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Abstract: In this paper, a numerical method based on block pulse functions
(BPFs) is presented for solving a linear two dimensional fuzzy Fredholm in-
tegral equation of the second kind (2D-FFIE-2). We use parametric form of
fuzzy functions and convert a 2D-FFIE-2 to a linear system of Fredholm in-
tegral equations of the second kind with three variables in crisp case. In this
work, block pulse functions are used to find the approximate solution of the con-
verted system, which is the approximate solution for 2D-FFIE-2. To evaluate
performance of the algorithm, some numerical examples are presented which
implicate the accuracy of the method.
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1. Introduction

The concept of integration of fuzzy functions was first introduced by Dubois and
Prade. Alternative approaches were later suggested by Goetschel and Voxman
[9], Kaleva [8], Matloka [6], Nanda [10] and others. One of the first applications
of fuzzy integration was given by Wu and Ma (Wu et al. 1990), who investigated
the fuzzy Fredholm integral equation of the second kind (FFIE-2).

In recent years, some numerical methods have been introduced to solve
(FFIE-2). These methods can be found in Friedman et al. 1999; Babolian et al.
2005, Abbasbandy et al. 2006; Goghary et al. 2006; Ghanbari et al. 2009, and
others. Also, some numerical methods are presented to solve two-dimensional
fuzzy Fredholm integral equations of the second kind. As an example, in [1]
Adomian decomposition method and homotopy perturbation method are ap-
plied to solve a 2D-FFIE-2.

The main purpose of this work is to use one-dimensional and two-dimensional
block pulse functions for solving 2D-FFIE-2. Block pulse functions (BPFs) are
studied by many authors and applied for solving different problems; for exam-
ple, see [2]. The piece wise constant BPFs are easy to use and this simplicity
allows one to use them to solve integral equations and differential equations. In
[5] Ghanbari et al. apply BPFs for solving FFIE-2. In this work, we use BPFs
for solving 2D-FFIE-2. The remainder of this paper is organized as follows:
A review of the block pulse functions and the fuzzy numbers is presented in
Sections 2 and 3, respectively. In Section 4, two-dimensional fuzzy Fredholm
integral equation and its parametric form are discussed. Then, the BPFs ex-
pansion is presented in Section 5. Later, the proposed algorithm is discussed
in detail in Section 6. The algorithm is numerically discussed in Section 7 and
finaly the paper is concluded in Section 8.

2. Block Pulse Functions
2.1. One-Dimensional Block Pulse Functions (1D-BPFs)

An m-set of 1D-BPF's is defined over the interval [0,1) as [3]:

1 (i—1)h<t<ih,
¢i(t) = . (1)
0  otherwise,
where i = 1,...,m with a positive integer value for m. Also, consider h = 1/m,

and ¢; is the ithe 1D-BPF.
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The most important properties of 1D-BPF's are: disjointness, orthogonality
and completeness.

1. Disjointness

()i (1) = 2
6:(1)03(1) {0 Y ©)
where i, =1,...,m.
2. Orthogonality
1
| sy =naij, te o), 3)
0
where 07j is kroneker delta.
3. Completeness. For every f € L?([0,1)), parseval’s identity holds:
1 o0
| roa=3 ol (4)
i=1
where .
fo=m [ soo (5)

Consider the first m terms of 1D-BPFs and write them consisely as a m-
vector ®(t):

o(t) = [p1(t), ... dm®)]",  te€[0,1). (6)
2.2. Two-Dimensional Block Pulse Functions (2D-BPFs)

An (mymsz)-set of 2D-BPFs is defined in the region of = € [0,1) and y € [0, 1)
as [4]:

1 (’il — 1)h1 < 1x < i1hy and (’ig — 1)h2 <y< iohg,
Ginin (T,Y) = : (7)
0 otherwise,
where i1 = 1,...,my and i = 1,...,mg with positive integer values for my, mso
and hl = le,hQ = ng
Similar to 1D cases, there are some properties for 2D-BPFs as follows:
1. Disjointness
Giy iy (T,y) 11 = j1 and iz = jo,
¢i17i2 ($,y)¢j1,j2 (:c,y) = e . (8)
0 otherwise.
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2. Orthogonality
1 1 . . . .
hlhg 11 =71 and 12 = J2,
/ / ¢i1,i2 ($, y)¢j17j2 (CC, y)dxdy = . (9)
o Jo 0 otherwise,
where i1,71 = 1,...,my and i9,jo = 1,...,mao.

