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Abstract: We consider the complex specialization of Wada’s representation
of the pure braid group on n strings, namely ¢ : P, — GL,(C). Our main
theorem is to find sufficient conditions under which the representation ¢ is
irreducible.
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1. Introduction

Let B,, be the braid group on n strings. There are many known representations
of B, in the group Aut(F},) of automorphisms of the free group F,, generated
by z1,...,z,. One of them is obtained by M. Wada, where the automorphism
corresponding to o; takes x; — xiQle, Tiy1 — xi+f1:):f1:):i+1 , and fixes all
other free generators. In our work, we consider the complex specialization of
Wada’s representation applied to a free normal subgroup of the braid group,
namely P,, where x; — t; € C*. We show that the representation is irreducible
if titi+1 75 +1 for all 1 < /) <n-— 1.
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2. Definitions

Definition 1. [1] The Artin braid group, B,, is the group generated by
the generators o1, 09, .....,0,_1 and the braid relations

O'Z'O'j = O'jO'Z'

forall 7,7 =1,2,....,mn—1 with i —j > 2 and

0i0i+10; = 0i4+10704+1

fori=1,....,n — 2.

Definition 2. [2] The pure braid group, P,, is defined as the kernel of the
homomorphism B,, — S,,, defined by o; — (4,7 + 1), 1 <1i <n — 1. It has the
following generators:

oo B <
Ajj=0j-10j-9...0i410; 0 ... 0, 905 1, 1<i<j<n.

Definition 3. [3] Let F), be the free group of rank n, with free basis
T1,T9,...,Tn. The generators o; under Wada’s representation are automor-
phisms of a free group F;, given by

2
Ti — TjTi41,
-

Titl — Ti1 % Titl,

Z;j —)$j,j7éi,i+1.

We will follow the idea suggested by J. Birman in [2] to define our Wada’s
representation of the pure braid group. Let F), be the free group of rank n,

with free basis z1,...,2,. The Jacobian matrix is defined as follows:
Dl(Aiyj(aj‘l)) e Dn(Aw(:L’l))
J(A; ;) = : : ;
Di(Aij(zn)) - Dn(Aij(gn))

where D; = ¢d; . Here d; is the Fox derivative defined in [2] and ¢(z;) =
t; for i=1,... n.

Definition 4. A representation G — GL(C™) is called a reducible rep-
resentation if there exists a nonzero proper subspace of C™ that is invariant
under the action of the generators of G.
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3. Sufficient Conditions for the Irreducibility of ¢ : P, — GL,(C)

After computing the Jacobian matrices for the generators of the pure braid
group under Wada’s representation, we determine sufficient conditions under
which the representation is irreducible. Under direct computations, we have
that

1+t + 3ty 12 + t3tg 000 ...0
—t Myt %ty -t %2 0 0 0 . 0
0 0 100 ...0
Arg = 0 0 010 ...0
0 0 001 ...0
0 0 000 1
and
a b ¢ 0 0 0 0
d e f 00 0 0
m n p 0 0 0 0
00010 0 0
Az= 00001 0 '
00000 1 0
00000 0 1
where

a =141t +titsts

b=t3 + 3ty + t3t3ts + titits

c=t3: + ttats

d=—t3" 2 — 2 e Rt A Rty

e = —t3 ity 2 —ty ity F g Ay R A R gt
f=—t3t =322+t e g
mo= —ty 'ty 2ty — gkt

—1,—1 —1,-2  ,—2,-3,—-1 —2,—4,—1
n=—tzltyt —t3lty 2 — 323 — 1

p=—ty! =32y A gty R
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We also have that

A

2,3 =

1 0 0 000 ...0
0 1+t + tot3 to? + to3t3 000 ...0
0 —t3 Mo b —t372t972 —t37l—t3 2ty L 4+1t37%"2 0 0 0 ... O
0 0 0 100 ...0
0 0 0 010 ...0
0 0 0 001 ...0
0 0 0 000 ... 1

For 1 <i<n—1, we have an explicit form for the matrix A;;;;. More
precisely, we have that

Iy 0 O 0

A _ 0 (67 51 0
et 0 v & 0 '
0 0 0 I,

where

o =1+t + t7tis,

Bi =t + titi41,

—1 -1 =2 ,-2

Vi ="ttt AE T

and

1 2,1, 2,2
0 = =t — ity HH At

Now, we state and prove our main theorem.

