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e-mail: skiba@unam.mx

Abstract: An alternative recursive method of sequential assimilation of mea-
surements in the Kalman filtering problem is proposed. It is proved, that if the
dimensionality of the observation vector is equal to r, then through r steps, the
method gives the same result as the standard algorithm of Kalman filtration,
i.e. it gives the optimal estimate of the system state, see [1]-[3]. The merit of
new algorithm is the direct method of realization, which does not require the
application of approximate iterative procedures for the inversion of the Kalman
filter matrix.
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1. Kalman Filter

Consider a discrete linear mathematical model of n-dimensional observable
stochastic dynamical system:

u(k + 1) = A(k)u(k) + v(k) , k ≥ k0, (1)

z(k) = M(k)u(k) + w(k), (2)

where u(k) = {u1(k), u2(k), ..., un(k)}T is the n-dimensional random column
vector of the phase state of system at time tk; Eu(k0) = 0, E is the symbol of
mathematical expectation; z(k) = {z1(k), z2(k), ..., zr(k)}T is the r-dimensional
random column vector of observations received at moment tk; A(k) is the known
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transition matrix of order n, which contains the system parameters and depends
on the time tk; M(k) is the known transform matrix of the state vector in the
measurement process, and uT (k) is transposed to u(k).

The observed system is under the influence of n-dimensional vector of ran-
dom perturbations v(k) = {v1(k), v2(k), ..., vn(k)}T and r-dimensional vector
of random errors of measurements w(k) = {w1(k), w2(k), ..., wr(k)}T repre-
senting random Gaussian white-noise discrete processes with known symmetric
nonnegative-definite covariance matrices Q(k) and W (k):

Ev(k) = 0 , Ev(k)vT (l) = Q(k)δkl, (3)

Ew(k) = 0 , Ew(k)wT (l) = W (k)δkl (4)

(δkl is the Kronecker symbol).
It is assumed that the initial state u(k0) is a random vector with zero mean

value and covariance matrix P (k0), besides the initial state, the measurement
errors and the perturbation vectors are mutually uncorrelated:

Eu(k0)v
T (k) = 0 , k ≥ k0, (5)

Eu(k0)w
T (k) = 0 , k ≥ k0, (6)

Ev(k)wT (l) = 0. (7)

It is known [1]-[3] that the linear unbiased estimate u∗(k+1) with minimum
mean square error is given by the Kalman filtering algorithm, consisting of the
following steps:

û(k) = u∗(k) +H(k)[z(k) −M(k)u∗(k)] , u∗(k0) = 0, (8)

u∗(k + 1) = A(k)û(k), (9)

besides the covariance matrix of estimation error

P ∗(k + 1) = E[u(k + 1)− u∗(k + 1)][u(k + 1)− u∗(k + 1)]T

is calculated through the gain matrix H(k) and covariance matrix of errors
P̂ (k) = E[u(k)− û(k)][u(k) − û(k)]T :

H(k) = P ∗(k)MT (k)[M(k)P ∗(k)MT (k) +W (k)]−1, (10)

P̂ (k) = P ∗(k)−H(k)M(k)P ∗(k) , P ∗(k0) = P (k0), (11)

P ∗(k + 1) = A(k)P̂ (k)AT (k) +Q(k). (12)
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It should be noted that for a linear model, the matrices of Kalman filtering
(10)-(12) can be calculated irrespective of vectors (8) and (9).

In the case of large values of r, the largest computational load in the Kalman
filtering (8)-(12) accounted for the calculation of the gain matrix H(k) (see for-
mula (10)). Note that both matrices HT and MP ∗ have r rows and n columns.
At each time step, the calculation ofH requires to solve the matrix Wiener-Hopf
equation [4]:

BHT = MP ∗ , B = MP ∗MT +W (13)

that is, to find the inverse matrix B−1. Consequently, with increasing the
number r, the computer time required for calculating the matrix B−1 grows
approximately as r3.

2. Algorithm of Sequential Assimilation

For convenience, let us rewrite again the algorithm of recursive estimation with
a minimum mean square error (8), (10) and (11), separately from the extrapo-
lation formulas (9) and (12), omitting for simplicity the time index k and the
symbol ∗:

û = u+H[z −Mu], (14)

H = PMT [MPMT +W ]−1, (15)

P̂ = P −HMP. (16)

We now give a recursive algorithm of sequential estimation (one after an-
other) of r measurements zi (i = 1, ..., r) that solves the problem of optimal
assimilation of observations (14)-(16) exactly through r steps. The merit of the
new algorithm is a direct method of implementation, which does not require
the use of approximate iterative procedure for the inversion of matrix B in the
Wiener-Hopf equation (13).

The method is economical and convenient in practice. If the dimension
of observation vector (the order of matrix B) varies in time, the application
of the recursion method makes it possible to avoid the use of dynamic arrays
in computer programs and thus to prevent undesirable memory fragmentation
and excessive use of computer resources. The proposed algorithm can also be
applied in problems of optimal interpolation.