3. Completeness. For every f € L%([0,1) x[0, 1)) when m; and mg approach
to the infinity, parseval’s identity holds:

/ / Playdedy =3 S 2. l605 )P, (10)
i1=112=1
where
1,1
fil,i2 = m1m2/0 /O f(xay)¢i1,i2(xay)dxdy' (11)
The set of 2D-BPFs may be written as a (mjims)-vector ®(z,y):
(I)(xa Z/) = [¢171($, y)v s 7¢1,77’L2 (Q?, y)7 ce 7¢m1,1(x7 y)v s 7¢m1,m2]T‘ (12)

From the above representation and disjiontness property, it follows:

d11(2,y) 0 0
o gy = | 0 OV 0 L)
0 0 cor Gmyme (T,Y)

also
/ / (z,9)®(x, )T dedy = hihsol, (14)

where I is an (mimsg) identity matrix.

3. Fuzzy Numbers

Definition 1. The parametric form of a fuzzy number v is a pair of
functions (u(r),u(r)),0 < r < 1, which satisfies the following requirements:
1. u(r) is a bounded, continuous, monotonic increasing function over [0, 1].
2. u(r) is a bounded, continuous, monotonic decreasing function over [0, 1].
3. u(r) <u(r),0 <r <1
(u(r),a(r)),0 < r <1, are called the r-cut sets of w.
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The set of all fuzzy numbers is denoted by E!.

Definition 2. For arbitrary fuzzy numbers u = (u(r),u(r)),v = (v(r),v(r))
and real number k, we have

Definition 3. For arbitrary fuzzy numbers u = (u,u) and v = (v,?) the
quantity

0<r<1 0<r<l1

D) = e B 2 s ) )

is called the distance between v and v.

It is shown that (E', D) is a complete metric space, see [6].

Definition 4. A function f : R?> — E' is called a fuzzy function in two-

dimensional space. f is said to be continuous, if for arbitrary fixed ¢ty € R? and
€ >0 ad > 0 exists such that

[t —toll <0 = D(f(t), f(to)) <&, t=(z,9), to= (z0,Y0)-

Definition 5. Let f : [a,b] x [¢,d] — EL.

For each partition p = {z1,z9,...,2} of [a,b] and ¢ = {y1,y2,...,yn} of
[c,d] and for arbitrary & : zi—1 < & < zy, 2 < i < m, and for arbitrary

n

Ry =) > f(&m) (@i — zim1)(yj — yj—1)-

i=2 j=2

The definite integral of f(x,y) over [a,b] X [c,d] is

d b
//f(:):,y)d:):dy—lime,
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(max |z; — 21|, max |y; —y;_1]) = (0,0),
2<i<m 2<j<n
provided that this limit exists in metric D.

If the function f(z,y) is continuous in the metric D, its definite integral
exists [7]. Furthermore

</cd /abf(x,y,'r)dxdy> = /Cd /abj(x,y,r)dxdy,
(/cd /abf(x,y,'r)dxdy> = /Cd /ab?(x,y,r)dxdy.

4. Two-Dimensional Fuzzy Integral Equation

The linear two-dimensional fuzzy Fredholm integral equation of the second kind
(2D-FFIE-2) is

d b
u(z,y) = f(z,y) +/ / k(z,y,s,t)u(s,t)dsdt, (x,y) €V, (15)

where u(z,y) and f(z,y) are fuzzy functions on V' = [a, b] X [c, d], and k(z,y, s, 1)
is an arbitrary kernel function over S = [a,b] X [¢,d] X [a,b] X [¢,d], and u is
unknown on V.

