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Abstract: In some previous author’s papers [15], [16], [17], the following
problems are solved. In [15] on the basis of measured plasma concentrations
after an intravenous injection a problem of identification of two-compartment
model is stated. The distribution of theophylline in the body is investigated
and stochastic estimates of the parameters of the model are found. Further, the
loading dose and the maintenance dose are traced in [16], [17]. This is carried
out in two stages. In the first one, the drug is supplied by infusion untill the
concentration in the first compartment reaches a prescribed by the therapist.
In the second stage an appropriate drug administration is sought in order to
keep the plasma concentration at the already reached level. The control law is
determined. Because this theoretically determined drug administration is very
difficult for practical implementation, some substituting control laws, easy to
implement, are proposed. In connection with these substituting control laws,
some optimization problems are stated and solved. Criteria which evaluate
the different drug administrations are formulated. In all this investigation the
intravenous injection and the parameter’s identification, and the followed drug
administration by infusion and the maintenance of the reached concentration,
are fully separated. This is valid under the assumption that the infusion is
accomplished after such interval of time after the injection that the plasma
concentration in the first compartment could be neglected. In the present paper,
we consider similar problems like in [15], [16], [17] but we assume that the
infusion is accomplished immediately after the injection and the initial plasma
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concentration for the infusion process can not be neglected. Thus, a more
realistic model and more accurate results of simulation are achieved.
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1. Introduction

Asthma is a complex disease that, when left untreated, can be life-threatening.
It is alarming that such a large percentage of older people with asthma are
letting their disease go untreated, especially since this can lead to other health
problems [14]. Theophylline is the cornerstone in the management of both
the acute and chronic phases of reversible airway obstruction. However, it has
a narrow therapeutic index. Fortunately, theophylline serum levels correlate
well with both therapeutic and toxic effects. Concentrations of 10-20 mg/l
are needed to produce bronchodilation with a minimum of side effects. Serum
levels exceeding 20 mg/l are associated with an unacceptable incidence of ad-
verse reactions. Theophylline levels above 35 mg/l increase the incidence of
seizures and cardiac arrythmias. The plasma levels of theophylline is affected
by phrmacokinetics variables which necessitate carefully individualized dosage.
Age, smoking, congestive heart failure, other diseases and drug interactions all
contribute to a change in the metabolism of theophylline. These factors all ne-
cessitate dosage adjustments in order to achieve and maintain therapeutic serum
levels and avoid toxicity [1]-[14]. That is why in [15] on the basis of measured
plasma concentrations after an intravenous injection a problem of identification
of a two-compartment model is stated. The distribution of theophylline in the
body is investigated and stochastic estimates of the parameters of the model
are found. Further, the loading dose and the maintenance dose are traced [16],
[17]. This is carried out in two stages. In the first one, the drug is supplied by
infusion untill the concentration in the first compartment reaches a prescribed
by the therapist value. In the second stage an appropriate drug administration
is sought in order to keep the plasma concentration at the reached level. For
drug of the Theophylline group this problem is very important (see [1]-[14])
from therapeutic point of view because the plasma concentrations are heavy
influenced by the individual pharmacokinetic patient’s parameters. The con-
trol law (this means the way of drug administration) which realized the above
mentioned property is determined. Because this theoretically determined drug
administration is very difficult for practical implementation some substitut-
ing control laws, easy to implement, are proposed. In connection with these
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substituting control laws, some optimization problems are stated and solved.
Criteria which evaluate the different drug administrations are formulated. In all
this investigation the intravenous injection and the parameter’s identification,
and the followed drug administration by infusion and the maintenance of the
reached concentration, are fully separated. This is valid under the assumption
that the infusion is accomplished after such interval of time after the injection
that the plasma concentration in the first compartment could be neglected. In
the present paper we consider similar problems like in [16], [17] but we assume
that the infusion is accomplished immediately after the injection and the initial
plasma concentration for the infusion process can not be neglected. Thus, a
more realistic model and more accurate results of simulation are achieved.

2. Problem Statement

The investigated process is described by the following system of differential
equations

dx1

dt
=− (k10 + k12)x1 +

k21

V1
M2 +

1

V1
D(t),

(1)

dM2

dt
=k12x1V1 − k21M2,

where x1 is the plasma concentration in the main first compartment, M2 – the
quantity of drug in the second compartment, kij – are the parameters of the
two-compartment model which are already determined, V1 is the volume of the
first compartment and D(t) – is the is the control law. The initial conditions
for (1) when one carries out the parameter’s identification are:

t = 0, x1(0) =
Di.v.

