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1. Introduction

The concept of integration of fuzzy functions was first introduced by Dubois and
Prade. Alternative approaches were later suggested by Goetschel and Voxman
[9], Kaleva [8], Matloka [6], Nanda [10] and others. One of the first applications
of fuzzy integration was given by Wu and Ma (Wu et al. 1990), who investigated
the fuzzy Fredholm integral equation of the second kind (FFIE-2).

In recent years, some numerical methods have been introduced to solve
(FFIE-2). These methods can be found in Friedman et al. 1999; Babolian et al.
2005, Abbasbandy et al. 2006; Goghary et al. 2006; Ghanbari et al. 2009, and
others. Also, some numerical methods are presented to solve two-dimensional
fuzzy Fredholm integral equations of the second kind. As an example, in [1]
Adomian decomposition method and homotopy perturbation method are ap-
plied to solve a 2D-FFIE-2.

The main purpose of this work is to use one-dimensional and two-dimensional
block pulse functions for solving 2D-FFIE-2. Block pulse functions (BPFs) are
studied by many authors and applied for solving different problems; for exam-
ple, see [2]. The piece wise constant BPFs are easy to use and this simplicity
allows one to use them to solve integral equations and differential equations. In
[5] Ghanbari et al. apply BPFs for solving FFIE-2. In this work, we use BPFs
for solving 2D-FFIE-2. The remainder of this paper is organized as follows:
A review of the block pulse functions and the fuzzy numbers is presented in
Sections 2 and 3, respectively. In Section 4, two-dimensional fuzzy Fredholm
integral equation and its parametric form are discussed. Then, the BPFs ex-
pansion is presented in Section 5. Later, the proposed algorithm is discussed
in detail in Section 6. The algorithm is numerically discussed in Section 7 and
finaly the paper is concluded in Section 8.

2. Block Pulse Functions

2.1. One-Dimensional Block Pulse Functions (1D-BPFs)

An m-set of 1D-BPFs is defined over the interval [0, 1) as [3]:

φi(t) =

{

1 (i− 1)h ≤ t < ih,

0 otherwise,
(1)

where i = 1, . . . ,m with a positive integer value for m. Also, consider h = 1/m,
and φi is the ithe 1D-BPF.
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The most important properties of 1D-BPFs are: disjointness, orthogonality
and completeness.

1. Disjointness

φi(t)φj(t) =

{

φi(t) i = j,

0 i 6= j,
(2)

where i, j = 1, . . . ,m.

2. Orthogonality

∫

1

0

φi(t)φj(t)dt = hδij, t ∈ [0, 1), (3)

where δij is kroneker delta.

3. Completeness. For every f ∈ L2([0, 1)), parseval’s identity holds:

∫

1

0

f2(t)dt =

∞
∑

i=1

f2

i ‖φi(t)‖
2, (4)

where

fi = m

∫

1

0

f(t)φi(t)dt. (5)

Consider the first m terms of 1D-BPFs and write them consisely as a m-
vector Φ(t):

Φ(t) = [φ1(t), . . . , φm(t)]T , t ∈ [0, 1). (6)

2.2. Two-Dimensional Block Pulse Functions (2D-BPFs)

An (m1m2)-set of 2D-BPFs is defined in the region of x ∈ [0, 1) and y ∈ [0, 1)
as [4]:

φi1,i2(x, y) =

{

1 (i1 − 1)h1 ≤ x < i1h1 and (i2 − 1)h2 ≤ y < i2h2,

0 otherwise,
(7)

where i1 = 1, . . . ,m1 and i2 = 1, . . . ,m2 with positive integer values for m1,m2

and h1 =
1

m1
, h2 =

1

m2
.

Similar to 1D cases, there are some properties for 2D-BPFs as follows:

1. Disjointness

φi1,i2(x, y)φj1,j2(x, y) =

{

φi1,i2(x, y) i1 = j1 and i2 = j2,

0 otherwise.
(8)
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2. Orthogonality

∫

1

0

∫

1

0

φi1,i2(x, y)φj1,j2(x, y)dxdy =

{

h1h2 i1 = j1 and i2 = j2,

0 otherwise,
(9)

where i1, j1 = 1, . . . ,m1 and i2, j2 = 1, . . . ,m2.

3. Completeness. For every f ∈ L2([0, 1)×[0, 1)) whenm1 andm2 approach
to the infinity, parseval’s identity holds:

∫

1

0

∫

1

0

f2(x, y)dxdy =

∞
∑

i1=1

∞
∑

i2=1

f2

i1,i2
‖φi1,i2(x, y)‖

2, (10)

where

fi1,i2 = m1m2

∫

1

0

∫

1

0

f(x, y)φi1,i2(x, y)dxdy. (11)

The set of 2D-BPFs may be written as a (m1m2)-vector Φ(x, y):

Φ(x, y) = [φ1,1(x, y), . . . , φ1,m2
(x, y), . . . , φm1,1(x, y), . . . , φm1,m2

]T . (12)

From the above representation and disjiontness property, it follows:

Φ(x, y)Φ(x, y)T =











φ1,1(x, y) 0 . . . 0
0 φ1,2(x, y) . . . 0
...

