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Abstract: For analytic functions p(z) in the open unit disk U with p(0) =1,
Nunokawa has given two results which are called Nunokawa lemmas (Proc.
Japan Acad. Ser. A Math. Sci., 68 (1992), 152-153; Proc. Japan Acad.
Ser. A Math. Sci., 69 (1993), 234-237). But, since then, nobody has given
any examples related to these lemmas. The object of the present paper is to
consider some simple and interesting examples for Nunokawa lemmas.
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1. Introduction
Let AV denote the class of functions p(z) of the form
o0
p(z) =1+ chzk
k=1

which are analytic in the open unit disk U = {z € C: |2| < 1}. For functions
p(z) € N, Nunokawa [3, 4] has shown the following lemmas.
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Lemma 1. Let p(z) € N and suppose that there exists a point zy € U such
that Re(p(z)) > 0 (|z| < |20]), Re(p(20)) = 0 and p(zp) # 0. Then, we have

where k is real and |k| = 1.

Lemma 2. Let p(z) € N with p(z) # 0 in U and suppose that there exists
a point zg € U such that

yiyes
larg(p(2))| < - for |z] <z

and
T
axg(p(z0))] = 5,
where o« > 0. Then we have
/
Z0p (Zo) — ika,
p(20)
where
k>l a+l when aur((z))—E
= 2 a g p 0 - 2 9
and
k= 1 a+ = when arg(p(zp)) = ™
= 2 a 2’
where

p(zo)é = +ia with a > 0.

The above two lemmas have been called Nunokawa lemmas and applied
to obtain a number of interesting results by many mathematicians (see, for
example, [1], [5]). But, nobody by now has provided some particular func-
tions satisfying these lemmas. In this article, we obtain simple and interesting
examples of Lemma 1 and Lemma 2, respectively.
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2. Examples of Lemma 1

First, we consider an example for Lemma 1.
Example 1. Let us consider the function p(z) defined by

z
1+iz

p(z) =1+

Then, it follows that p(z) € N, Re(p(z)) > 0 (|z] < |20]), Re(p(z0)) = 0 and
—2(1 — 22 o—1
(1-20) 20| = V5
5+5 2

20p'(20) _ 5+ \/32 _

p(ZO) 7£ 0 for a point 20 =

< 1 |. Furthermore,

we know that

ik
p(20) 2
and
k= 5+2\/5 = 3.618033--- = 1.

Thus, p(z) is the function satisfying Lemma 1. Indeed, p(z) maps the circular
domain {z : |z| < |z0|} onto the following domain.

e
({//e\\\‘
N

1))

We next discuss an example of Lemma 1 for the case that p(z) maps the
circular domain {z : |z| < |29} onto the domain which touches the imaginary
axis with two points.

Example 2. Let the function p(z) be given by

C<m<t
3 3)°

p(z)=1+m (z+ %,22)
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For z =re? (0 <r < 1, # € R), we have that

i 1
Re(p(rele)) = 1+ mrcosf+ QmTQ cos 20

1
= mr?cos?d +mrcosh+1— —mr?.

2

1
Setting F(t) = mr?t?> + mrt + 1 — Emr2 (=1 =t =cosf =< 1) and m is
positive, we know that
1
F'(to) =mr(2rtg+1) =0 for tg= 5 < 0.
r

1
(i) For0<r < 5 (t.e. tg < —1), since F'(t) 2 0 in [—1, 1],

1

F(t) 2 F(-1) = Qmﬂ —mr+1=0
— -2 1 1
for r = m(m —2) < 5 It follows from m(m —2) =2 0 and r < 3 that
m
8 — -2
m 2= —. Then, we obtain that p(zg) = 0 for zp = - m(m ) This is
m

unsuitable for the example of the lemma.

