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Abstract: We consider the complex specialization of Wada’s representation
of the pure braid group on n strings, namely φ : Pn −→ GLn(C). Our main
theorem is to find sufficient conditions under which the representation φ is
irreducible.
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1. Introduction

Let Bn be the braid group on n strings. There are many known representations
of Bn in the group Aut(Fn) of automorphisms of the free group Fn generated
by x1, . . . , xn. One of them is obtained by M. Wada, where the automorphism
corresponding to σi takes xi → xi

2xi+1, xi+1 → xi+1
−1xi

−1xi+1 , and fixes all
other free generators. In our work, we consider the complex specialization of
Wada’s representation applied to a free normal subgroup of the braid group,
namely Pn, where xi → ti ∈ C

∗. We show that the representation is irreducible
if titi+1 6= ±1 for all 1 ≤ i ≤ n− 1.
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2. Definitions

Definition 1. [1] The Artin braid group, Bn, is the group generated by
the generators σ1, σ2, ....., σn−1 and the braid relations

σiσj = σjσi

for all i, j = 1, 2, ..., n − 1 with i− j ≥ 2 , and

σiσi+1σi = σi+1σiσi+1

for i = 1, ...., n − 2.

Definition 2. [2] The pure braid group, Pn, is defined as the kernel of the
homomorphism Bn → Sn, defined by σi → (i, i+ 1), 1 ≤ i ≤ n− 1. It has the
following generators:

Ai,j = σj−1σj−2 . . . σi+1σi
2σ−1

i+1
. . . σ−1

j−2
σ−1

j−1
, 1 ≤ i < j ≤ n.

Definition 3. [3] Let Fn be the free group of rank n, with free basis
x1, x2, ..., xn. The generators σi under Wada’s representation are automor-
phisms of a free group Fn given by

xi −→ x2i xi+1,

xi+1 −→ x−1

i+1
x−1

i xi+1,

xj −→ xj, j 6= i, i+ 1.

We will follow the idea suggested by J. Birman in [2] to define our Wada’s
representation of the pure braid group. Let Fn be the free group of rank n,
with free basis x1, . . . , xn. The Jacobian matrix is defined as follows:

J(Ai,j) =







D1(Ai,j(x1)) . . . Dn(Ai,j(x1))
...

...
D1(Ai,j(xn)) . . . Dn(Ai,j(gn))






,

where Dj = φdj . Here dj is the Fox derivative defined in [2] and φ(xi) =
ti for i = 1, . . . , n.

Definition 4. A representation G −→ GL(Cn) is called a reducible rep-
resentation if there exists a nonzero proper subspace of Cn that is invariant
under the action of the generators of G.
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3. Sufficient Conditions for the Irreducibility of φ : Pn −→ GLn(C)

After computing the Jacobian matrices for the generators of the pure braid
group under Wada’s representation, we determine sufficient conditions under
which the representation is irreducible. Under direct computations, we have
that

A1,2 =























1 + t1 + t21t2 t21 + t31t2 0 0 0 . . . 0

−t−1

1
t−1

2
− t−2

1
t−2

2
−t−1

2
− t−2

2
t−1

1
+ t−2

2
t−2

1
0 0 0 . . . 0

0 0 1 0 0 . . . 0
0 0 0 1 0 . . . 0
0 0 0 0 1 . . . 0
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . 1























and

A1,3 =



























a b c 0 0 0 . . . 0
d e f 0 0 0 . . . 0
m n p 0 0 0 . . . 0
0 0 0 1 0 0 . . . 0
0 0 0 0 1 0 . . . 0
0 0 0 0 0 1 . . . 0
...

...
...

...
...

. . .
...

0 0 0 0 0 0 . . . 1



























,

where

a = 1 + t1 + t21t
2
2t3 ,

b = t21 + t21t2 + t31t
2
2t3 + t31t

3
2t3 ,

c = t21t
2
2 + t31t

4
2t3 ,

d = −t−1

3
t−2

2
t−1

1
− t−2

3
t−4

2
t−2

1
+ t−2

3
t−3

2
t−2

1
+ t−1

3
t−1

2
t−1

1
,

e = −t−1
3

t−2
2

− t−2
3

t−4
2

t−1
1

+ t−2
3

t−4
2

t−2
1

+ t−2
3

t−2
2

t−1
1

+ t−1
3

,

f = −t−1
3

− t−2
3

t−2
2

t−1
1

+ t−2
3

t−1
2

t−1
1

+ t−1
3

t2 ,

m = −t−1
3

t−2
2

t−1
1

− t−2
3

t−4
2

t−2
1

,

n = −t−1
3

t−1
2

− t−1
3

t−2
2

− t−2
3

t−3
2

t−1
1

− t−2
3

t−4
2

t−1
1

,

p = −t−1

3
− t−2

3
t−2

2
t−1

1
+ t−2

3
t−4

2
t−2

1
.



726 M.Y. Chreif, M.N. Abdulrahim

We also have that

A2,3 =


























1 0 0 0 0 0 . . . 0
0 1 + t2 + t2

2t3 t2
2 + t2

3t3 0 0 0 . . . 0
0 −t3

−1t2
−1 − t3

−2t2
−2 −t3

−1 − t3
−2t2

−1 + t3
−2t2

−2 0 0 0 . . . 0
0 0 0 1 0 0 . . . 0
0 0 0 0 1 0 . . . 0
0 0 0 0 0 1 . . . 0
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 . . . 1



























.

