International Journal of Applied Mathematics

Volume 25 No. 4 2012, 515-523

WEIGHTED MEAN OPERATOR MATRIX ON
SEQUENCE SPACES

E. Pazouki', B. Yousefi2$

L2Department of Mathematics
Payame Noor University

P.O. Box 19395-3697, Tehran, IRAN

le-mail: aha.pazoki@gmail.com

2e-mail: b_yousefi@pnu.ac.ir

Abstract: In this paper, we study the weighted mean operator matrix on
HP(3), and we give conditions under which it is bounded and compact.

AMS Subject Classification: 47B37, 47TA25
Key Words: weighted Hardy spaces, compact operator, adjoint of operators

1. Introduction

Let 8 = {B(n)} be a sequence of positive numbers with $(0) = 1 and 1 < p < oco.
We consider the space of sequences f = {f(n)}°2, such that

IFIP = 1£16" =D 1F )" B(n)? < oo.
n=0

The notation -
flz) =Y f(n)z"
n=0

shall be used whether or not the series converges for any value of z. These are
called formal power series and the set of such series is denoted by HP(3). Let
fe(n) = 6,(n). So fu(z) = 2* and then {f}y is a basis such that || fz| = 8(k).
Recall that HP(3) is a reflexive Banach space with norm |.||3 and the dual
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of HP(S) is Hq(ﬁg) where }D —I—% = 1 and ﬁg = {ﬁ(n)g} Let {a,} be a
sequence of positive numbers, and define 4,, = > ;a;8(¢)’. The weighted
mean operator matrix associated with the sequence {a,} is represented by the
matrix A = [apk]n, and is defined by

wbl o<k <n
Unk = " .
0 k>n

Let X and Y be normed linear spaces. Suppose 7' is a linear operator with
domain X and range in Y. We say that T is compact if the image T'(B) of
closed unit ball B = {z : ||z|| < 1} C X is relatively compact, that is, cl[T'(B)]
is compact in Y. For some results on the topic, see [1-7].

2. Main Results

In this section we investigate the boundedness and compactness of weighted
mean operator matrix on HP(3).

Lemma 2.1. ([3]) Let vy >0 for k =0,1,..., and 0 < r < 1. Thus

IS S
k=n =k

k=n

for all m € N. Also, if v, >0 for k=0,1,..., and r > 1, then
Y o u) T = O )
k=n i=k k=n

for all m € N.

Lemma 2.2. Leta, >0,b,>0forn=0,1,..., and r > 1. Then

I DODETEL D) 3y B
j=n =

n=0 k=n =
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Proof. By Lemma 2.1 we have

This completes the proof. O

Proposition 2.3. Let ]% +% = 1 and {r,},{vn},{un} be nonnegative
sequences. If

n k
1) =1 —q\p\ 1
sup v P k ) P < 00
z w3
= 7=0
then there exists ¢ > 0 such that
m m 1 m 1
OO )ty e <> riuy )
n=0 k=n n=0

for all m > 0.

Proof. Let F = (3" (33, 71)%n 9), then by Lemma 2.2 we get

F< qzrn<2v,i‘%<2vj>q—l

j=n
—qunun Zv er un

Now, by the Holder inequality we have

m

FSq(irﬁuﬁ %ZZUI 7\p Z JPa=Dy %
n=0

n=0 k=0 Jj=n

If Fy = S0 o (g v P, m)P@ Dy, then

Fi= S a3 (O P13 o),
n=0 Jj=n Jj=n

k=0
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Thus
m J n m
D ST ST BERCO T DR
7=0 n=0 k=0 s=n
Put
n g n k g
E=sup() v, N7 O u(d v )7
n20 1 —o k=0  j=0

Now by using the hypothesis, we obtain
SOOI IR
S=n
TR I S
j=n_ j=n

Thus we get
m m
F| < EP Z v};q(z v ypla=1)
n=0 j=n
and so
1 m 1
Fa < qE(Z rdyl=0)q
n=0
Put ¢ = ¢F, so the proof is complete. ]

Theorem 2.4. Let %D + % =1. If

k

Ey = sup Zﬁ Aﬁ)(z B(s)Pa?)P~! < oo,

n>0 5—0

then A is bounded on HY (B) and ||A|| < qpEj.

