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1. Introduction

Let w@(z) = (1 —2)*- (1 +2)°, z € [-1,1], be a Jacobi weight with a, 5 >
—1. Let pp(z) = pl@(z) = 4@Pz™ 4 n e Ny denote the unique Jacobi

polynomials of precise degree n, with leading coefficients 'y,(La’ﬁ SN 0, fulfilling
the orthogonality conditions

1
/ D@ (@)@ (@) = Gy mym € No.
1

In [2], M. Felten, introduced modified Jacobi weights as
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28

1\* 1
w @) () = (\/1 —z+ —) <\/1 +z+ —> , (1)
n n
x € [-1,1],n € N. He proved the following theorem (see [2]).

Theorem 1.1. Let o, > —1 and n € N. Then

i (2)] < © (2)

1
18 1
Stants

for all x € [—1,1] with a positive constant C = C(«, 3) being independent of n
and .

The above estimation first appeared in [1].
Then for «, 3 > —1, Felten (see [2]), extended the previous result as follows:

1
Theorem 1.2. Let o, 8 > —3 and n € N. Then

P () < C

for all t € Uy(x) and each x € [—1,1], where

Un(e) = {t € [-1,1] | [t -] < %Dn_(x)}

n

_ [x — *On:”),x T *O”T(Lx)} A[-1,1] (4)

forn € N and z € [-1,1] with ¢, (z) == V1 — 2% + 1.
[ee]

In [5], T. H. Koornwinder, introduced the polynomials plos ’]‘/[’N)(av)nz0 as
follows:

Definition 1.3. Fix M, N >0 and o, > —1. For n =0,1,2,--- define
P1SICV7[—37M7N) (ﬂj)

2
= <(O‘+i7'+1)"> - [(a +B8+1)" Y (B,M1 -2z)—- AN+ m)% + AnBy,)

(@), (5)
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where
4 — (a+1),n! nin+af +1)M (6)
B+ Dpla+B+1),  (B+1)(a+pB+1)
B, — (B+1),n! N n(n+af +1)N (7

(a+Dp(a+p+1), (a+1)(a+B8+1)

We call these polynomials as Koornwinder’s Jacobi-type polynomials.
The above defined polynomials are orthogonal on the interval [—1, 1] with
respect to the measure i defined by

1 I'a 2 1
[ $@hiute) = g [ @0 - 0 s
FMA(-1) 4 NA(D), ®)

where f € C(]-1,1]) and M, N > 0,«,5 > —1.
Clearly for M = N = 0 one has

P999(2) = PO (2). )
Also

PRIMN () = (1) PPN ), (10

Some basic properties of pleAMN) (x) are given below (see [8], Chapter IV):

3
72, i N>0

plaMN) )y )™ ] , 11
" W~ netd, it =0 )

B3 it M >0
pleBMN) 1y o 4" ’ . 12
En (=1l nfta, it M =0 (12)

Theorem 1.4. (see [8]) Let o, > —1,M,N > 0. For every x € [—1,1]
there exists a unique constant C' such that the following relation

1\~
-<1+%E+—3>
n

_a_ B_
2 2

1
4

e

(hg,B,M,M) -3

P,gaﬁvM’N)(m)‘ <C (1 —z+ %)
n

holds for every n € N.
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Based on Theorem 1.4 and the properties of Jacobian polynomials (see
[1], [7]), we obtain the following estimation for the Koorwinder Jacobi-type
polynomials:

1
a+g

; 1
’L(a,ﬁ,M,N)(x7 )l<c n , 1 if 0 < arccoszx < - (13)
n - (arccos :c)*(a+§), if % < arccosz <

foraa>—-1,>—1and n > 1.
The basic tool in the estimation of the third term of (1) is Pollard’s decom-
position of the kernel Lf{’ﬁ’M’N(az, y) in the form (see [6],[4])

L?L[,&M,N(x’ y) =111 (TL, x, y) + SnT2(n’ €Ly y) - SnT3(n7 x, y),
where (r,,) and (s,) are bounded sequences and

b 7M7N b 7M7N
Tl (n7 T, y) = pzfl (x)pzfl (y)7

ayﬁvMyN(x) Q,B,M,N(y)

DPpi1 Pp+1
T , T, — 1 _ 2 n+ ,
s(n,x,y) = (1 —27) Ty
o,B,M,N o,B,M,N
x
Ts(n,z,y) = (1 - yz)an (x)_l%;q v

The aim of this paper is to provide similar results as those in Theorem 1.1
and Theorem 1.2, for the L%’B’M’N(aﬁ; —1),L%’B’M’N(aﬁ; 1) polynomials , when
a, 8 > —1, respectively for a, 8 > —%.