For 1 ≤ i ≤ n − 1, we have an explicit form for the matrix Ai,i+1. More
precisely, we have that

Ai,i+1 =









Ii−1 0 0 0
0 αi βi 0
0 γi δi 0
0 0 0 In−i−1









,

where

αi =1 + ti + t2i ti+1,

βi =t2i + t3i ti+1,

γi =− t−1

i+1
t−1

i − t−2

i+1
t−2

i ,

and

δi =− t−1

i+1
− t−2

i+1
t−1

i + t−2

i+1
t−2

i .

Now, we state and prove our main theorem.

Theorem 1. If titi+1 6= ±1 for all 1 ≤ i ≤ n−1, then the representation

φ : Pn −→ GLn(C) is irreducible.

Proof. Let S be a nonzero invariant subspace of Cn under the representation
φ. Then we have the following cases:

Case 1: Assume that e1 ∈ S. It follows that A1,2e1 = α1e1 + γ1e2 ∈ S,
where γ1 6= 0. This implies that e2 ∈ S. By applying A2,3 on e2, we get that
e3 ∈ S and so we proceed in this manner to prove that S = Cn.
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Case 2: Assume that ei ∈ S for some i > 1. It follows that Ai−1,iei =
βi−1ei−1 + δi−1ei ∈ S, where βi−1 6= 0. This implies that ei−1 ∈ S. Proceeding
in this way, we get that e1 ∈ S. By Case 1, it follows that all ei’s are in S and
so S = Cn.

Case 3: Assume that ei + aei+1 ∈ S for some 1 ≤ i < n and a 6= 0. If
u = e1 + ae2 ∈ S, then A1,2u = (1+ t1 + t21t2 + a(t21 + t31t2))e1 + (a( 1

t2
1
t2
2

− 1

t1t
2

2

−

1

t2
)− 1

t2
1
t2
2

− 1

t1t2
)e2 ∈ S. We then have that A1,2u−(1+t1+t21t2+a(t21+t31t2))u =

−
(1 + t1t2)(1 + a2t41t

2
2 + a(−1 + t1 + t1t2 + t31t

2
2))

t2
1
t2
2

e2 ∈ S.

• If

a 6=
1− t1 − t1t2 − t31t

2
2 ±

√

−4t4
1
t2
2
+ (−1 + t1 + t1t2 + t3

1
t2
2
)2

2t4
1
t2
2

,

then

−
(1 + t1t2)(1 + a2t41t

2
2 + a(−1 + t1 + t1t2 + t31t

2
2))

t2
1
t2
2

6= 0,

which implies that e2 ∈ S, and so S = Cn.

• If

a =
1− t1 − t1t2 − t31t

2
2 −

√

−4t4
1
t2
2
+ (−1 + t1 + t1t2 + t3

1
t2
2
)2

2t4
1
t2
2

,

we let v = A2,3u and w = A1,2A2,3u. Then we have that w − v − λ u ∈ S,
where λ is the first component of the vector w − v. This means that

−
(1 + t1t2)(−1− t1 + t1t2 + t31t

2
2 +

√

−4t4
1
t2
2
+ (−1 + t1 + t1t2 + t3

1
t2
2
)2(1 + t2t3)

2t3
1
t2

e2 ∈ S,

where

−
(1 + t1t2)(−1− t1 + t1t2 + t31t

2
2 +

√

−4t4
1
t2
2
+ (−1 + t1 + t1t2 + t3

1
t2
2
)2(1 + t2t3)

2t3
1
t2

= 0,

only if t1t2 = 1 or t1t2 = −1 or t2t3 = −1 . Since this is not the case according
to our hypothesis, we conclude that e2 ∈ S.
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The same argument holds for

a =
1− t1 − t1t2 − t31t

2
2 +

√

−4t4
1
t2
2
+ (−1 + t1 + t1t2 + t3

1
t2
2
)2

2t4
1
t2
2

.

Now, in general, if ui = ei+aei+1 ∈ S for some i, then Ai−1,iui = βi−1ei−1+
δi−1ei + aei+1 ∈ S, which implies that vi = Ai−1,iui − ui = βi−1ei−1 + (δi−1 −

1)ei ∈ S. Applying Ai−2,i−1, then Ai−3,i−2 , etc. . . . , we get that a linear
combination of e1 and e2 is an element of S and so we are done.

Case 4: Assume that ei1 + ai2ei2 + .... + aikeik ∈ S, where aij 6= 0 and
i1 < i2 < .... < ik (j = 1, ..., k).

Suppose that u=ei1+ai2ei2+....+aikeik ∈ S. We have that either i2 > i1+1
or i2 = i1 + 1.

• If i2 > i1 +1 then Ai1,i1+1u = αi1ei1 + γi1ei1+1 + ai2ei2 + ....+ aikeik ∈ S.
This implies that Ai1,i1+1u− u = (αi1 − 1)ei1 + γi1ei1+1 ∈ S, and so S = Cn by
Case 3.

• If i2 = i1+1 then Ai1,i1+1u = (αi1 +βi1ai2)ei1 +(γi1 + δi1ai2)ei2 +ai3ei3 +
....+ aikeik ∈ S. This implies that Ai1,i1+1u− u = (αi1 + βi1ai2 − 1)ei1 + (γi1 +
δi1ai2 − ai2)ei2 ∈ S and so S = Cn.
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