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Abstract: We study the existence of local smooth viscosity solution for the
Cauchy problem of the diffusion system related to a system of one-dimensional
Euler equations with source, then based on the local existence and an a-priori
L∞ estimate for the solution, we get the existence of global viscosity solution.
Also, using the maximum principle and the invariant region theory, we obtain
the existence of global solution for some source terms.
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1. Introduction

The system
{

ρt + (ρu)x = 0

ut +
(

1
2u

2 + p(ρ)
)

x
= 0 ,

(1)

was first derived by S. Earnshaw in [6] for isentropic flow and is also called
the Euler equations of one-dimensional, here ρ and u denote, respectively, the
density and velocity of the fluid, and p(ρ) is the pressure. For smooth solutions,
(1) is equivalent to the classical system of Euler equations in the isentropic
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case, this consists of the system of isentropic gas dynamics in Euler coordinates
([4],[10])

{

ρt + (ρu)x = 0

(ρu)t +
(

ρu2 + p(ρ)
)

x
= 0 .

(2)

The Cauchy problem for (1) has been studied in many different papers, for
example [1, 2, 5, 6, 7, 9]. The Cauchy problem for (1) when the initial datum
satisfies

{

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x) ∈ L∞(R),

ρ0(x) ≥ 0 ,
(3)

was also studied in [8] and [9] for two special cases of the function p(ρ) (which are
very interesting from the mathematical point of view), for it the author first
considered the existence of solution for the Cauchy problem of the diffusive
system associated with the system (1)

{

ρt + (ρu)x = ǫρxx

ut +
(

1
2u

2 + p(ρ)
)

x
= ǫuxx ,

(4)

with initial data (3).

In this paper, we consider the Cauchy problem

{

ρt + (ρu)x + g1(ρ, u) = ǫρxx

ut +
(

1
2u

2 + p(ρ)
)

x
+ g2(ρ, u) = ǫuxx

(5)

with initial data
(

ρ(x, 0), u(x, 0)
)

=
(

ρ0(x), u0(x)
)

(6)

where ǫ > 0 is a constant called diffusion coefficient or viscosity parameter,
gi(ρ, u), i = 1, 2 are locally Lipschitz continuous functions, p(ρ) ∈ C1(R) and
ρ0(x), u0(x) ∈ L∞(R). The system (5) is the diffusion system associated to the
system of one-dimensional Euler equations ([4],[10]) with source.

This paper is organized as follows. In Section 2, we show the existence of
a unique local smooth viscosity solution for the Cauchy problem (5)-(6), which
proof follows a classical scheme in the standard theory of parabolic systems. In
Section 3, we get the existence of global solution for some source terms.
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2. Existence of Smooth Viscosity Solution

The local existence and regularity of solution can be obtained for the Cauchy
problem (5)-(6) by applying the Banach fixed point theorem to an integral
representation for a solution, where the local time depends only on the L∞

norm of the initial data.

Theorem 2.1. Assume that ||ρ0(x)||L∞(R), ||u0(x)||L∞(R) ≤ N , then the

Cauchy problem (5)-(6) has a unique solution
(

ρǫ(x, t), uǫ(x, t)
)

∈ C∞(R ×
(0, t0)) for a small t0 which depends only on the L∞ norm of the initial data.
Moreover

||ρǫ(x, t)||L∞(R×[0,t0])
≤ 2N, ||uǫ(x, t)||L∞(R×[0,t0])

≤ 2N. (7)

Proof. Let K(x, t) be a fundamental solution associated to the operator
∂
∂t

− ǫ ∂2

∂x2 , i.e.,

K(x, t) =
1√
4πǫt

e−
x
2

4ǫt . (8)

A solution of (5)-(6) satisfies the following integral equations ([3])

ρ(t) = K(t) ∗ ρ0 −
∫ t

0

(

ρ(s)u(s) ∗Kx(t− s)

+ g1

(

ρ(s), u(s)
)

∗K(t− s)
)

ds , (9)

u(t) = K(t) ∗ u0 −
∫ t

0

((

1
2u

2(s) + p
(

ρ(s)
)

)

∗Kx(t− s)

+ g1

(

ρ(s), u(s)
)

∗K(t− s)
)

ds, (10)

where ∗ denotes the convolution and for a function u(x, t) we denote by u(t) a
function of x ∈ R defined by u(t)(x) = u(x, t).