V1
, M2(0) = 0, (2)

where Di.v. is the injection dose. The solution of the system (1) (for D(t) ≡ 0)
is given by

x1(t) =C1e
αt + C2e

βt,
(3)

M2(t) =C1
k12V1

α+ k21
eαt + C2

k12V1

β + k21
eβt,

where C1, C2 are the constants of integration which are determined by the
initial conditions (2), and α, β are the roots of the characteristic equation of
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the system (1): r2 + (k10 + k12 + k21)r + k10k21 = 0, and they are:

α =r1 =
1

2

[

−(k10 + k12 + k21 +
√

(k10 + k12 + k21)2 − 4k10k21

]

,

β =r2 =
1

2

[

−(k10 + k12 + k21 +
√

(k10 + k12 + k21)2 − 4k10k21

]

.

After the constants of integration are determined, one obtains

x1(t) =
Di.v.

V1(α − β)

(

(α+ k21)e
αt − (β + k21)e

βt
)

,

(4)

M2(t) =
Di.v.k12

(α − β)
(eαt − eβt).

In the first of the equations (4) there are four unknown parameters – α, β,
k21, V1. Their statistic estimates are evaluated on the base of 8 observations in
the points (ti, x1(ti)), i = 1, 2, ..., 8 (see [15]).

Our investigation starts at the moment t8 = ts, in which the observations
needed for the statistic analysis are already completed and one begins a drug
administration by infusion with dose D0. Now one have to solve the system (1)
for t ≥ ts, D(t) = D0, and with initial conditions

t = ts, x1s = x1(ts), M2s = M2(ts), (5)

where x1(ts), M2(ts) are determined by (3). The solution is

x1(t) =eα(t−ts)C1 + eβ(t−ts)C2 +
D0

k10V1
,

(6)

M2(t) =
k12V1e

α(t−ts)

α+ k21
C1 +

k12V1e
β(t−ts)

β + k21
C2 +

D0k12

k10k21
,

where the constants of integration C1, C2 are

C1 =

(

x1s −M2s
β + k21

k12V1
+

D0β

k10k21V1

)

α+ k21

α− β
,

C2 =

(

M2s
α+ k21

k12V1
− x1s −

D0α

k10k21V1

)

β + k21

α− β
.

Now one can determine the moment t0 in which the plasma concentration
in the first compartment will reach the value C0 prescribed by the therapist.
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This is done by the equation

x1(t0) = C0 = eα(t0−ts)

(

x1s −M2s
β + k21

k12V1
+

D0β

k10k21V1

)

α+ k21

α− β
,

+ eβ(t0−ts)

(

M2s
α+ k21

k12V1
− x1s −

D0α

k10k21V1

)

β + k21

α− β
+

D0

k10V1
. (7)

The solution of this equation for the concrete data is obtained in [15],
namely

k10 = 0.3134[hr−1]; k12 = 2.7549[hr−1]; k21 = 3.1326[hr−1];

V1 = 20.7322[1]; C0 = 15[µg]; D0 = 500[µg.hr−1];> t8 = ts = 6[hr],

is t0 = 6.7861[hr]. In [15] the denoted by the same letter time is t0 = 1.1738[hr].
Here one has to take into account that the counting of the time for drug ad-
ministration by infusion starts at the moment ts, i.e., the corresponding to this
time now is t0 − ts = 0.7861[hr].

After the prescribed plasma concentration C0 is already reached, the prob-
lem is to keep it at this level. Analogously to [16], [17], one can prove that this
will be achieved by the control law

D(t) = V1k10C0 + (C0V1k12 −M20k21)e
−k21(t−t0), t ∈ (t0, tm], (8)

where

M20 =
k12V1e

α(t0−ts)

α+ k21

(

x1s −M2s
β + k21

k12V1
(β + k21) +

D0β

k10k21V1

)

×
α+ k21

α− β
+

k12V1e
β(t0−ts)

β + k21

(

M2s
α+ k21

k12V1
− x1s −

D0α

k10k21V1

)

×
β + k21

α− β
+

D0k12

k10k21
,

and tm is the end of the drug administration by infusion and hence the end of
the planed therapy. In order to compare the results of the present investigation
and the corresponding results of [17], one assumes the interval [t0, tm] to be
equal to the same interval of [17]. This means that the value of tm should be
chosen as tm = t0 + 6.5 − 1.1738 = 12.1123[hr].