Now suppose that (i(x,y,r),f(:c,y,r)) and (u(z,y,7),u(z,y,7)),0 <r <1,

(z,y) € V are parametric forms of fuzzy functions f(z,y) and u(zx,y), respec-
tively, then parametric form of 2D-FFIE-2 is as follows:

w(z,y,r) = fe,y,r) + [0 [Py, s, tuls, t,r),als, t,r))dsdt,
(16)
a(z,y,r) = fa,y,r) + [0 [Dva(,y, st uls, ¢, r),als, t,r))dsdt,

>
Ul(x7 y? 87t7g(87t7 T)7ﬂ(87 ta’r)) { :(x’ y’ S’t)%(s’ t”r) kl(x’ y’ S’t) P 0’

(z,y,s, t)u(s,t,r) k(z,y,s,t) <0,

and

ettt o)) = |
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for each a <z <band ¢ <y < dand 0 <r < 1. We can see that (16) is
a system of linear Fredholm integral equations of the second kind with three
variables in crisp case. So we use the mentioned algoritm in Section 6 to solve
it.

5. BPFs Expansion

The expansion of a function f(¢) over [0,1) with respect to 1D-BPFs may be
compactly written as

F6) = fidi(t) = FTo(t) = o(t)"F, (17)
i=1

where ®(t) is m-component 1D-BPFs vector and F' = [f1,..., f,]*, where f;’s
are defined by (5).
Also a function f(z,y) € L?([0,1) x [0,1)) can be expanded by 2D-BPFs as

mi1  m2

f($,y) = Z Z fi17i2¢i1,i2(x7y) = FT(I)(x7y) = (I>(x7y)TF7 (18)

i1=112=1

where F' = [fi1,--, fimas s fmids--- ,fmth]T, and f;, i,’s are defined by

(11).
Similarly a function of four variables, k(x,y,s,t) on [0,1) x [0,1) x [0,1) x
[0,1) may be approximated with respect to BPFs such as

k(x,y,s,t) ~ @(x,y)TKq)(s,t), (19)

where ®(z,y) and ®(s,t) are 2D-BPF's vectors of dimensional mmso and msmy,
respectively, and K is the (mimg) x (mgmy) 2D-BPFs coefficient matrix. For
convenience, we put mj = mg and mg = my, so the coefficients k; ;,,;, with
i,p=1,...,m; and 5,0l =1,...,mg are:

1 1 1 1
kijpt = (mums)’ / / / / k(2 y, 5, 8)60 (2, y) bpa(s, £)dedydsdt.  (20)
0 0 0 0

Now we expand a function of three variables, u(z,y, ) belongs to L2([0, 1) x
[0,1) x [0,1)) with BPFs as

u(z,y,r) ~ q)(:c,y)TU@(r), (21)
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where ®(x,y) is an mymg-component 2D-BPFs vector and ®(r) is an ms-
component 1D-BPFs vector, and U is an (mimg x mg) BPFs matrix as

U111 cee UL 1mg
ul,mg,l e ul,mz,mg
U= , (22)
Umy,1,1 0 Umy,1,m3
Umy,ma,1 "7 Wmy,mao,ms

where Ui, 5,k = T1M2MN3 fol fol fol U(CC, Y, T)¢i,j (-Ta y)¢k(r)dxdydr

6. System of Integral Equation

In this section, we use 2D-BPFs and 1D-BPFs for solving a special system of
linear Fredholm integral equations of the second kind with three variables as
follows:

Z?:l Uj (.le, Y, T) - fl(xa Y, T) + Z?:l fOl f()l kl,] (xa Y, s, t)uj(sa t, T)deta
(23)

1=1,...,n,

where u;, f; belong to L%([0,1) x [0,1) x [0,1)) and k; ;’s belong to L%([0,1) x
[0,1) x [0,1) x [0,1)). The functions u;, f; and k; ; can be approximated with
respect to BPF's as:

fi(xvyvr) = (I)(x,y)TE(I)(T),
uj(x,y,r) =~ @(x,y)TUj@(r), (24)

ki,j (CC, Y, s, t) = (I>(x7 y)TKqu)(Sv t),

where F; and U; are the mimg x m3z BPFs coefficients matrices, and K is an
mima X mimy BPFs coefficient matrix. By substituting (24) into (23), we have:

>y (2, y)TU;B(r) ~
Q)(:c, y)TEq)(T) + Z?:l fol fol q)(:c, y)TKi,jq)('S? t)q)(sv t)TUJ'@(T)detv

1=1,...,n,
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and by replacing ~ with = yields

S (I = oK j)U; =F;, i=1,...n. (25)
j=1

Set L; ; = I — h1hoK; ; then we have following linear system:

Ly Lip ... Li, Ui Fy
L271 L272 . Lgm UQ F2
. . . . . = . . (26)
Ln,l L1,2 s Ln,n Un Fn
By solving the above linear system, we find U;,j = 1,...,n then u;(x,y,r) ~

®(z,y)TU;®(r) is the estimation of (23).