...
. . .

...
0 0 . . . φm1,m2

(x, y)











, (13)

also
∫

1

0

∫

1

0

Φ(x, y)Φ(x, y)T dxdy = h1h2I, (14)

where I is an (m1m2) identity matrix.

3. Fuzzy Numbers

Definition 1. The parametric form of a fuzzy number u is a pair of
functions (u(r), u(r)), 0 ≤ r ≤ 1, which satisfies the following requirements:
1. u(r) is a bounded, continuous, monotonic increasing function over [0, 1].
2. u(r) is a bounded, continuous, monotonic decreasing function over [0, 1].
3. u(r) ≤ u(r), 0 ≤ r ≤ 1.
(u(r), u(r)), 0 ≤ r ≤ 1, are called the r-cut sets of u.
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The set of all fuzzy numbers is denoted by E1.

Definition 2. For arbitrary fuzzy numbers u = (u(r), u(r)), v = (v(r), v(r))
and real number k, we have

(u+ v)(r) = (u(r) + v(r), u(r) + v(r)),

(u− v)(r) = (u(r)− v(r), u(r)− v(r)),

(ku)(r) =

{

(ku(r), ku(r)) k ≥ 0,
(ku(r), ku(r)) k < 0.

Definition 3. For arbitrary fuzzy numbers u = (u, u) and v = (v, v) the
quantity

D(u, v) = max

{

sup |u(r)− v(r)| , sup |u(r)− v(r)|
0 ≤ r ≤ 1 0 ≤ r ≤ 1

}

,

is called the distance between u and v.

It is shown that (E1,D) is a complete metric space, see [6].

Definition 4. A function f : R2 → E1 is called a fuzzy function in two-
dimensional space. f is said to be continuous, if for arbitrary fixed t0 ∈ R2 and
ε > 0 a δ > 0 exists such that

‖t− t0‖ < δ ⇒ D (f(t), f(t0)) < ε, t = (x, y), t0 = (x0, y0).

Definition 5. Let f : [a, b]× [c, d] → E1.
For each partition p = {x1, x2, . . . , xm} of [a, b] and q = {y1, y2, . . . , yn} of
[c, d] and for arbitrary ξi : xi−1 ≤ ξi ≤ xi, 2 ≤ i ≤ m, and for arbitrary
ηj : yj−1 ≤ ηj ≤ yj, 2 ≤ j ≤ n, let

Rp =

m
∑

i=2

n
∑

j=2

f(ξi, ηj)(xi − xi−1)(yj − yj−1).

The definite integral of f(x, y) over [a, b]× [c, d] is

∫ d

c

∫ b

a

f(x, y)dxdy = limRp,
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(max |xi − xi−1|
2≤i≤m

,max |yj − yj−1|
2≤j≤n

) → (0, 0),

provided that this limit exists in metric D.

If the function f(x, y) is continuous in the metric D, its definite integral
exists [7]. Furthermore

(

∫ d

c

∫ b

a

f(x, y, r)dxdy

)

=

∫ d

c

∫ b

a

f(x, y, r)dxdy,

(

∫ d

c

∫ b

a

f(x, y, r)dxdy

)

=

∫ d

c

∫ b

a

f(x, y, r)dxdy.

4. Two-Dimensional Fuzzy Integral Equation

The linear two-dimensional fuzzy Fredholm integral equation of the second kind
(2D-FFIE-2) is

u(x, y) = f(x, y) +

∫ d

c

∫ b

a

k(x, y, s, t)u(s, t)dsdt, (x, y) ∈ V, (15)

where u(x, y) and f(x, y) are fuzzy functions on V = [a, b]×[c, d], and k(x, y, s, t)
is an arbitrary kernel function over S = [a, b] × [c, d] × [a, b] × [c, d], and u is
unknown on V .