It is clear that at the moment t0 the control law D(t) is discontinuous with
a jump. We assume that at the moment t0 it has the value D0 and then for
t0 + ε, it will be D(t0 + ε) = (k10 + k12)C0V − 1 − k21M20. For the concrete
numerical data of the parameters one obtains D(t0 + ε) = 289.082[µg.hr−1].
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Figure 1

On Figure 1 a graph of the control law D(t) is shown, and on Figure 2 the
corresponding plasma concentration x1(t) is presented. Figure 1 very distinctly
demonstrates how after the constant infusion with value D0, there follows the
jump to the control law D(t).

In [17] we give some substituting control laws which in a certain way draw
near the plasma concentration x1(t), t ∈ [t0, tm] to the value C0. According
to the investigations there, one may conclude that the most effective approxi-
mation to the theoretical control law (8) is obtained after dividing the interval
[t0, tm] into two or three subintervals in which the theoretical control law is sub-
stituted by partly constant control law which is integral equivalent to it (the
theoretical control law) in the subintervals.

In the present paper we accept the same approach. Let us state the problem
more generally. Let us divide the interval [t0, tm] into N subintervals by the
points t0 = t1 < t2 < ... < tN+1 = tm. In each of these subintervals we substi-
tute the control law D(t) with constant control law which is integral equivalent
to it. The reason for such substitution is that in this case the quantities of the
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applied drug in these two ways are equal. Thus, one obtains

DNi = V1k10C0 +
1

ti+1 − ti

(

M20 −
k12C0V1

k21

)

×
(

e−k21(ti+1−ti) − e−k21(ti−t1)
)

, i = 1, 2, ..., N. (9)

The solution of the system (1) for this control law is

x
(i)
1 (t) =C1ie

α(t−ti−1) + C2ie
β(t−ti−1) +

DNi

k10V1
,

(10)

M
(i)
2 (t) =

k12V1

α+ k21
C1ie

α(t−ti−1) +
k12V1

β + k21
C2ie

β(t−ti) +
DNik12

k10k21
,

i = 1, 2, ..., N,

where the constants of integration C1i, C2i are

C1i =

(

x
(i−1)
1 (ti−1) +

DiNβ

k10k21V1
−

x
(i−1)
2 (ti−1)(β + k21)

k12V1

)

(α+ k21)

α− β
,

C2i =

(

x
(i−1)
2 (ti−1)(α+ k21)

k12V1
− x

(i−1)
1 (ti−1)−

DiNα

k10k21V1

)

(β + k21)

α− β
.
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To evaluate the effectiveness of the substituting control law, we use the
criterion introduced in [16]:

F1 =
1

N

(

N
∑

i=1

(X2
imax)

)1/2

, (11)

where

Ximax = max |x1(t)− C0|, t ∈ [ti, ti+1].

It is clear that this criterion takes into account the maximal deviations of
the plasma concentration in the first compartment x1(t) with respect to the
prescribed value C0.

3. Case N = 2

In this case the interval [t0, tm] is divided into two subintervals by the point t2
(t1 = t0, t3 = tm are fixed), determined by the condition - the function F1(t2) to
obtain its minimal value. This minimum is reached for t2 = 7.2690[hr] and the
corresponding minimal value is F1 = 0.1975. The corresponding substituting
control law D(t) has the form

D2(t) =

{

D12, t0 = t1 < t ≤ t2
D22, t2 < t ≤ t3 = tm,

where D12 = 196.2, D22 = 100.2.

On Figure 3 the plasma concentration x1(t) of the first compartment in the
interval [0, tm], and on Figure 4 – the corresponding control law, are shown.
In addition, the dividing of the interval [t0, tm] into two subintervals could
be clearly distinguished. The deviation of x1(t) in the interval is bounded as
follows:

C0 − δ2 ≤ x1(t) ≤ C0 + δ2, t ∈ [t0, tm],

where δ2 = 2.0665%. The comparison of these results with the correspondent
results in [17] shows a certain closeness (there t2 = 1.6557[hr] and F1 = 0.1993,
i.e., now one has a bit smaller value of the criterion F1). The more profound
analysis produces not a simple result’s removal but a changed optimization
problem.
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4. Case N = 3

In this case the interval [t0, tm] is divided into three subintervals and one has
two independent variables: t2, t3 (t1 = t0, t4 = tm are fixed). The minimum
of the function F1(t2, t3) will be sought by the coordinate search method. The
following results are obtained:

minF1(t2, t3) = 0.0703,

which is reached by the dividing - 6.7861 7.0451 7.5178 12.1360, i.e.,
the minimal point is (t2, t3) = (7.0451, 7.5178). The corresponding substituting
control D(t) is