7. Numerical Examples

Now, we apply the method to two examples and we compare the approximate
solutions with the exact solutions (see Tables 1 and 2).

Example 6. Consider the following two-dimensional fuzzy Fredholm in-
tegral equation [1]:

1,1
= f(x z2ys u(s,t)ds x
ue) = fa)+ [ [ atys ustpasat 0<ay <
where
flx,y)(r) = (:csin(y/Q)(r2 +7), zsin(y/2)(4 — 3 — r)) , 0<r<I1.

The exact solution is

(x,y,7) = (zsin(y/2) — 16/21 (cos(1/2) — 1) 2%y) (r% +7),
(z,y,7) = (sin(y/2) — 16/21 (cos(1/2) — 1) z%y) (4 — 3 —1).

gl g

Table 1 shows the exact and approximate solution at (x,y) = (0.3,0.6) for
some variant values of r. For convenience, we put mj; = mo = mg = m.
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Exact solution BPFs method Exact solution BPFs method

u(x,y,r) w(x,y,r) u(x,y,r) u(x,y,r)
0 0 0.0009 0.3748 0.3748
0.1 0.0103 0.0110 0.3653 0.3657
0.2 0.0225 0.0228 0.3553 0.3560
0.3 0.0365 0.0363 0.3441 0.3452
0.4 0.0525 0.0516 0.3313 0.3329
0.5 0.0703 0.0723 0.3162 0.3154
0.6 0.0899 0.0914 0.2983 0.2979
0.7 0.1115 0.1122 0.2770 0.2773
0.8 0.1349 0.1348 0.2518 0.2530
0.9 0.1602 0.1591 0.2221 0.2245

Table 1: Numerical result for Example 6 with m = 52

Example 7. Consider the following two-dimensional fuzzy Fredholm in-
tegral equation:

u(z,y) = f(z,y) —I—/ / —gmcysin(ﬂs) u(s,t)dsdt, 0<xz,y<I,
o Jo

where

The exact solution is

13 2 5

L y,r) = oy (" ) + (=0 =),

7 2 13

473 ).

Twyr) = may(3p (% +r) + (4 =" =)

T o208 5, 568 1072

oF Ay — —=
Q(x,y,r) xy( 19 4+ — 19 + 19 )’
u m o208 s 208 o 2272
u(z,y,r) = —geay(Sg 7" + g + 4 = =57).

Tabe 2 shows the exact and approximate solution at (x,y) = (0.3,0.6) for some
variant values of 7.
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T Exact solution  BPFs method Exact solution BPFs method

Q(.’E,y,T) g(:c,y,r) H(:c,y,r) E(:c,y,r)
0 -1.2762 -1.2715 2.7048 2.7039
0.1 -1.1696 -1.1671 2.6014 2.6030
0.2 -1.0476 -1.0482 2.4876 2.4922
0.3 -0.9082 -0.9129 2.3593 2.3677
0.4 -0.7495 -0.7596 2.2124 2.2258
0.5 -0.5697 -0.5556 2.0429 2.0335
0.6 -0.3667 -0.3572 1.8467 1.8413
0.7 -0.1388 -0.1352 1.6199 1.6202
0.8 0.1161 0.1121 1.3582 1.3663
0.9 0.3998 0.3865 1.0577 1.0760

Table 2: Numerical result for Example 7 with m = 62

8. Conclusion

In this work we present a numerical method based on block pulse functions. We
can see that, solving a linear two-dimensional fuzzy Fredholm integral equation
of the second kind is converted to solving a system of linear Fredholm integral
equations of the second kind with three variables. By using BPFs we transform
solving this system to solve a linear equations system. By two examples we
tried to find approximate solutions for which the results seem acceptable. The
benefit of this method is low cost of setting up the equations without applying
any projection method such as Galerkin, collocation, etc.
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