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1. Introduction

Let A be the class of functions f(z) which are analytic in the open unit disk
U = {z ∈ C : |z| < 1}. A function f(z) in A is said to be starlike of order α in
U if it satisfies

Re

(

zf ′(z)

f(z)

)

> α (z ∈ U)

for some real α (0 ≦ α < 1).
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The confluent hypergeometric function F (z) is defined by

(1.1) F (z) ≡ 1F1(a, c; z) =
∞
∑

n=0

(a)n
(c)n

zn

(1)n

with a ∈ C, c ∈ C and c 6= 0,−1,−2, · · · , where (a)n denotes the Pochhammer
symbol

(a)n =







a(a+ 1)(a + 2) · · · (a+ n− 1) (n 6= 0)

1 (a 6= 0, n = 0).

We note that the confluent hypergeometric function F (z) satisfies the following
Kummer hypergeometric differential equation

zF ′′(z) + (c− z)F ′(z)− aF (z) = 0.

2. Some Lemmas

For univalency of the confluent hypergeometric functions, Miller and Mocanu
[2] have given the following results.

Lemma 2.1. Let a ∈ R and c ∈ R. If one of the following conditions

(i) a > 0 and c ≧ a

or

(ii) a ≦ 0 and c ≧ 1 +
√
1 + a2

is satisfied, then

Re
{

1F1(a, c; z)
}

> 0 (z ∈ U).

Lemma 2.2. Let a ∈ R and c ∈ R. If one of the following conditions

(i) a > −1 and c ≧ a

or

(ii) a ≦ −1 and c ≧
√

1 + (1 + a)2

is satisfied, then

Re
{ c

a
1F1

′(a, c; z)
}

> 0 (z ∈ U).
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Therefore, 1F1(a, c; z) is univalent in U.

From the above lemmas, we have the following problems.

Problem 1. Find a ∈ C and c ∈ C such that 1F1(a, c; z) 6= 0 for z ∈ U.

Problem 2. Find a ∈ C and c ∈ C such that 1F1
′(a, c; z) 6= 0 for z ∈ U.

To study the starlikeness of the confluent hypergeometric functions F (z)
defined by (1.1), we need the following

Lemma 2.3. (see [1]) Let E be a set in the complex plane C, and let a
function H : C2 × U → C satisfy H(is, t; z) 6∈ E for all z ∈ U and for all real

s and t satisfying t ≦ −1 + s2

2
. If p(z) is analytic in U with p(0) = 1 and

H
(

p(z), zp′(z); z
)

∈ E for all z ∈ U, then Re p(z) > 0 (z ∈ U).

Let us mention also that Owa and Srivastava [3] and Srivastava and Owa
[4] have discussed some interesting results for univalency and starlikeness of
generalized hypergeometric functions.

3. Starlikeness

Our result for the confluent hypergeometric functions is given by the following
theorem.

Theorem 3.1. Let a = a1 + ia2, c = c1 + ic2 with c 6= 0,−1,−2, · · · , and
a2 ≧

1− α

3− 2α
c2. Let 1F1(a, c; z) 6= 0 (z ∈ U).

If one of the following conditions

(i)

a1 >
2(1− α)(2 − α)

3− 2α

and

c2
2 − 2c2 − (3− 2α)(2c1 + 2α− 3) ≦ −2(3− 2α)

1− α
(a1 + a2 + α− 1),

(ii)

2(1 − α)2

3− 2α
< a1 ≦

2(1− α)(2 − α)

3− 2α
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and

(1− c2)
2 − (3− 2α)(2c1 + 2α− 3) ≦ −3− 2α

1− α

{

(3− 2α)(1 − α− a1)
2

1− α
+ 2a2

}

,

or
(iii)

a1 ≦
2(1− α)2

3− 2α

and

c2
2 − 2c2 − (3− 2α)(2c1 + 2α− 3) ≦

2(3− 2α)

1− α
(a1 − a2 + α− 1)

is satisfied for some α (0 ≦ α < 1), then z1F1(a, c; z) is starlike of order α in
U.