1
(ii) For 5 <r< 1 (i.e. —1 <tp<0), we derive that

1 1
F(t) 2 F(tg) = —=mr? +1—-m

2 4
d F(tg) = 0 f iom m Noting that ~ <
an = or r = \/—(F— =—,/—— ]. Notin at — r =
0 om \° 2(4 —m) & At 5
4 _
5 m - 1, we see that = < m < —=. Therefore, it follows that Re(p(zp)) =0
m

4—m
R 0 Y
e(p(2)) > <|z| <ol = \/ T )
1,1 /8— . . . .
for zg = -3 + 3 1. Furthermore, simple computations give us that
m

m(8 —3m) .
p(20) = L V8 dm) )Z

4
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and

4—m
209’ (20) = m2o(1 + 20) = g
that is, that
/ — 2(4 —
o) _, om) e | = 24 om) 5
p(20) m(8 —3m) m(8 — 3m)

This means that p(z) is an example of Lemma 1. Indeed, taking m = 2, we
have p(z) = 1 + 22z + 2% which satisfies

pa) = 251 20 (Re(plzo) =),

Relp(2) >0 (121 < 20l = )

and

11
for zg = -3 + 57,
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3. Examples of Lemma 2

In this section, we consider a function p(z) satisfying Lemma 2 for every «
0<a<l).

Example 3. A function

1+z

(3.1) p(z) = 1—

is an example of Lemma 2 for every a (0 < av < 1). Since p(z) satisfies

2r
=1 .2 (lz] =r<1)

1472
1— 172

‘p(Z)

which shows that p(z) maps the circle {z : |z| = r} onto the circle of center
1472 2
11——:2 and radius 1_—?;2, we know that

Re(p(z)) >0 (z € )

as r — 17 and therefore, p(z) # 0 in U. Let 6 be the angle between the real
axis and the tangent line of the above circle passing through the origin, and let
p(20) be the point of contact. Then, we establish

T

2

2r 2r
il —winl
6 = *sin <1+r2> <\0]—sm (1—1—7“2>
1472)° 2\
ool = (222 - (12 =

for all » (0 < r < 1). Namely, p(z9) can be written by

and

plz0) = € (|9| < g) .

Thus, every point p(zp) is on the right-side of the unit circle.
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(&
|
p(Zo)
1-r S 1+r
i 1+r 1—r2 1—r

Since

1 4
p(zo)—ltzg—eze (H:BorH:—B)

2 2
for some a (0 < a < 1), we obtain that

—1+¢t? B 1—cos@ .

d |zl 1— cosf
- = 1 fr—
1+ et sin 0 voa 0

zZ0 —

Furthermore, we also derive that

/ .
20p'(20) =isinf = ko (k: = WSHIH)

and
10(2?0)é =e'?

Then, it follows that

sin @ 1 1 T
— >1 == _ -
k=" 2 2(a+a> (0<0<2)

—_

|sind|

435
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1
Therefore, p(z) satisfies Lemma 2. Putting o = 3 We see that

m V3t ‘
0=%; =arg(p(s)), plag) =5 2 =2~ V3)i
and N
/
1
&0 (j ) =1 (:l:g) 3 = ikt (double sign corresponds)
p(zy)

(k=3 (wetolcn =F). " ==3 (anslole)) = 7).

Finally, we note that

and

4. Appendix

For some real parameters A and B (-1 = B < A < 1), we introduce the
following function

B 1+ Az

(41) PE) = 1

which is analytic and univalent in U. This function p(z) has been studied by
Janowski [2] as the generalization function of (3.1) and therefore, it is said to
be the Janowski function. The Janowski function p(z) given by (4.1) satisfies
the following equation

1—ABr?| (A-B)r
1—-B%?2| 1- B%?

p(z) (2| =7 < 1)
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which implies that p(z) maps the circle {z : |z| = r} onto the circle of center

1— ABr? . (A=B)r
m and radius m and
1-A
>
Re(p(z)) > T 5 2 0 (z € ).

Thus, we discuss the same matters of Example 3 in this section. We first
consider the case that A # 0 and B # 0.

