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Abstract: In this paper, by using the technique of the well-known Bernstein-
Bézier representation, and enforcing some additional smoothness conditions, the
dimension of bivariate spline space of degree six on uniform type-2 triangulation
is determined. Compared with [1], this method reduces the dimension by 5mn.
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1. Introduction

Let Q = [0,2,,] ® [0,y,] be a rectangle. For 0 = 29 < 1 < -+ < x, and
0=1yo <y1 <+ < Yn, Qis divided into mn small rectangle Q;; = [2;, x;41] ®
Wi yj+1],i=0,1,--- ,m—1, j=0,1,--- ,n — 1, by mesh lines,

r=wx;1=01---,m—1, andy=y;, j=0,1,--- ,n—1

Let h; = xj—x;1, tj = yj—yj1fori=1,2,--- 'm, and j =1,2,--- ,n,If h; =
h,i1=1,2,--- ,m,and t; =t, j = 1,2,--- ,n, and the triangulation generated
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Figure 1: A uniform type-2 triangulation A%ZL)

by drawing all northeast and northwest diagonals in all small rectangles, then
the triangulation is called uniform type-2 triangulation, and it is denoted by
INCA (Figure 1).

In this paper, we are interested in the spline function space of smoothness
order 2 and degree 6:

Sg(AgLZL) = {S € C*(Q) : s|p € Pg, for all triangles T in Ag%} , (1)

where Pg denotes the space of bivariate polynomials of total degree being at
most 6.

The dimension of Sg(A%%) can be determined by Chui and Wang’s results
[1]. In 1997, Lai and Schumaker [2] studied the C? supersline space of degree
6 on triangulated quadrangulation, this is a generalization of the results of [1].
In this paper, by enforcing some additional smoothness conditions, a minimal
determining set of subspace of Sg(Agng) is constructed. It implies that the
dimension of the space is reduced, compared to [1].

2. Preliminaries
Throughout the paper, we use the well-known Bernstein-Bézier technique of

bivariate splines [3]. Let T :=< wvy,vs,v2 > be a triangle in A, where vy, vy
and vs are three vertices of T'. Then every polynomial s € P; associated with
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Figure 2: A minimal determining set for S2(star(v))(n = 2,n = 3)
in Lemma 2.1.

T can be written as

. T 12d
i+j+k=d

where {B?jk}HjJrk:d is the Bernstein basis polynomials of degree d on the tri-
T
ijk
with domain points Dy := {fgk = (ivo + jui + kva)/d}iyjik=a- Let Dga be
the union of the sets of domain points associated with the triangles of A.

Let Sg(A) be the space of continuous splines of degree d on the triangulation
A. A subset M C Dy is said to be a determining set for a spline space
S C SYA)if s € Sand g =0 for all £ € M, then ¢, = 0 for all n € Dy,
i.e., s = 0. Moreover, M is called a minimal determining set for S if there is
no smaller determining set. It is known that dim S = |[M|, where | M| denotes
the cardinality of M.

Let T :=< vg,v1,v2 > and T :=< v3, V9,01 > be two adjacent triangles,
they share the common edge e :=< vj,v2 >. Let s|7 and s|; to denote the
restrictions of s on 7 and T with B-coefficients ciji and ¢;j, respectively. Fol-
lowing [4], for any 0 < n < m < d, let 7' be the linear functional defined on
Sq(&) by

angle T'. The coefficients {c;.; }i+j+k=a are called B-coefficients of s associated

Te,ms = En,mfn,dfm — Z Ci,jerfm,keranZ'k(v?))v (3)
it+jt+k=n

then the condition that s is C" smooth across the edge e is equivalent to

First we give there lemmas established in Lai and Schumaker [2].
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Lemma 2.1. Suppose that v is a boundary vertex ongZl whit 2n—1 edges

attached, let the boundary vertices of star(v) be v,vi,wy, vy, W, -+ , Wp_1,Up
in counterclockwise order. Then the following set of 2n + 7 domain points is a
MDS for S2(star(v)):

(1) &0 i+ i+ k=3,

(2) Sé)é:(?,mi’yg(’)g“wla 1= 2’ N = ]-a

(3) Soos™ -

These points are marked with o and [J in Fig. 2.

