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Abstract: A symmetric infinite dimensional matrix @ = {¢; ; } is said to be
periodic if there exists a real sequence { qo, g1, - - - } such that ¢; ; = g whenever
li—j| = k. Determining whether a periodic matrix @) is strongly positive definite
is a hard question in general. The goal of this paper is to provide possible
answers to this question using frame techniques and the Wiener algebra. In
addition, we provide a simple method to construct a Gabor frame sequence
whose window function is a step function.
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1. Introduction

A bi-infinite positive matrix ) is strongly positive if there exists a constant
¢ > 0 such that for any x € l3(Z),
2
x'Qx > c|xp,z) -

A symmetric infinite dimensional matrix @ = { ¢; ; } is said to be periodic if
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there exists a real sequence { qo, g1, - - - } such that ¢; ; = ¢; whenever |i—j| = k.
Determining whether a periodic matrix @) is strongly positive definite is a hard
question in general. When the real sequence is finite, the question of whether
a periodic matrix @ is strongly positive definite is solved in [3] using a Gabor
frame. The goal of this paper is to provide possible answers to this question
in the more general case using frame techniques and the Wiener algebra. In
addition, we provide a simple method to construct a Gabor frame sequence
whose window function is a step function. We now define the various notions
that were mentioned above.

Suppose H is a separable Hilbert space with inner product (-,-) . We say a
set

{fr:kel}

is a (fundamental) frame for H if there exist positive numbers A and B such
that for each f € H,

Al < DI FlP < BIFIG - (1)

keZ

The sharpest possible choices for A and B are called the lower frame bound and
the upper frame bound respectively. A frame is said to be tight, if the upper
frame bound is equal to the lower frame bound. The Parseval identity in H
shows that every orthonormal basis is a tight frame with frame bounds equal
to one. If a set {fy : k € Z} satisfies the frame condition (1) for a subspace
span{ fr : k € Z }, then we say that {fx : k € Z} is a frame sequence. In this
paper, we focus on Gabor frame sequences in the separable Hilbert space Lo (R).
A Gabor system is obtained by applying discrete translations and modulations
to a window function g defined on Lo(R). Explicitly, a Gabor frame sequence
generated by g € Lo(R) has the form

{eim'g('—27rn) in,meZL}.

One of the difficult problems concerning Gabor systems is how to check that
a given system is a frame for Ly(R). In general this is still an open problem.
Sufficient conditions were established by Daubechies [2], and later, Ron and
Shen [7] characterized Gabor frames for Ly(R) using dual Gramian matrices.
In their characterization they applied the techniques of dual Gramian matrices
to shift-invariant frames for Lo(R), which can be viewed as a Fourier transform
of Gabor frames for Ly(R). We adopt their method in this paper, and one of
the key ideas of their work will be described in greater detail in next section.
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Next, we define

W = {La:Sl—>C : La(z):Zanzn, a:_{an}ngzéﬁl(Z)},

neL

[ Lallw = llalle, z) -

where S! is the unit circle in C. We call L, as the Laurent series corresponding
a. We note that

1

=5 ILa(ew)e_medH, I =[0,2m).

Aan,

The set W with the usual pointwise operations is a commutative Banach al-
gebra, which is called the Wiener algebra. Let GW C W be the subgroup of
the invertible elements of W. Then the classical Wiener’s lemma states that
if a periodic function f has an absolutely convergent Fourier series and never
vanishes, then 1/f has an absolutely convergent Fourier series:

Theorem 1. (see [1], p. 6)

GW ={L, €W : Ly(2) £0, VzeS'}.

An equivalent formulation that is more suitable for this paper considers the
following Toeplitz matrix generated by a € £1(Z):

apg a—1 a_—9
Ta = ai ag a—1

a9 al a

Here ag denotes the entry ag located in the zero row and zero column position.
We consider this bi-infinite matrix as the convolution operator T,b = ax*b acting
on ¢9(Z). Using Young’s inequality we have the following proposition.