Proof. Let us denote 1F1(a, c; z) by F (z). Then the function F (z) satisfies

z2F ′′(z)

F (z)
+ (c− z)

zF ′(z)

F (z)
− az = 0.

Letting g(z) ≡ zF (z) and

p(z) =

zg′(z)

g(z)
− α

1− α

(

p(0) = 1
)

,

we see that
z2F ′′(z)

F (z)
+ (c− z)

zF ′(z)

F (z)
− az

= (1− α)

{

zp′(z) + (1− α)
(

p(z)
)2

+(c− 3 + 2α− z)p(z) +
1− α− a

1− α
z + (2− α− c)

}

= 0.

If we define E = {0} and

H(w1, w2; z) = w2 + (1−α)w2

1
+ (c− 3+ 2α− z)w1 +

1− α− a

1− α
z+ (2−α− c),

then the function H(w1, w2; z) satisfies

H
(

p(z), zp′(z); z
)

= 0 ∈ E
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for all z ∈ U. Note that

Re
{

H(is, t; z)
}

= t− (1− α)s2 − (c2 − y)s+
1− α− a1

1− α
x+

a2

1− α
y + (2− α− c1)

≦ − 1

2

{

(3− 2α)s2 + 2(c2 − y)s− 2(1 − α− a1)

1− α
x

− 2a2
1− α

y + 2c1 + 2α− 3

}

for z = x+ iy, and for all s, t, such that t ≦ −1 + s2

2
.

Let us define the function Q(s) by

Q(s) = (3− 2α)s2 + 2(c2 − y)s− 2(1 − α− a1)

1− α
x− 2a2

1− α
y + 2c1 + 2α− 3.

Then the discrimination ∆ of Q(s) satisfies

∆ = (y − c2)
2 − (3− 2α)

(

−2(1 − α− a1)

1− α
x− 2a2

1− α
y + 2c1 + 2α− 3

)

< −x2+1+c2
2−(3−2α)

{

−2(1− α− a1)

1− α
x+ 2

(

c2

3− 2α
− a2

1− α

)

+ 2c1 + 2α− 3} .
If we define the function h(x) by

h(x) = −x2 + 1 + c2
2 − (3− 2α)

{

−2(1− α− a1)

1− α
x

+2

(

c2

3− 2α
− a2

1− α

)

+ 2c1 + 2α− 3

}

,

then
h′(x) = −2(x− x0),

where

x0 =
(3− 2α)(1 − α− a1)

1− α
.

Therefore, the conditions (i), (ii), (iii) of the theorem lead to:
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(i) if x0 < −1, equivalently if

a1 >
2(1 − α)(2− α)

3− 2α
,

then h(x) < h(−1) ≦ 0.
(ii) if −1 ≦ x0 < 1, equivalently if

2(1− α)2

3− 2α
< a1 ≦

2(1 − α)(2 − α)

3− 2α
,

then h(x) < h(x0) ≦ 0.
(iii) if x0 ≧ 1, equivalently if

a1 ≦
2(1 − α)2

3− 2α
,

then h(x) < h(1) ≦ 0.

Thus we have ∆ < 0 with the conditions (i), (ii), (iii) of the theorem. This
implies that Q(s) > 0, that is that

Re
{

H(is, t; z)
}

< 0 (z ∈ U).

Therefore, we conclude that H(is, t; z) 6∈ E.
Finally, applying Lemma 2.3, we obtain Re p(z) > 0 (z ∈ U) which is

equivalent to z1F1(a, c; z) is starlike of order α in U.

Remark 3.2. (i) Taking a = 2 + i, c = 5 + 3i, α = 0 in Theorem 3.1,
we have z1F1(2 + i, 5 + 3i; z) is starlike for |z| < r0, where r0 is the smallest
positive real number such that 1F1(2 + i, 5 + 3i; z) 6= 0 (|z| ≦ r0).

(ii) If we take a = 1 + i, c = 8 + 4i, α =
1

2
in Theorem 3.1, then z1F1(1 +

i, 8 + 4i; z) is starlike of order
1

2
for |z| < r0, where r0 is the smallest positive

real number such that 1F1(1 + i, 8 + 4i; z) 6= 0 (|z| ≦ r0).
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