovos q(k) P Apq(k) e — >

Therefore, lim wu(k) = £oo. O
k—o00
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Theorem 3.13. Assume that there exist integers p, q, T such that 0 < 7 <
n—1,0<¢q<p<n—7—1, and for every nonoscillatory u(k) € F, with

lim inf Ju(k)|/(R){" # 0

andj:k—a—[k—za]ﬁ,

S (a+j+ 7))
r=0

x fla+j+rliu(ati+rel), Apu(a+i+rl),..., AV Tu(a+j+7rl)) = +oo. (28)

Then, for all nonoscillatory F, solutions u(k) of (1), klim inf |u(l<:)|/(l<:)§q) =0.
—00

Proof. Let u(k) be a nonoscillatory F),— solution with klim inf |u(k:)|/(k:)éq> #
—00

0. Without loss of generality, we assume that u(k) > 0 on [k1,00), where
k1 > max{1,7}. The case u(k) < 0 can be treated similarly. We define

k—ky—j—£
l .
(k) = (b + 4+ 70 Afulky +j + 70+ 5),
r=0
. k
where j = k—k;— [’f}’fl] ¢ and from (11) find RS, (k) = () AP u(r + s) .
r=ki+j
k—ki—j5—¢
Z .
—il Y (ki+j+ rO) AR (ke 4 4l s+ 0).
r=0
Since A
VR, (k) = (k= 0 VA Lk + ),
the above equation takes the form
5.(k) = kV (k) — (k1 + ) AP Yuky + 5+ ) — ito(k),
where v(k) = Rfff’h_l(k). Thus, we find that
14 s (k
Vg’l)(k) — %U(k‘) + thf ) = O,U(kl) =0,k >, (29)
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where f3 (k) = —(ky + 5) A Yu(ky + j + s) — RS, (k). Let i = 7,h = n and
s =0, then from (1) we have

£O.(k) = —(ky + ) APk + ) + (kr +j + )"

x f(k1+ 3 +rlulky + 5 +1r0), Apu(ky + 5 +70), ..., A} u(ky + j +r0))
and from (28), f9, (k) is nonoscillatory and klim |f2.(k)] = oo. Thus, from
— 00
Lemma 3.12, we obtain

lim v(k) = hm RT 1n—1(k) = Foo. (30)

k—00

Also, since
Pl (k) = —(ki 4+ )T VAP 2u(ky + 5+ ) — Ry, (R),

from (30), we find f° ,, (k) as nonoscillatory and klim Iy, 1 (k)| = oo.
’ —00 ’
Thus, by Lemma 3.12 we obtain
lim R2* 9.n—2(k) = £oo.

k—00

Continuing this way, we find that

hm ROn +(k) = £o0.

However, from the definition
Ry r (k) = AT u(k +7) = AP ks + j + 1),

we obtain
lim A} lu(k) = oo.

k—00

The case

lim A} tu(k) = —o0

k—o0
is impossible by Lemma 3.3, since it is a contradiction to the fact that u(k) is
positive, we obtain

lim A}~ (k) = oc.
dm Ay k) = oo
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Since u(k) > 0 which belongs to F),, there exists a constant ¢ > 0 such that
u(k) < c(k)gp) for large k € [0,00). Thus, the function w(k) = u(k) — c(k)ép) is
negative for large k € [0,00). But, since p <n —7 — 1, we find

lim A?_T_lw(k) = lim A?_T_l(u(k) - C(k)%y)) = 0

k—o0 k—o0

which from Lemma 3.3 leads to a contradiction that w(k) is negative. This
completes the proof. O

8w
6(k+50)1"

%kf), (28) holds and u(k) is F7 solution then klgglo inf \u(k)]/(k)g’) = 0.

Example 3.14. For the difference equation Aju(k) =

Remark 3.15. If p = 0 in Theorem 3.13, we have that, for all bounded
nonoscillatory solutions of (1), klim inf |u(k)| = 0.
— 00
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