Proposition 2. Ifa € ¢1(Z), then T, : lo(Z) — l9(Z) is a bounded
operator and
ITall < llallg, (z) -
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In this case, Wiener’s lemma gives the following theorem.

Theorem 3. (see [5]) If a € ¢1(Z) and Ty, is invertible as an operator on
¢5(Z), then L, does not have zeros on S'.

For the converse direction we note that if L, € GW, then there exists Ly(z)

1
such that T, ! = T}, and Ly(z) = ) z e St

2. Preliminaries

Let g € Lo(R). We denote the modulation of g by an integer m as
Myg(t) == e™g(t), teR.

If G := {gn : n € Z} is a system of functions in Ly(R), then the modulation
system generated by G is the system

{Mpgn : mneZy.

A modulation system that is also a frame for a subspace of La(R) will be called
a modulation frame sequence for La(R). We formally consider the following

frame operator [6]:
SF=> "3 {f Mugn) Mgy (2)

neZ meZ

We now derive a matrix formulation of (2) when f is any compactly sup-
ported function in Lo(R). Let I := [0,27). Then we have

Sfo= > [ / F(6)ga(t mdt} e g (t)

neZ meZ

M= /H FOF e dt | g, (0.

neZ me7z ]EZ

Substitution yields that for f compactly supported,

27TZZ Z /ft—|-27rj Gn(t +2mj)e” ™ dt | €™ g, (1)

neZ me7Z jGZ

— 2712 Z [ / [f, gn](t)e _thdt} e g (t),

neZ meZ

Sf



PERIODIC MATRICES AND GABOR FRAMES 647

where

[, 91(t) =D f(t+2m))g(t + 27j).

JEZ.

Since [f, gn] € La(I) and { ™ }mGZ is an orthogonal basis of Ly(1),

3 [% /1 [f, gn](t)e ™ dt] "™ = [f, gnl(t).

meZ
Consequently, for any compactly supported f € Lo(R), we have
Sf =21 [, gnlgn, (3)
nez
which implies that

Sf(t) = 27 Z[f: gn] (t)gn(t)

nez

= 21 ) Y f(t+2mk)Gn(t + 27k)gn (t),

neZ keL

= 27 Z [Z Gn(t)Gn (t + 27k)

keZ Ln€eZ

f(t+2mk),

where interchanging the order of summation is valid because f has compact
support. Since [f, g,| is 2m-periodic, we have that

Sf(t+2mj) =2 [Z gn(t +277)Gn (t + 27k) | f(t + 27k).
k€Z LneZ

As an immediate consequence of the above we get

Sf(t'—27r) f(t—.27r)

Sf(t) =G(t)- f(t) ; (4)

Sf(t+2m) f(t+2m)

where -~
G(t) == 20> gn(t + 2m)Gn(t + 2k) , tER,

B = (jvk)EZQ
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is called the dual Gramian matrix [7].

In this paper we consider a function of the form g := >, bixri27k, 1 :=
[0,27) and define g, (t) := g(t — 2wn). The (j, k)-th entry of the corresponding
matrix is then

G(t)(j, k) =2m Z g(t — 2mn + 275)g(t — 27n + 27k)
nez

=21 boniibonik =27 Y bombi—jom = 2m(b* D),
nez meEZ

where b, = b_,. Since G(t)(j,k) = G(t)(k,j), we have G(t)(j,k) = 2x(b
b)jk—j|- We define the sequence G := { Gy, }, 7 corresponding to g as

G =21 (b % b),,. (5)

Then for any ¢ € R, we obtain the following periodic matrix:

T, Go G1 GQ
G(t) = G(0) =: G =: G Gy Gy . (6)

Gy G1 Gy

Then the question in the introduction leads us to the following objective.

Objective 4. Determine when G is strongly positive and find a corre-
spondence between G and a Wiener element.