Lemma 2.2. Suppose that v is an interior vertex of A%% with 8 edges

attached, let the boundary vertices of star(v) be vy, w1, ve, wa, V3, W3, Vg, Wy in
counterclockwise order. Then the following set of 14 domain points is a MDS
for Sg(star(v)):

(1) 52.’2”4’”1, i+j+ k=3,

(2) € i =2,3,4,

(3) Lo

These points are marked with o and [J in Fig. 3.

Lemma 2.3. Let star(v) consist 4 triangles surrounding a vertex v formed
by two crossing lines. We denote the boundary vertices of star(v) by v, va, v3, v4.
Let T} =< v,v;,v141 > for | = 1,2,3,4, where we identify vs = vy. Then the
following set of 49 domain points is a MDS for Sg(star(v)):

(D) & i+i+hk=6j>3, 1=1,234,

(2) €1ky, 1=1,2,3,4,

(3) €1bos 1 =1,2,3,4,

(4) S600-

These points are marked with o, (1, A and * in Fig. 4.

Following Lemma 2.3, we can get a lemma by enforcing some additional
smoothness conditions across the interior edges of star(v).

Lemma 2.4. Let star(v) be a triangulation described in Lemma 2.3. Let
SZ(star(v)) be the subspace of S3(star(v)) satisfying the following set of addi-
tional smoothness conditions:

70 4s=0, i=1,2,34and 7} 45 =0, (5)

then dim S2(star(v)) = 44, and the following set of 44 domain points is a MDS
for S;(star(v)):

(1) é-ijlk’ Z+]+k = 6’ ] Z 3) l = 152)3547

(2) §g27 l= 17273747

These points are marked with o, [J and A in Fig. 4.
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Figure 3: A minimal determining set for S3(star(v)) in Lemma 2.2
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Figure 4: A minimal determining set for S3(star(v)) in Lemma 2.3

Proof. We can prove this lemma easily by using Lemma 2.3 and conditions
of (5). O

3. Dimension of Sg(AgLZL)
Theorem 3.1. Let A2 be an uniform type-2 triangulation, let ,SA'g(A%%) be
the set of all splines s € S@(A%L) such that s satisfies the additional smoothness

conditions in each small rectangle of () as described in Lemma 2.4. Then

dim S2(AP)) = 14mn + 12(m + n) + 6.
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Figure 5: A minimal determining set for ,SA%(A%L)

Proof. We choose the following domain points set P to construct a deter-
mining set for ,SA%(A,(%L)

(1) For each boundary vertices v of rectangle €2, choose 9 or 10 points in
the 3-disks around v as in Lemma 2.1 which are marked with o in Fig. 2.

(2) For each interior vertices v of rectangle €2, choose 10 points in the 3-disks
around v as in Lemma 2.2 which are marked with o in Fig. 3.

(3) For each edge of 2, choose 2 points as in Lemma 2.4 which are marked
with [J and A in Fig. 4.

To show that P is a determining set, suppose all of the B-coefficients of
5 € S%(A%) in P to zero. Then by (1) and (2), using Lemma 2.1 and Lemma
2.2, all B-coefficients in the 3-disks around every vertex must be zero. Since the
B-coefficients in (3) are zero, using the C? conditions across the edges we see
that all B-coefficients of €299 on both sides of any edge of 2 are zero. Finally,
Lemma 2.4 imply that s must vanish identically inside each small rectangle. So
P is a determining set for gg(Ag%), and dim S”g(AgZL) < |P]|.

It is easy to see that

1P| =10(m +1)(n+1) — 4+ 2(m + )n + 2(n + 1)m,

it is noted that dim Sg(A,(ﬁgL) = 19mn + 12(m +n) + 6 [1]. Our space S*g(Aﬁ?LZL)
is the subspace of S@(AS‘Z?)) that satisfies 5mn additional special smoothness
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conditions. Thus,
19mn + 12(m + n) + 6 — 5mn < dimS2(A2)) < |P| = 14mn + 12(m + n) + 6,

and we conclude that dim ,SA'g(A%%) = 14dmn + 12(m +n) + 6, and P is a MDS
for Sg(A%) ). O
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