Theorem 1.  Ift;jt;y1 # £1 forall 1 <i < n—1, then the representation
¢: P, — GL,(C) is irreducible.

Proof. Let S be a nonzero invariant subspace of C™ under the representation
¢. Then we have the following cases:

Case 1: Assume that e; € S. It follows that A;2e1 = ajer + vie2 € 5,
where v; # 0. This implies that e; € S. By applying Az 3 on e, we get that
e3 € S and so we proceed in this manner to prove that S = C™.
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Case 2: Assume that e; € S for some i > 1. It follows that A;_1e; =
Bi—1€;-1+ 6;_1e; € S, where 3;_1 # 0. This implies that e;_1 € S. Proceeding
in this way, we get that e; € S. By Case 1, it follows that all e¢;’s are in S and
so S =C"

Case 3: Assume that e; + ae;41 € 5 for some 1 < i <n and a # 0. If
u=ej+aey €9, then Ay ou = (1+t; +tHts +a(t3 + t3t2))er + (a (W R -

tt
#)— 7z — 75 )e2 € . We then have that Ay gu— (1+t1+t3t2+a(ti+ tSQ))
172

(L titg) (1 + a®t713 + a(=1 + t1 + it + £113))
22

ey € 8.

o If

1=t —titg — 383 £ /—4tt2 + (=1 + t1 + tita + t312)2

a )
7 2t4t3

then
(L tatg) (1 + @413 + a(=1 4+t + tita + £113))

213
102
which implies that e; € S, and so S = C".
o If

#0,

L —ty —tytg — t3t3 — \/—dt 2 + (=1 + 11 + titg + t3t2)2
2tt3 ’

a =

we let v = Ay sgu and w = Aj 2A433u. Then we have that w —v — A u € S,
where A is the first component of the vector w — v. This means that

(14 tito) (=1 —t1 + titg + 513 + /—4t1t3 + (=1 +t1 + tite + t5t3)2(1 + tat3)
23ty

ey €85,

where

(14 tito)(—1 —t1 + titg + 513 + /—4t1t3 + (=1 + 1 + tite + t5t3)2(1 + tat3)
23ty

only if t1to = 1 or t1t9 = —1 or tot3 = —1 . Since this is not the case according
to our hypothesis, we conclude that e; € S.
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The same argument holds for

1=ty —tity — B33+ T+ (1t + tito + 6512)2

a 1,2
2312

Now, in general, if u; = e;+ae;11 € S for some 7, then A;_1 ;u; = Bi_1€;-1+
di—1€; + ae;+1 € S, which implies that v; = Ai,l,iui —u; = Bi_1ei-1 + (51‘,1 —
l)e; € S. Applying A;_o; 1, then A; 3, 9, etc. ..., we get that a linear
combination of e; and e5 is an element of S and so we are done.

Case 4: Assume that e;, + a;,e;, + ... + aje;, € S, where a;; # 0 and
11 < g < ... <1 (j = 1,...,k‘).

Suppose that u=e;, +a;,e;, +....+a;,€;, € S. We have that either i3 > i1 +1
or i9 =11 + 1.

e If iy > i1 + 1 then Ailﬂ'lJ’,lu = ;€4 + Vi €41+ Qjy iy + oo a5 €4, € S.
This implies that A;, ;,+1u —u = (ou, —1)e;, +7i,€i,41 € S, and so S = C™ by
Case 3.

o If iy = i1 +1 then Ai17i1+1u = (ail +Bi1ai2)€i1 + (%‘1 +5i1ai2)ei2 +ajzeis +
... +a;,e;, € S. This implies that A;, ;, y1u—u = (a;, + Biai, — 1)es, + (3, +
iy aiy — a;,)es, € S and so S = C™. O
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