Now suppose that (f(x, y, r), f(x, y, r)) and (u(x, y, r), u(x, y, r)), 0 ≤ r ≤ 1,
(x, y) ∈ V are parametric forms of fuzzy functions f(x, y) and u(x, y), respec-
tively, then parametric form of 2D-FFIE-2 is as follows:

u(x, y, r) = f(x, y, r) +
∫ d

c

∫ b

a
υ1(x, y, s, t, u(s, t, r), u(s, t, r))dsdt,

u(x, y, r) = f(x, y, r) +
∫ d

c

∫ b

a
υ2(x, y, s, t, u(s, t, r), u(s, t, r))dsdt,

(16)

υ1(x, y, s, t, u(s, t, r), u(s, t, r)) =

{

k(x, y, s, t)u(s, t, r) k(x, y, s, t) ≥ 0,
k(x, y, s, t)u(s, t, r) k(x, y, s, t) < 0,

and

υ2(x, y, s, t, u(s, t, r), u(s, t, r)) =

{

k(x, y, s, t)u(s, t, r) k(x, y, s, t) ≥ 0,
k(x, y, s, t)u(s, t, r) k(x, y, s, t) < 0.
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for each a ≤ x ≤ b and c ≤ y ≤ d and 0 ≤ r ≤ 1. We can see that (16) is
a system of linear Fredholm integral equations of the second kind with three
variables in crisp case. So we use the mentioned algoritm in Section 6 to solve
it.

5. BPFs Expansion

The expansion of a function f(t) over [0, 1) with respect to 1D-BPFs may be
compactly written as

f(t) ≃

m
∑

i=1

fiφi(t) = F TΦ(t) = Φ(t)TF, (17)

where Φ(t) is m-component 1D-BPFs vector and F = [f1, . . . , fm]T , where fi’s
are defined by (5).

Also a function f(x, y) ∈ L2([0, 1)× [0, 1)) can be expanded by 2D-BPFs as

f(x, y) ≃

m1
∑

i1=1

m2
∑

i2=1

fi1,i2φi1,i2(x, y) = F TΦ(x, y) = Φ(x, y)TF, (18)

where F = [f1,1, . . . , f1,m2
, . . . , fm1,1, . . . , fm1,m2

]T , and fi1,i2 ’s are defined by
(11).

Similarly a function of four variables, k(x, y, s, t) on [0, 1)× [0, 1)× [0, 1)×
[0, 1) may be approximated with respect to BPFs such as

k(x, y, s, t) ≃ Φ(x, y)TKΦ(s, t), (19)

where Φ(x, y) and Φ(s, t) are 2D-BPFs vectors of dimensional m1m2 andm3m4,
respectively, and K is the (m1m2)× (m3m4) 2D-BPFs coefficient matrix. For
convenience, we put m1 = m3 and m2 = m4, so the coefficients ki,j,p,l, with
i, p = 1, . . . ,m1 and j, l = 1, . . . ,m2 are:

ki,j,p,l = (m1m2)
2

∫

1

0

∫

1

0

∫

1

0

∫

1

0

k(x, y, s, t)φi,j(x, y)φp,l(s, t)dxdydsdt. (20)

Now we expand a function of three variables, u(x, y, r) belongs to L2([0, 1)×
[0, 1) × [0, 1)) with BPFs as

u(x, y, r) ≃ Φ(x, y)TUΦ(r), (21)
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where Φ(x, y) is an m1m2-component 2D-BPFs vector and Φ(r) is an m3-
component 1D-BPFs vector, and U is an (m1m2 ×m3) BPFs matrix as

U =



























u1,1,1 . . . u1,1,m3

...
. . .

...
u1,m2,1 · · · u1,m2,m3

...
. . .

...
um1,1,1 · · · um1,1,m3

...
. . .

...
um1,m2,1 · · · um1,m2,m3



























, (22)

where ui,j,k = m1m2m3

∫

1

0

∫

1

0

∫

1

0
u(x, y, r)φi,j(x, y)φk(r)dxdydr.

6. System of Integral Equation

In this section, we use 2D-BPFs and 1D-BPFs for solving a special system of
linear Fredholm integral equations of the second kind with three variables as
follows:
∑n

j=1
uj(x, y, r) = fi(x, y, r) +

∑n
j=1

∫

1

0

∫

1

0
ki,j(x, y, s, t)uj(s, t, r)dsdt,

i = 1, . . . , n,

(23)

where uj , fi belong to L2([0, 1) × [0, 1) × [0, 1)) and ki,j’s belong to L2([0, 1) ×
[0, 1) × [0, 1) × [0, 1)). The functions uj, fi and ki,j can be approximated with
respect to BPFs as:

fi(x, y, r) ≃ Φ(x, y)TFiΦ(r),

uj(x, y, r) ≃ Φ(x, y)TUjΦ(r),

ki,j(x, y, s, t) ≃ Φ(x, y)TKi,jΦ(s, t),

(24)

where Fi and Uj are the m1m2 ×m3 BPFs coefficients matrices, and K is an
m1m2×m1m2 BPFs coefficient matrix. By substituting (24) into (23), we have:

∑n
j=1

Φ(x, y)TUjΦ(r) ≃

Φ(x, y)TFiΦ(r) +
∑n

j=1

∫

1

0

∫

1

0
Φ(x, y)TKi,jΦ(s, t)Φ(s, t)

TUjΦ(r)dsdt,

i = 1, . . . , n,
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and by replacing ≃ with = yields

n
∑

j=1

(I − h1h2Ki,j)Uj = Fi, i = 1, . . . n. (25)

Set Li,j = I − h1h2Ki,j then we have following linear system:











L1,1 L1,2 . . . L1,n

L2,1 L2,2 . . . L2,n

...
...