D3(t) =







D13, t0 = t1 < t ≤ t2
D22, t2 < t ≤ t3
D33, t3 < t ≤ t4 = tm,

where D13 = 228.71, D23 = 141.87, D33 = 98.80.
On Figure 5 the plasma concentration x1(t) in the first compartment for

the interval [0, tm] is shown, and on Figure 6 – the corresponding control law.
It could be seen also the division of the interval [t0, tm] into three subintervals.
The deviation of x1(t) in the interval [t0, tm] is bounded as follows:

C0 − δ3 ≤ x1(t) ≤ C0 + δ3, t ∈ [t0, tm],

where δ3 = 0.9024%.
The comparison of these results with the corresponding results in [17]

demonstrates the same above mentioned tendency (the value of the criterion
F1 is again a bit less than the value in [17] – there F1 = 0.071).

5. Conclusion

The investigations carried out demonstrate what is the situation when the drug
administration by infusion follows immediately after the initial intravenous in-
jection and the identification of the model’s parameters. Analogous optimiza-
tion problem like in [17] is stated and solved but its treatment does not allow
any direct transferring of the results from [17]. As a general tendency here, a
slight improvement of the optimization criterion could be observed.



SIMULATION OF OPTIMAL INFUSION... 491

0 2 4 6 8 10 12
0

5

10

15

20

times in hours - t

x 1

Figure 5

References

[1] P. Mitenko, R. Ogivie, Rational intravenous doses of theophylline, N. Engl.
J. Med., 4 (1979), 449-459.

[2] L. J. Lesko, Dose-dependent elimination kinetics of theophylline, Clin.

Pharmacokinetics, 4 (1979), 449-459.

[3] L. Hendeles, M. Weinberger, Theophylline: a state of the art review, Phar-
macotherapy, 3 (1983), 2-44.

[4] D. E. Mungall, Individualizing theophylline therapy: the impact of a
clinical pharmacotherapeutics on patient outcome, Ther. Drug Monit., 5
(1983), 95-101.

[5] R. P. Iafrate et al., Computer simulated conversion from intravenous to
sustained release oral theophylline, DICP, 16 (1982), 19-25.

[6] G. E. Stein et al., Conversion from intravenous to oral dosing using
sustained-release theophylline tablets, DICP, 16 (1982), 772-774.



492 K. Prodanova

0 2 4 6 8 10 12
0

100

200

300

400

500

times in hours - t

D
(t

)

Figure 6

[7] R. W. Coleman, R. L. Hedberg, Comparison of three methods for estimat-
ing theophylline pharmacokinetics, Clin. Pharm., 2 (1983), 148-152.

[8] R. C. Hatton RC et al., Conversion from intravenous aminophylline to
sustained-release theophylline: Computer simulation versus in vivo results,
Clin. Pharm., 2 (1983), 347-352.

[9] L. Hendeles et al., Update on pharmacodynamics and pharmacokinetics of
theophylline, Chest, 88 (1985), 10S-111S.

[10] E. Ellis, L. Hendeles, Theophylline, In: W.J. Taylor, M.H. Caviness (Eds),
A Textbook for the Clinical Application of Therapeutic Drug Monitoring,
Irving, TX, Abbott Laboratories (1986), 185-201.

[11] L. Hendeles et al., Theophylline, In: Applied Pharmacokinetics, Second
Edition, Spokane, WA: Applied Therapeutics, Inc., (1986), 1105-1188.

[12] J. Leoni, M. E. Carasiti, Practical guidelines for intravenous theophylline
dosing, Res. Staff Physician (October 1987), 153-155.



SIMULATION OF OPTIMAL INFUSION... 493

[13] T. Donahue et al., Pharmacist-based IV theophylline therapy, Hosp.

Pharm., 24 (1989), 440-448, 460.

[14] A. Smith, Seniors undertreated for astma and many skip inhalers, Study,
Annals of Allergy, Asthma & Immunology (2012).

[15] K. Prodanova, Simulation of the individual maintenance drug therapy basis
on compartment model of the body, Ann. of TU-Sofia, 62 (2012).

[16] K. Prodanova, Optimization of the maintenance therapy basis on compart-
ment approach of modelling the body, Ann. of TU-Sofia, 62 (2012).

[17] K. Prodanova, Simulation of optimal infusion rate input: Part I, Intern.
J. of Appl. Mathematics 25, No. 3 (2012), 373-385.



494