Proof. Let f(z) = 3.°%, f(n)2" € Hq(ﬂ ), thus

20 =Y w

n=0 k=n
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Note that
JAF17 < S at( Z Btk J18(n)?
n>0
< S atpp(S 2 ry
n>0 k=n Ak
Put

o= 2O o (a )ity = AT

We will show that r,, vy, u, hold in the hypothesis of Proposition2.3. We have

n k n k 7
D w Q<) wed v Qv
k=0 7=0 k=0 7=0 s=0
n n k
=pY o Q) w) Q)
7=0 k=j 5=0
n n g k
=pY_ BUIPa(Y_ BRP AT Blsyad)~!
7=0 k=j s=0
< pEy Zﬁ(j)paq = pEy Zvjl 4
7=0 7=0
Therefore,
n n k
—gy=1 _ 1 1
sup(> v, )T O un(d vy NP)r < (Eop)?
n20 ko k=0 j=0

for all n > 0. By Proposition 2.3 we have

S sty A = (O e’
n>0 =n k n=0 k=n
a(Eop)7 (3 riuk=0)a
n=0

=

Eop%Z\f )[4B(n)P)s.

Now one can see that A is bounded on H¥(3)and [|A|| < q(Eop)%. O
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Remark 2.5. Let ¢;; > 0for 0 <i<m,0<j<n,and p> 1, then

D ey <
i=0 j=0 j=0 i=0

Lemma 2.6. ([1]) Let r > s > 1 and let {u,},{v,},{wn} be nonnegative
sequences. If for all m > 0

m n n
> undw)" <O w),
n=1 k=1 k=0
then
o0 n r o r
S (3w < () (S we )
n=1 k=1 k=0

Theorem 2.7. Let 1—1) + % = 1. Suppose that X is a positive number which
p+ g\ < p? and

SES)

n a; ., n ,B(k)p2+p n Lq)\

J=0 J=0

then A is bounded on HY (B) and || A|| < (ﬁ).
P

Proof. Let f(z) = 3.0°, f(n)2" € H,(B), thus

o0 n

AR = 30 W00 gl
n=0 k=0 "
Put
o = 2 = By, =l B = s = 1422,

By the general Minkowski inequality and the Holder inequality, we will show
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that w,, vy, Wy, r, s hold in the hypothesis of Lemma 2.6. We have

ZMEMMQZ Z
n=1 k=1 n=0
p +p
zﬁ By
k:O
m m p2+p
< 3OS (o y BT
;) Bk) & B(k) Zk A7
< Ak _\q\1+32 _ E o)
< g( 50 (kzzo 0

Now by using Lemma 2.6 we obtain

1Afr <3 a’“ﬁ—”m(n)p

n>0 k=0

=3 (Y )
n=1 k=1

p T -
< (L (O @ 1 RIB) Pl .
Thus A is bounded on HP(f) and ||A]| < (zﬁ)' So the proof is complete.
’ 0
Theorem 2.8. If% + % =1, and

n)P +pak

Jm S0 (A <

k=m n=k

Then the bounded mean operator matrix A is compact on HP(f3).

Proof. Without loss of generality assume that f > 0 and || f||3 < 1. Define
the matrix A,, with entries e,; where e, = 0,if 0 < n < m,0 < k < m, and
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enk = Qnk, otherwise. Let € > 0, then there exists my € N such that

3 B

n=k

for all m > mg. Note that

o= ap ()Pt " apB(n)P .
Anr = S22 2P iy 32 SO0 gt gyt
n=m k=m k=m "

5 P apf(n)Pt!

FR)BE)[Am ()] (Z( A, 5(F)

k=m n=~k
< | Am(F)II7[1fle.

Thus ||Ay,|| < € for all m > mg, and || f|| < 1. So th Ay, = 0. Now, consider
the matrix B,, = [bnx] where by, = ang, if 0 < n,k < m , and b, = 0,

otherwise. Thus for all m, By, is a finite rank operator on H?(3), and we have
lim |[|An| = ||Bm — A|| = 0. Thus A is a compact operator on HP(j3). O
o0

m—

)7

Example 2.9. Ifa, =f(n)=1and p> 1, then A, =n+1. So

p+pa 700 1 1

Z Apﬁ _RZ; (n+ 1P (p— 1)k +1)p1

and

A S (o

Thus by Theorem 2.8, A is a compact operator.
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