In what follows, Ci· and C·i denote the row vector and column vector formed
by the ith row and ith column of matrix C, respectively. We now prove the
following assertion.
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Theorem. Let u(0) = u and P (0) = P where u is the state vector, P is
the covariance matrix from (14)-(16), and let r be the dimension of observation
vector z of system (1),(2). Then, after r applications of the recurrence formulas

h(i) = P (i−1)(Mi·)T (17)

g(i) = h(i)/[Mi·h(i) +Wii] (18)

u(i) = u(i−1) + g(i)[zi −Mi·u(i−1)] (19)

P (i) = P (i−1) − g(i)[h(i)]T , (i = 1, ..., r) (20)

the vector u(r) and symmetric matrix P (r) will identically coincide with the
state vectorû and covariance matrix P̂ calculated with formulas (14)-(16).

In (17)-(20), for each i , h(i), g(i) and u(i) denote the column vectors after
ith iteration, zi is the ith component of observation vector z, and Wii is the
ith diagonal element of matrix W (i = 1, ..., r). Note that the order of square
matrix P (r) is n.

Proof. The proof is by using the method of mathematical induction.

1) Let r = 1. Then obviously, M1· ≡ M , h(1) = PMT , g(1) = H, and the
assertion is true.

2) Assume that the theorem is true for r = m, i.e., u(m) = û and P (m) = P̂ .
Let us further denote the matrix P (m), M , W and H obtained for r = m by
the symbols P, M, W and H, respectively, and vector z - by the symbol z.
Thus, in this case we have

u(m) ≡ û = u+H(z−Mu), (21)

P ≡ P̂ = P −HMP, (22)

H = PMT [MPMT +W]−1. (23)

3) We now prove the theorem for r = m+ 1, i.e. we show that

u(r) ≡ û = u+H[z −Mu], (24)

P (r) ≡ P̂ = P −HMP. (25)

First prove (24). By virtue of (19) and (21) we get

u(r) = u(m) + g(r)[zr −Mr·u(m)]
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= u+H(z−Mu) + g(r){zr −Mr·[u+H(z−Mu)]}
= u+ [H−g(r)Mr·H](z−Mu) + g(r)(zr −Mr·u).

Thus,
u(r) = u+G(z −Mu) (26)

where

z =

(
z
zr

)
, M =

(
M
Mr·

)
, G = (H−g(r)Mr·H

∣∣∣ g(r)
)

(27)

are the r-dimensional column vector, (r × n)-matrix, and (n × r)-matrix, re-
spectively. Thus, formulas (24) and (26) are identical if and only if

G = H. (28)

We now show the validity of (28). By virtue of (15),

H = PMTB−1 , B = MPMT +W. (29)

It is easy to see that the symmetric matrix B can be represented as

B =

(
B s
sT brr

)
,

where s is the m-dimensional column vector, B is the (m×m)-matrix, and brr
is a number, besides,

s = MP (Mr·)T , (30)

B = MPMT+W, (31)

brr = Mr·P (Mr·)T +Wrr. (32)

Applying the bordering method [5] for calculating the symmetric inverse
matrix B, we obtain

B−1 =

(
B−1 + α−1B−1ssTB−1 −α−1B−1s

α−1sTB−1 α−1

)
, (33)

where
α = brr − sTB−1s. (34)

It follows from formulas (29), (33) that

H = (PMT
∣∣ P (Mr·)T

)
B−1 = (H−ϕsTB−1 | ϕ) , (35)
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where

ϕ = α−1[P (Mr·)T −Hs] (36)

is the n-dimensional column vector. Comparing (27) and (35), we see that (28)
is satisfied if and only if

Mr· H =sTB−1 and g(r) = ϕ. (37)

But due to (30) and (23),

sTB−1 = Mr·PMTB−1 = Mr·H.

On the other hand, using (17), (18), (22), (30), (32) and (34), we have

g(r) = P(Mr·)T [Mr·P(Mr·)T +Wrr]
−1

= (P −HMP )(Mr·)T [Mr·(P−HMP )(Mr·)T +Wrr]
−1

= [P (Mr·)T −Hs][brr − sTB−1s]−1

= α−1[P (Mr·)T −Hs] = ϕ.

Thus, the validity of (37), and hence, (28) is proved. In other words, (24)
is fulfilled for r = m+ 1.

We now prove (25) for r = m+ 1. Indeed, by virtue of (20), (37), (23) and
assumption (22) we obtain

P (r) = P− g(r)[h(r)]T = P −HMP − ϕMr·(P − PMTHT )

= P −HMP − ϕMr·P + ϕsTB−1MP = P − (H−ϕsTB−1)MP − ϕMr·P

= P − (H−ϕsTB−1 | ϕ)
(

MP
Mr·P

)
= P −HMP = P̂ .

Hence, the algorithm (17)-(20) is valid for any number of measurements r.
The theorem is proved.

Remark 1. The algorithm (17)-(20) can also be applied to the optimal
interpolation procedure [6], one of the most commonly used methods of adapta-
tion of observational and forecasting data [7]. Within the scope of designations
used here, the algorithm of optimal interpolation can be written as follows:

û = Hz (38)

H = PMT [MPMT +W ]−1, (39)
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P̂ = P −HMP. (40)

The theorem proved above remains valid in this case with the apparent
change u(0) = 0 (compare the formulas (38)-(40) and (14)-(16)).

Remark 2. In the particular case whenM is the unit matrix, the algorithm
(17)-(20) is simplified, reducing to

h(i) = P
(i−1)
·i , (41)

g(i) = h(i)/[P
(i−1)
ii +Wii], (42)

u(i) = u(i−1) + g(i)[zi − u
(i−1)
i ], (43)

P (i) = P (i−1) − g(i)[h(i)]T (i = 1, ..., r). (44)
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