For any t > 0, we define the set of functions Bt by

Bt =
{

(

ρ(t), u(t)
)

∈ C(R× (0, t)) : ||ρ(t)||L∞(R×[0,t]) ≤ 2N,

||u(t)||L∞(R×[0,t]) ≤ 2N
}
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and the metric d on Bt by

d
(

(

ρ(t), u(t)
)

,
(

ϕ(t), v(t)
)

)

= ||ρ(t)− ϕ(t)||L∞(R×[0,t])

+ ||u(t)− v(t)||L∞(R×[0,t]),

then the metric space Bt =
(

Bt, d
)

is complete. The fact that the functions
f1(ρ, u) = ρu, f2(ρ, u) =

1
2u

2 + p(ρ), g1(ρ, u) and g2(ρ, u) are locally Lipschitz
continuous, means that for any (ρ, u), (ϕ, v) ∈ Bt, there exist positive constants
L,M such that

∣

∣fi(ρ, u)
∣

∣ ≤ L,
∣

∣gi(ρ, u)
∣

∣ ≤ L, i = 1, 2, (11)

∣

∣fi(ϕ, v) − fi(ρ, u)
∣

∣ ≤ M
(

|ϕ− ρ|+ |v − u|
)

, i = 1, 2, (12)
∣

∣gi(ϕ, v) − gi(ρ, u)
∣

∣ ≤ M
(

|ϕ− ρ|+ |v − u|
)

, i = 1, 2. (13)

Let L be the operator defined by

L
(

ρ(t), u(t)
)

=
(

L1

(

ρ(t), u(t)
)

,L2

(

ρ(t), u(t)
)

)

,
(

ρ(t), u(t)
)

∈ Bt,

where

L1

(

ρ(t), u(t)
)

= K(t) ∗ ρ0 −
∫ t

0

(

ρ(s)u(s) ∗Kx(t− s)

+ g1

(

ρ(s), u(s)
)

∗K(t− s)
)

ds ,

L2

(

ρ(t), u(t)
)

= K(t) ∗ u0 −
∫ t

0

((

1
2u

2(s) + p
(

ρ(s)
)

)

∗Kx(t− s)

+ g1

(

ρ(s), u(s)
)

∗K(t− s)
)

ds .

From (11) and using that

∫ +∞

−∞

K(x− ξ, t) dξ = 1,

∫ t

0

∫ +∞

−∞

−Kx(x− ξ, t− s) dξ ds = 2

√

t

πǫ
,

t > 0, we obtain

∣

∣

∣
Li

(

ρ(t), u(t)
)

∣

∣

∣
≤ N + L

(

2

√

t

πǫ
+ t

)

, i = 1, 2, (14)
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also from (12)-(13) it follows

∣

∣

∣
Li

(

ϕ(t), v(t)
)

− Li

(

ρ(t), u(t)
)

∣

∣

∣

≤ M

(

2

√

t

πǫ
+ t

)

d
(

(

ρ(t), u(t)
)

,
(

ϕ(t), v(t)
)

)

,

i = 1, 2. Thus

d
(

L
(

ϕ(t), v(t)
)

,L
(

ρ(t), u(t)
)

)

≤ 2M

(

2

√

t

πǫ
+ t

)

d
(

(

ρ(t), u(t)
)

,
(

ϕ(t), v(t)
)

)

. (15)

If we choose t = t0 such that

L

(

2

√

t0

πǫ
+ t0

)

≤ N, 2M

(

2

√

t0

πǫ
+ t0

)

< 1,

then (14) and (15) prove respectively that L
(

ρ(t), u(t)
)

∈ Bt0 and L : Bt0 →
Bt0 is a contraction. By the Banach fixed point theorem, L has a unique fixed
point

(

ρǫ, uǫ
)

∈ Bt0 . From this fact and from (9)-(10) if follows that the Cauchy
problem (5)-(6) has a unique local solution

(

ρǫ(x, t), uǫ(x, t)
)

∈ C∞(R× (0, t0))
satisfying (7).

If the problem (5)-(6) satisfies an a-priori estimate in L∞, by using the
local existence, we have the following global existence result about the Cauchy
problem (5)-(6).

Theorem 2.2. If
(

ρǫ(x, t), uǫ(x, t)
)

has an a-priori estimate

||ρǫ(x, t)||L∞(R×[0,T ]) ≤ N(T ), ||uǫ(x, t)||L∞(R×[0,T ]) ≤ N(T ), (16)

then the solution
(

ρǫ(x, t), uǫ(x, t)
)

of (5)-(6) exist on R× [0, T ].

Proof. Since
(

ρǫ(x, t), uǫ(x, t)
)

has the a-priori estimate (16), then

||ρ0(x)||L∞(R) ≤ N(T ), ||u0(x)||L∞(R) ≤ N(T ).

By Theorem 2.1, there is a small t0 > 0 which depends only on N(T ) such that
(5)-(6) has a unique solution

(

ρǫ(x, t), uǫ(x, t)
)

on R × [0, t0], satisfying (16).
We can use

(

ρǫ(x, t0), u
ǫ(x, t0)

)

as new initial data, from (16) we have

||ρǫ(x, t0)||L∞(R) ≤ N(T ), ||uǫ(x, t0)||L∞(R) ≤ N(T ),
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then the solution also exist on R× [t0, 2t0]. Therefore, the local time t0 can be
extended to T step by step since the step time depends only on N(T ), thus we
obtain a solution on R× [0, T ].