Let 6 be the angle between the real axis and the tangent line of the circle
passing through the origin, and let p(zg) be the point of contact. Then, we see

that ( )
A— B)r To T
_ e B A A = ~
6 = +sin (1_ 7”2) (O<|¢9|_ 5 <2>

which leads us that

 —(A-B)++/(A-B)2 +4ABsin%0
"= 2AB [sin 0]

where 7 is positive whether or not AB is positive. Furthermore, it follows that

1+ Az 1— A%r? i0 0 —1+ Cet?
= = = C ¢ = - .
p(z0) 1+ Bz \/ 1—B%2°¢ ¢ VT A BCe?

p(20)
1—Ar =ABr? 1+Ar
i 1-Br 1—B3p2 1+Br
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We next need the description of C' without r, so that
, A? —2Bsin’0 — (A—B)+ /(A — B)?+4ABsin’¢
" B 2Asin?0— (A— B)+ /(A _ B)? t 4ABsin®0
_A? —2Bsin*0 — (A—B)+/(A— B)? +4ABsin’¢
" B 2Asin?0— (A— B)+/(A_ B)? t 4ABsin®0

2Asin?0 — (A — B) — /(A — B)?2 + 4ABsin® 6
2Asin20 — (A — B) — /(A — B)2 + 4ABsin’ 6

2B cos
which equivalent to

_[((A+B)- \/(A—B)2+4ABsin20>2

((A +B)— /(A—B)? 1 4ABsin’ 0‘
2|B| cos 6 )

If A+ B <0, then

=—(A+B)+ \/(A — B)2 + 4ABsin? 0.

‘(AJFB)— \/(A—B)2+4ABsin2«9

Conversely, because if A+ B > 0, then
(A+ B)*— {(A— B)*+4ABsin® 0} = 4AB cos 0,

we can deduce that

(A+B)—\/(A—B)? +44Bsin?0 >0 (AB > 0)

and

—(A+B)+\/(A-B)? + 44Bsin?9 >0 (AB <0).

Although we have to consider three cases (i) 0 < B < A, (ii) B < 0 < A,
(iii) B < A <0, by virtue of the above facts, we obtain that

(A+ B)—/(A— B)2+4ABsin’ 6

¢ = 2B cos 0

in any case. We also derive that

209 (20) (A—B)z B (—e ¥ + C)(A — BCe")

p(20) (14 Azp)(1 + Bzp) (A-B)C
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and put D = (—e~ 4+ C)(A — BCe"). Then, we have that
Re(D) = —Acos + (A + B)C — BC?cos 6
(A+B)?> - (A+ B)\/(A— B)? +4ABsin?0
2B cosf

= —Acosf +

(A+ B)?+ (A — B)? +4ABsin?0 — 2(A+ B)\/(A — B)? + 4ABsin?0 0
4B cosf B

and

Im(D) = (A — BC?)sin 6

_ 4ABcos’0 — (A+ B)?+ (A+ B)\/(A— B)2 + 4ABsin?§ g
N 2B cos? 0 S

(A— B) {(A + B)— /(A— B)? + 4AB sin? 9}
2B cosf

9

Since (A — B)C =

_ . [4ABcos’0 — (A+ B)? + (A+ B)\/(A— B)? —|—4ABsin20tan9
(A— B) {(A +B)—/(A—B)? +4ABsm2e}

= ika

L T 4ABcos’0 — (A+ B)? + (A+ B)\/(A— B)2 +4ABsin’ 6 -
216 (A—B){(A+B)—\/(A—B)2+4ABsin20} '

Finally, we know that
— +iC« = +ia,

Q=

p(20)

and consequently

_ — 5 75\ 7
e (A+B)—+/(A— B)2+4ABsin’0 o
2B cosf

Now, it is clear that p(z) satisfies the conditions of Lemma 2. Thus, we

expect that
1 1 s

1\
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and
k§—%<a+%> (—g<«9<0>.

But it is difficult to check it by the manual calculations for the general case.
In the same manner, we derive that

/
M:itanﬂzika <k——tan9>
p(20) 2|0
and ) ” x
p(z0)a = j:z'(cos 0)2 = +ia (a = (cos 9)W>
for the case B=0 (0 < A< 1), and

209’ (20) ( )
= jtanf = ika k= tan 0
P(Zo) 2|‘9|

pl0)t = Fifcosd) T =ia (= (cost) )

for the case A =0 (—1 = B < 0). For these case, we can prove that

k§%<a+%) (0<9<g)
k§—%<a+%> (—g<«9<0>,

by using Mathematica.
For the particular case B = —A (0 < A £ 1), we readily arrive at the same
result of Example 3.

and

15

10 -
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