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1. Introduction

Let X and Y be normed linear spaces. Suppose 7T is a linear operator with
domain X and range in Y. We say that T is compact, if the image T'(B) of
closed unit ball B = {z : ||z|| < 1} C X is relatively compact, that is, cl[T(B)]
is compact in Y.

Let {$(n)} be a sequence of positive numbers with 3(0) = 1 and 1 < p < 0.
We consider the space of sequences f = {f(n)}>2, such that ||f|” = || f]s" =
Yoo |/(n)|"B(n)P < co. The notation f(z) = S22, f(n)2" shall be used
whether or not the series converges for any value of z. These are called formal
power series and the set of such series is denoted by H?(8). Let fi(n) = dx(n).
So fr(z) = 2z¥ and then {fi} is a basis such that ||fx|| = B(k). Recall that
HP(f3) is a reflexive Banach space with norm ||.||g and the dual of HP(3) is
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H(B%) where L + 1 =1 and g7 = {8(n)4}.
Let {an} be a sequence of positive numbers, and let A, = > " ja;((i)".
Define the weighted mean operator matrix A = [apk]n, on HP(B) by

wb” g < g <n
Ak = n .
0 k>n

Note that if f(z) = 3.2, f(n)z" € HP(3), then

ZZ akf )

n=0 k=0

In this paper we investigate the compactness of A. For some sources on these
topics, see [1-10].
2. Main Results

We will find conditions under which the weighted mean operator matrix A is
compact.

Lemma 2.1. Let a;; >0 forn <i<m,0 < j <m. Then

m 7 m m L m m L
20 e <O d)r + Z Z% )P
i=n j=0 7=0 i=n j=n+1 i=
Proof. First define
@ij <Jj<i<m
sz = .
0 n<i1<j3<m

The Holder’s inequality yields

>3 b)f < (U b

i=n 7=0 i=n i=n j=0

1
where 1—1) + % = 1. Thus 3372 (3770 bi)P < 2T (301, b55) 7 )P. Therefore we
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get
m m
SIS Do BN
i=n j=0 i=n j=0
n m 1 m m 1
SQUQUa)r+ > Q)
7=0 i=n j=n+1 1=j3
This completes the proof. ]

Theorem 2.2. Let the weighted mean matrix operator A be bounded on
HP(j3). Also, suppose that

and - - .
1. a’k‘ﬁ(n)p P % — 0’

where 1—1) + % = 1. Then A is a compact operator on HP([3).

Proof. Suppose that f(z) = > 2, f(n)z” € Bpr(g)- If € > 0, then there
exists mg € N, such that for m > mg we have

SO (BBt (S,

k=0 n=m ’B(k)A"
S ST D Ry
kZXW;rl(T;( B(k)An )7 < (5) '

Define S = A(Bp»(g)) and note that S is a subset of H?(). By Lemma 2.1 we
get

o N~ wBOPER) o ot N @B F(R)IB(R)
(13 =5 AT < (o #5=5=))

e apB(n)Ptt
SDIONC e

= apBn)Ptt 1
S <Z<’;ﬁ(;—)f4:>p>v|f<k>w<k>.

S =

A~

f(B)|B (k)

=
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Put

T2 anB(n)Ptt 1.
=YY (%)p)ﬂﬂkﬂﬂ(k).

By the Holder inequality we get

A< (3 M FwPa <

=0 n An k=0

£ lls-

NN e

By the similar method, if we define

S Z O HICLE)

k=m+1 n=k

then we can see that

- a pHL 1 S 1€
By (i S fwraw < Sl
k=m+1 n=k n

So for m > myg, we obtain
S lAmrsmy < 30 13 B g < (5 4 BP <o

n=m k=0 n

Now by Theorem 2.11 in [10] the weighted mean operator matrix A is compact.
So the proof is completed. O

Lemma 2.3. Let {a;},{b,} be nonnegative sequences and p > 1. Then
for all my € N,

3 narsr 3 a3 mdar

n=mj k=m

Proof. Lemma 2.2.4 in [3] implies that

m

Y ar<p> an(>art.
k=n =k

k=n
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Define a,; = akb for mi < n <m,n <k < m. By using induction on m,

m m
let) ot D Gnk = D e, Zn my Gnk e true and note that
m+1 m+1 m+1
IDITEDS Zank+zanm+1
n=mi k=n n=mi k=n

m+1

Z Z ank+zanm+1

k=m1 n=m1

So we get
m m m m m k
Dot ar= 3 > aba= D ak > by
n=mi k=n n=mi k=n k=m n=mi
Thus
m m m m m
Qo) <p Y by ak(d )
n=mi k=n n=mi k=n j=k
m k m
=p Y ar( Y b)) a) !
k=m1 n=msi j=k
Now the proof is complete. O

Proposition 2.4. Let 1—1) +% =1, my € N, and {r,},{un},{vn} be
nonnegative sequences such that

s 1
lim ( E vh ) 7 g (. g v Pyr
m—-r00

n=msi n=msi k=m1

and (Y o rdub%)e < co. Then
oo [ee)
i 1—q q_
Jim (3707 ra) =0
k=m n=~k

Proof. Define
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So lim G, = 0. Without loss of generality assume that G,, < oo, and let

m—r00
€ > 0. Then there exists mg € N such that G,, < € for all m > mg. Put

S=3 0 O, Tk)qvk . By Lemma 2.3 we get
S<gq Z ’rn(z v;—Q)(er)qfl
n o0 q;l
=4q Z rnun Z (3 (Z ’rj)q_lun" .
— imn

Now, Hoélder’s inequality implies that

S < g qu Lay5 ( Z“n ka er)p(q—l))%.

n=m j=n
Put -
= Z Un, Z h er)p(qfl).
j=n

Since G, < € for j > n >m > myg, we get

S1 = i Up, irj(i TS)P(Q—l)—l(zn: U}ifq)p
n=m j=n s=n k=m
< Gf i T Z Ui_q(ir ypla—1-1
Jj=m n=m s=n
=€ i U}Liq(i rj)?
n=m j=n

o0 o0 o0
1 _ 1
S <q(Y rhuy N (P> vy )9,
n=m n=m 1=n
and so -
UMD St
n==k n=m

Now the proof is complete. O
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Theorem 2.5. If% + % =1, m; € N, and

i (3 AP T (Y BmPAT (Y. BkPal)) =0
n=msi n=msi k=m1

Then the bounded adjoint of the mean operator matrix A is compact on HP(j3).

Proof. Let f(z) = 2°°, f(n)z" € B(H(B1)), thus

A(DE) = 330 a2 st e api(st)

k=0 n=k

Gm = ( i ok )7 ( i U ( i o )
n=msi n=msi k=m1

Note that lim G, = 0. So for every ¢ > 0, there exists mg € N such that

m%oo

Gm < (5

) for all mg < m. By [10, Theorem 2.11] we get

L onsty = 3 s, ST

o0 o0 o0
S IRD SRR SETS
k=m n==k n=m
0
Z B(n < (qe)?[| F117.
Now the proof is complete. O
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