According to the previous proof, one has the next result.

Corollary 2.1. If
(

ρǫ(x, t), uǫ(x, t)
)

has an a-priori estimate

||ρǫ(x, t)||L∞(R×[0,+∞)) ≤ N, ||uǫ(x, t)||L∞(R×[0,+∞)) ≤ N, (17)

then the solution of (5)-(6) exist on R× [0,+∞).

The solution obtained in Theorems 2.1, 2.2 or Corollary 2.1 is called viscosity

solution. This solution can be used to get a global weak solution or generalized
solution for (1)-(6), using the vanishing method with the help of the theory of
compensated compactness.

3. Existence of Global Viscosity Solution for Some Source Terms

We consider the Cauchy problem (5)-(6). From now on, we restrict our interest
to solution corresponding to initial data values such that ρ0(x) ≥ 0, in this case
we will prove the existence of global viscosity solution under certain conditions
on the function p and on the source terms gi, i = 1, 2.

Let F be the mapping defined by

F : R2 −→ R
2

(ρ, u) →
(

ρu, 12u
2 + p(ρ)

)

,

the Jacobian matrix of F is

dF(ρ,u) =

(

u ρ

p′(ρ) u

)

,

thus the eigenvalues of system (1) are

λ1 = u−
√

ρp′(ρ) , λ2 = u+
√

ρp′(ρ) .

The Riemann invariants of (1) are functions w = w(ρ, u) and z = z(ρ, u)
satisfying the equations

∇wdF = λ2w, ∇zdF = λ1z. (18)
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One solution of (18) is

w(ρ, u) = u+

∫ ρ

0

√

p′(s)

s
ds , z(ρ, u) = u−

∫ ρ

0

√

p′(s)

s
ds . (19)

Theorem 3.1. Assume that ρ0(x) ≥ 0; p(ρ) ∈ C2(0,∞); p′(ρ) > 0,
ρp′′(ρ)− p′(ρ) ≥ 0 for ρ > 0 and

∫ c

0

√

p′(s)

s
ds < ∞,

∫

∞

c

√

p′(s)

s
ds = ∞, ∀c > 0. (20)

Also suppose that g1(ρ, u), g2(ρ, u) satisfy the following inequalities

−
√

p′(ρ)

ρ
g1(ρ, u) ≤ g2(ρ, u) ≤

√

p′(ρ)

ρ
g1(ρ, u) for ρ > 0 (21)

and g1(ρ, u) = ρh(ρ, u), where h(ρ, u) is continuous function. Then the Cauchy
problem (5)-(6) has a unique solution

(

ρǫ(x, t), uǫ(x, t)
)

on R × [0,+∞) satis-
fying

0 ≤ ρǫ(x, t) ≤ M, |uǫ(x, t)| ≤ M, (22)

where M is a positive constant.

Proof. To prove the existence of global viscosity solution for the Cauchy
problem (5)-(6), according to Corollary 2.1, we only need to prove the a-priori
estimates in (22).

We multiply system (5) by (wρ, wu) and (zρ, zu), respectively, where w, z

are given by (19), to obtain

wt + λ2wx = ǫwxx −
ǫρ2x
2ρ2

√

ρ

p′(ρ)

(

ρp′′(ρ)− p′(ρ)
)

− (g1wρ + g2wu) (23)

and

zt + λ1zx = ǫzxx +
ǫρ2x
2ρ2

√

ρ

p′(ρ)

(

ρp′′(ρ)− p′(ρ)
)

− (g1zρ + g2zu). (24)

Inserting the inequalities (21) and the assumptions on p(ρ) in the equalities
(23)-(24), we obtain

wt + λ2wx ≤ ǫwxx (25)

and
zt + λ1zx ≥ ǫzxx. (26)
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Figure 3.1

Applying the maximum principle to (25) and (26), we have that w(ρǫ, uǫ) ≤ N

and z(ρǫ, uǫ) ≥ −N for a suitable large constant positive N depending only
on L∞ bound of the initial data. Using the first equation in (5) and also that
ρ0(x) ≥ 0, we get ρǫ ≥ 0. It follows from the invariant region theory ([4]) that
the region

Σ =
{

(ρ, u) | w(ρ, u) ≤ N, z(ρ, u) ≥ −N, ρ ≥ 0
}

is a bounded invariant region (see Figure 3.1). Thus we obtain the estimates in
(22) for a suitable positive constant M , since we assume (20).

Remark 3.1. There are many functions g1 y g2 satisfying the assumptions
of Theorem 3.1. For example

g1(ρ, u) = αρu2 , g2(ρ, u) = β
√

ρp′(ρ)u2 ,

where α, β are real constants such that |β| ≤ α.
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