2. Results

The following theorem is the main result of this note.

Theorem 2.1. Let o, > —1,n € N and M > 0. Then

LM (2, —1)] < D (14)

1
wr(L%Jr 7§+i) (z)

N

for all x € [—1,1] with a positive constant D = D(«, ) being independent of
n and x.
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Proof. Tt is similar to that of Theorem 2.1 in [2]. Let x € [—1,1], and
0 € [0, 7] such that = cosf. From (13) one has the following estimation

a+l : 1
(08, M,N) _ ntte,  H0sf<g
| Ly (cosh,—1)| < C {G(OHF%)’ ifl<g<r (15)
If in the last relation, we substitute x = cos 8 we have:
1
|L@BMN) (1) < ¢ n®*2,0 < arccosz < 3 (16)
" 7 - (arccos )~ (@F 3) L <arccosz <7

where C' is fixed positive constant being independent of n and 6. In what
follows, we will make use of the following estimates:

t = arccos x, (17)

and

1- t t
Vo1 —z =2 Qx:QSin§§2-§:t:arccosx. (18)

We differ two cases:
Case 1. —1 < o < —5. In this case — (a+ %) > 0.

1
If 0 < arccosz < —, then from (18) we obtain — > v/2v/1 — z and from
n n
(15) we obtain

~(o+})
LAV (2, —1)] < Ot = © (%) 2

—(a+d) 1\ ~(a+3)
Scl(\/l—x) 2 SCQ(\/l—x-i-E) .
If L < arccosz < Z, then from relations (16) and (17) we get

(ol
LM 2, 1) < Cyarceos z)~(*+2) < 0y (VI— @)+

< Cs (m + %>_(a+%) :

Case 2. a > —5:1In this case — (a+ %) < 0.
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If 0 < arccosz < 1, then from relations (16) and (18) we obtain:

~(a+})
LM (@, 1)) < Gt = Cy (E i @>

< Cy (m + %>_(a+%) :

If L < arccosz < I, again according to relations (16) and (18) we have:

|LPMN) (2, —1)| < C(arccos ﬂ:)_(aJr%) = Cy(arccos z + arccos x)_(o“ré) <

1\ (e+3)
Cm(\/l—x-ﬁ-E) .
From the previous cases we have proved that:

~(a+)

~(5+3)
LS, -1) < Cufanf) (VT4 1) (VIFE )

for all x € [-1,1],n € N and «a, f > —1. From (10) we obtain:

|L{AMN) (3, —1)] < Cra(B, ) (\/H——x+ %)(5%) ‘ <m+ %>(a+;)

for all x € [-1,1),n € N and «, 5 > —1. The proof is completed. O

Next, we will show that the local estimates from the previous theorem
can be further extended. We will prove that ]Lga’ﬁ’M’N)(x, —1)| in (14) can
be replaced by ]Lga’ﬁ’M’N)(t, —1)|, whenever t is in the interval U, (z) = [w -

LP”T(:B), T+ “’"T(m) N[—1,1]. In order to do that, we will make use of the following

lemma (see [2]).
Lemma 2.2. Let a,b<0,n €N and z € [-1,1]. Then
w@) (1) < 167@F0) (a0 () (19)

n

for all t € Uy, (x).
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1
Theorem 2.3. Let o, > —3 and n € N. Then

L PN (¢, —1)| < D (20)

1
(54541

for all t € U, (x) and each x € [—1,1] where D = D(«, ) is a positive constant
independent of n,t and x.

Proof. Since a, 3 > —% it follows that ¢ + 1 8 4 i > 0. Therefore, by

102
Lemma 2.2 with a = —5 — i and 8= —5 —% we obtain
1 _a_ 1 b 1 gotp+1
(g+l ﬁ+l) = WT(L 2 4 2 4) (ﬂf) < (g+l §+l)
an 4’2 ' 4 (x) <'()77/2 422 ' 4 (x)

for all t € U, (z). Applying Theorem 2.1 yields inequality (15) for all ¢ € U, (z),
as claimed. O

Corollary 2.4. For alln € N with a, 8 > —3%,x € [—1,1] holds:

[ LN g )Pl e < Do) (21)
Un(x) n
Proof. Applying Theorem 2.3, we obtain:
1
/ |L{AMN) ¢ 1) PuleB) (t)dt < D - —
i) {rrbo )
/ w @) (t)dt.
Un(x)
Using the following result from [3] we obtain
1 a+l 1
/ wEd@)dt < D - = b +2’ﬁ+2)(;c)
Un(x) n
and thus, the proof is completed. O

In a similar way, we can proof the result for L%’B’M’N(az, 1).
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