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Abstract:  For the Jacobi transform in the space L?(R*, A, g)(t)dt), two
useful estimates are proved in certain class of functions characterized by a
generalized continuity modulus, using a generalized translation operator.
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1. Introduction

The Jacobi analysis can be developed as a generalized of the Fourier-cosine
transform and has been studied by many authors (see [7]), the main interest
being the interplay between the analytic and geometric properties of the Jacobi
operator. Indeed, in certain cases, the Jacobi operator is the radial part of
the Laplace-Beltrami operator on Damek-Ricci spaces [3], therefore the Jacobi
analysis includes radial analysis on symmetric spaces of real rank one as a
special.
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In this paper, we prove two useful estimates in certain classes of functions
characterized by a generalized continuity modulus and connected with the Ja-
cobi transform in the space L*(R*, A, 4)(t)dt), analogous of the statements
proved in [2]. For this purpose, we use a generalized translation operator which
was defined by Flensted-Jensen and Koornwinder [6].

In Section 2, we give some definitions and preliminaries concerning the
Jacobi transform. The estimates are proved in Section 3.

2. The Jacobi Transform and its Basic Properties

Now, we collect some basic facts on the Jacobi transform, and more details
about the Jacobi transform can be found in [3] and [7].

The Jacobi function ¢g\a,ﬁ) (t) of order («, 8) (a # —1,—2,....) is the unique
C* function on R which equals 1 at 0 and satisfies the differential equation

(Dag + A%+ 2™ (1) = 0,

where A\ € C, p=a+ 8+ 1 and

2

d
+ ((2a + 1)cotht + (25 + 1)tanht—

Dap I

P a2
Throughout this paper, we assume that a > 8 > %1, and a > %1

Lemma 1. Let o > %1, a>fp > %1, and let tg > 0. Then for |n| < p,

there exists a positive constant C; = Cy(to, o, ) such that

L= 6 (0] = CilL ~ jalut)], M
where j,(t) is a normalized Bessel function of the first kind.

Proof. See [4, Lemma 9. O

Lemma 2. The following inequalities are valid for the Jacobi function
@A 1) (At € RY):

L o) < 1,

2. 11— 6P ()] <207 + 2.
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Proof. See [8, Lemmas 3.1-3.2]. O
Consider the Hilbert space L%aﬁ)(R*) = L2(R", Ay p)(t)dt) with the norm

0o 1/2
VA = o) = ( / If(w)IQA(a,ﬁ)(ﬂf)dx> |

where A(Oé:ﬁ) (t) = (QSfL'nht)2a+1(2608}”5)264—1.
The Jacobi transform of a function f € L(2a 8) (R) is defined by

g(\) = /Ooo FO () A0 ) (t)dt

The inversion formula (cf. [7]) is

1

T on

£(t) /0 T o6 () du(N),

where du()\) = |C(\)|72d) and the C-function C()) is defined by

) 2P~ (o + DT (i)
Nt rat s+ DG +a-F+1)

We have the following estimate for C'(\) (cf. Corollary 9 in [5])
ICN)[ 72 ~ (14 A)**H as A — 0.
The Plancherel formula for the Jacobi transform is written as

L= A2 @t a0 at) = N9lLe @+, Lauen)-

The Jacobi function ¢g\a,ﬁ ) (t) can be expressed by using the Gauss hyper-
geomtric function as

o) = F(;

1
2(,0 —iN), E(p +i\), a + 1, —sinh?t).

In this paper, we estimate the integral
JENReY
A>N

in certain classes of functions in L2 . (RT).
(a,8)
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Recall from [6, Formula (5.1)] the generalized translation T} of a suitable
function f on R*, defined by

Ty f(x / K (@1, 2)A o) (2)d2,

where K is an explicity known kernel function such that

o\ (2 / ¢\ (2)K (z, h, 2)A(a,p)(2)dz,

where

—2p —a—p—1
Kloy2) — 2 Il’(oz + 1)(1coshlsc coshly cosh.z) (1— BYe-
L'(5)T(a + 5)(sinhx sinhy sinhz)?>

X F((a—l—ﬁ,a—ﬁ,a—i—%,%(l—B))

for [vt —y| < z <z +y and K(z,y,z) = 0 elsewhere, and

cosh?x 4 cosh®y + cosh?z — 1

B —
2coshx coshy coshz

The finite differences of the first and higher orders are defined as follows:

Apf(z) =Thf(z) = f(z) = (Tr — E) f(z),

Ajf(x) = Mp(A37 () = (T —E)* f(a) = Z(—l)kfl(f)Tif(w),

where T f(z) = f(z), Ti f(z) = To(Ti *f(2)) (i = 1,2,...k and k = 1,2,...),
E is a unit operator in L%a 8) (RT), and

Qi(f.0) = S AL f ()|

is the k-th order generalized continuity modulus f & L?a 8 (RT).

Denote by W;Z(Dag) the class of functions f € L%a, 5 (RT) such that

U (Dy, 5f,0) = O(¥(6"))
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and 1(t) is an arbitrary function defined on [0, 00).