. . .
...

Ln,1 L1,2 . . . Ln,n





















U1

U2

...
Un











=











F1

F2

...
Fn











. (26)

By solving the above linear system, we find Uj, j = 1, . . . , n then uj(x, y, r) ≃
Φ(x, y)TUjΦ(r) is the estimation of (23).

7. Numerical Examples

Now, we apply the method to two examples and we compare the approximate
solutions with the exact solutions (see Tables 1 and 2).

Example 6. Consider the following two-dimensional fuzzy Fredholm in-
tegral equation [1]:

u(x, y) = f(x, y) +

∫

1

0

∫

1

0

x2ys u(s, t)dsdt, 0 ≤ x, y ≤ 1,

where

f(x, y)(r) =
(

x sin(y/2)(r2 + r), x sin(y/2)(4 − r3 − r)
)

, 0 ≤ r ≤ 1.

The exact solution is

u(x, y, r) =
(

x sin(y/2) − 16/21 (cos(1/2) − 1) x2y
)

(r2 + r),
u(x, y, r) =

(

x sin(y/2) − 16/21 (cos(1/2) − 1) x2y
)

(4− r3 − r).

Table 1 shows the exact and approximate solution at (x, y) = (0.3, 0.6) for
some variant values of r. For convenience, we put m1 = m2 = m3 = m.
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r Exact solution BPFs method Exact solution BPFs method

u(x, y, r) u(x, y, r) u(x, y, r) u(x, y, r)

0 0 0.0009 0.3748 0.3748
0.1 0.0103 0.0110 0.3653 0.3657
0.2 0.0225 0.0228 0.3553 0.3560
0.3 0.0365 0.0363 0.3441 0.3452
0.4 0.0525 0.0516 0.3313 0.3329
0.5 0.0703 0.0723 0.3162 0.3154
0.6 0.0899 0.0914 0.2983 0.2979
0.7 0.1115 0.1122 0.2770 0.2773
0.8 0.1349 0.1348 0.2518 0.2530
0.9 0.1602 0.1591 0.2221 0.2245

Table 1: Numerical result for Example 6 with m = 52

Example 7. Consider the following two-dimensional fuzzy Fredholm in-
tegral equation:

u(x, y) = f(x, y) +

∫

1

0

∫

1

0

−
7

6
πxysin(πs) u(s, t)dsdt, 0 ≤ x, y ≤ 1,

where

f(x, y, r) = πxy(
13

15
(r2 + r) +

2

15
(4− r3 − r)),

f(x, y, r) = πxy(
2

15
(r2 + r) +

13

15
(4− r3 − r)).

The exact solution is

u(x, y, r) =
π

25
xy(

268

19
r3 +

568

19
r2 + 44r −

1072

19
),

u(x, y, r) = −
π

25
xy(

568

19
r3 +

268

19
r2 + 44r −

2272

19
).

Tabe 2 shows the exact and approximate solution at (x, y) = (0.3, 0.6) for some
variant values of r.
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r Exact solution BPFs method Exact solution BPFs method

u(x, y, r) u(x, y, r) u(x, y, r) u(x, y, r)

0 -1.2762 -1.2715 2.7048 2.7039
0.1 -1.1696 -1.1671 2.6014 2.6030
0.2 -1.0476 -1.0482 2.4876 2.4922
0.3 -0.9082 -0.9129 2.3593 2.3677
0.4 -0.7495 -0.7596 2.2124 2.2258
0.5 -0.5697 -0.5556 2.0429 2.0335
0.6 -0.3667 -0.3572 1.8467 1.8413
0.7 -0.1388 -0.1352 1.6199 1.6202
0.8 0.1161 0.1121 1.3582 1.3663
0.9 0.3998 0.3865 1.0577 1.0760

Table 2: Numerical result for Example 7 with m = 62

8. Conclusion

In this work we present a numerical method based on block pulse functions. We
can see that, solving a linear two-dimensional fuzzy Fredholm integral equation
of the second kind is converted to solving a system of linear Fredholm integral
equations of the second kind with three variables. By using BPFs we transform
solving this system to solve a linear equations system. By two examples we
tried to find approximate solutions for which the results seem acceptable. The
benefit of this method is low cost of setting up the equations without applying
any projection method such as Galerkin, collocation, etc.
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