Since in [4]
Tof(a / 6 ()g(N) 6P (@)du(N)
and . -
f@) = 5= [~ ool @au),
it follows

Tuf(@) = f(@) = 5= [ =P g T @y @)

The Plancherel equality and formula (2) give
ITaf@) = @I = [ 1= 6P Pl )

Hence, for f € W;Z(Daﬁ), we have

IAEDY, 5 f (2)]? = /0 T2 27— P W)V Py (3)

3. Estimates for the Jacobi Transform

Taking into account the preliminaries in Section 2, for some classes of func-
tions characterized by the generalized modulus of continuity, we can prove two

estimates for the integral
| o Pduy.
A>N

Theorem 1. For functions f(z) € L%aﬁ)(R*) in the class W;:Z(Daﬁ),

2 \/ L JIORARO) = ON (),

wherer = 0,1,..., k= 1,2,..., ¢ > 0 is a fixed constant, and 1(t) is any function
defined on the interval [0, c0)
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Proof. In the terms of j,(z), the normalized Bessel function of the first
kind, we have (see [1])

1—jy(z) =0(1), = >1, (4)
L —jp(z) = O(a?), 0<z <1, (5)
VhaJ,(hz) = O(1), ha >0, (6)

where J,(x) is Bessel function of the first kind, and

2T+ 1)
_ 2T

Jn() Ip(). (7)

Let f € ngfp(Da,B)' Taking into account the Holder inequality yields

/ g dp(n) - / 9o (MR d(N) = / (1= Ga (AR [g(N) dp(N)
AZ>N A>N A>N

~ y (g )
= [ =GR (s syl e

(L Joooranc) - (/1= oo Pa)

1 </>\2N |9(A)|2d“(A)>2g—;1 (AZN - (Aaﬁ)(h)|2k|g()\)|2du()\)>

2k—1

- (/ N IOPdu)

(02 AT PP P + )
A>N

1
2k

IN

2=

| =

<

Q

2

1 .,
<_N2 27
_Cl( +p7)

2k—1 1
2k

( [, rgmrzdu(x)) () 2N<A2+p2>2m—¢§°‘ﬁ><h>\2’f\g<x>\2du<x>)

From (3), we have
A O L= 0 0 P PlN) < AFD 7 ()P

Therefore
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[ lO0Pa) < [ la0)Paduy
A>N A>N

vy T ( / |9()\)|2dﬂ()\)) AR (@) V.
A>N

Cy

Combining this with formulas (6) and (7), we have

[, JaPdut) =0 (/ 2N<Ah>a%\g<x>\2du<x>)

2k—1

—2r

+NF (/ |9()‘)|2du()‘)) O AEDL ()
A>N

2k—1
2k

— O(Nh)™ 2 /

A>N

P+ N ([ la) P )

x | ARDL g f (@)II'F,

>N

or

2k—1

=0<NT>( | |g()\)|2dﬂ()\)) LD o f ().

Setting h = , in the last inequality and choosing ¢ > 0 such that 1 —

1
O(c™*"2 > L, we obtain

2k—1

AZN \g(A)\Qdu(/\)=O(N‘§*)</A2N ,g(,\)ﬁdu(A)) "y

=
—~
—~
N
o
N

we have

| o Pdu) =00 ()"
A>N

This completes the proof of theorem. O
Theorem 2. Let ¢(t) = ¢V, where (v > 0), then

\// (V) 2dp(A) = O(N ">~ e f € W (Da ),
A>N

r=01,2.:k=12.;0<v<2.
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Proof. Let f € W;lfp(Da,B) and 1(t) = t¥, by Theorem 1, we have

(/ N 9P ) o),

Suppose now that

(/ N 9P )

It is easy to show, that there exists a function f € L7, 5 (R™) such that
Dagf € L(2a,/3) (RT) and

Daf(@) = S [ 00+ 270 @aun),

21 0

Hence, by the Plancherel equality, we have
o
|ARDL 5 (@) = /0 (N + 0771 = 60 (WP g(N)Pdpu(N).
Decompose this integral into two parts

o
[ fot foy e
0 0<A<N A>N

where N = [N~1], and estimate each of them.
We have

I, — / (A2 + p2)201 — ) ()2 g(N) Pda(N)
A>N

0 ( A s p2>2f|g<x>|2dm>)

OO— n+1

S / (A2 +p2>2r|g<A>|2du<A>>
n=N""

o] n+1
~0 (Z ((n+1)% 4 p2)2 / |g<A>|2du<A>>

=0

n;N n+1
o> | |g<A>|2du<A>>
n=N n
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i.e.

Now,

I

=0<in‘“ /Oo|g<A>|2du Z o[l Py )
—%7<Aﬂr/1 gV Pdp(A E: L/ lgN)Pdp(A

n=N+1

_Zh/ W)

-0 (N‘““ [ sy + Y (k1) =t [ !9(/\)!2du(/\)>

n=N
=0 (N‘““ /N 9N Pdu() + Z ntrt / \g(A)Pdu(A))
:O(N4T'N74’r‘72kl/+ Z n4r 1 74r 2k1/
n=N
:O(N72k1/) + O(N kzl) O(Nkaz/) — O(h2kz/)’

I, = O(h?*).

we estimate Iy, by (2) in Lemma 2, and obtain
= / (A2 4+ p2)2[1 = 67 (0)] 2 g\ Pdpa(N)
0< AN

— o) /0 ORGSR s VSO

N n+1
- omHY / (2 4 22420 () Pdu(N)
n=0v"

N n+1
= O Y (n+ 1) / 9(V)2du(\)
n=0 n

- h‘*’“énﬂw’“ ([T aoPauen - ﬁm»ﬁm»)

N
= o™ (Znﬂ)‘“*‘“ﬂ / 9N Pdp(N)
n=0 n
N

_ n 4r+4k > 2
>+ / o) duw)
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_ O(h4k <1+Z n+1)4r+4k 4r+4k)/oo \g()\)\Qd,u()\)>

h4k <1+Zn4r+4k 1/ | ()\)|2dﬂ()\)>
— h4k <1 Z 4r4+-4k—1 74r 2k1/>

= O(h*) (1 +N4k;—2ky> = O(h?),

I = O(h?M).

Combining the estimates for I; and I gives

IARDY 5f ()] = O(h™),

which means that f € W;’Z(Daﬁ).
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