A special case of the objective has the following answer: if G is invertible,
then G is strongly positive since

”XH? (2)
*Gx > 2 7
X Gx 2 T @)

Thus, to answer Objective 4, we study when G is invertible. We also note

that is the lower frame bound when g generates a modulation frame

1
1G] . . . .
sequence. One can consider the matrix G as the Toeplitz matrix generated by
G = {Gn },cz, Where Gy, = G_y, if G € {1(Z). We reformulate in this way
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since the invertibility of a Toeplitz matrix generated by L, € W is well studied
by Wiener [1, 5]. This consideration leads us to study the relationship between
a frame and a Wiener element.

3. Frames and Wiener Elements

As one can see from previous sections, the key connection between frames and
elements of the Wiener algebra is the matrix representation. The notion of a
frame is characterized using matrix representation in [7], which is restated here:

Proposition 5. Let g := ) ., bpX712-k be a function in Lo(R). Then
we have the following:

(I) The frame operator S is bounded if and only if |G| < cc.

(II) g generates a Gabor frame sequence if and only if

|G|l < 00 and |G| < oo.

Thus, if g := Y~ 7 bk X1+2xk generates a frame sequence for Ly(R), then the
corresponding periodic matrix G is strongly positive. The following theorem
shows the first relationship between the notion of a frame and a Wiener element.

Theorem 6. Let g:= ) _,b.Xrtork be a function in Lo(R). If the corre-
sponding sequence G defined in (5) is absolutely convergent and if g generates
a frame sequence, then the Wiener element L has no zeros on the unit circle.

Proof. Since g generates a frame sequence, by Proposition 5, the corre-
sponding Toeplitz matrix G is invertible. Thus by Theorem 3, Lg has no zeros
on the unit circle. O

From Young’s Inequality, we have ) . |G| =", 7 ‘3* b(n)‘ < ||b\|§2(Z).
Thus we have the following immediate consequence.

Corollary 7. Let g:= ), ., bpX112rk be a function in Ly(R). Ifb € £1(Z)
and g generates a frame sequence, then the Wiener element Lg has no zeros on
the unit circle.

The previous theorem implies that if a step function g generates a frame,
then the corresponding periodic matrix G is a Toeplitz matrix generated by a
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Wiener element. The following objective concerns the opposite implication.

Objective 8. For a given a € (y(Z) such that L, € GW and T, is
symmetric we want to construct a function g which generates a frame sequence
corresponding to a.

For this objective, we observe the following matrix factorization of G:

bo b,1 b,Q . bo b1 bQ
G=2r by by b by by b . ®)
bg b1 b() - b_g b_1 bo

From this factorization, we have the following equivalent statement of Objective
8: For a given a € ¢1(Z) such that L, € GW and T, is symmetric, when can
we have the following factorization for an infinite matrix 7,7

T, = LL".
The Cholesky decomposition gives us one possible answer.

Proposition 9. If G is a bounded operator, then G is positive.

Theorem 10. For a given a € ¢1(Z) such that L, € GW and T, is sym-
metric and positive, there exists a function g which generates a frame sequence
and whose corresponding periodic matrix becomes T,.

Proof. Using the Cholesky decomposition, we have T, = LL* , where L is
a lower triangular matrix with strictly positive diagonal entries. Then g :=
Y nez L(0,n)X1427n is the desired function. O

We note that the Cholesky decomposition for infinite matricies in general
is not easy to perform. However, if L, is a trigonometric polynomial, i.e., a is
finitely supported, and takes nonnegative values on the unit circle, then by the
Fejér-Riesz factorization, L, can be factorized as

Lo =LyLy, Ly=0by+biz+---+b2" |z|] =1,
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for some n € N. That is, finding L, = LyL; is equivalent to finding a lower
Toeplitz matrix L such that T, = LL*. Thus in this case, a construction of the
corresponding function g which generates a frame sequence is easier. We also
obtain the following result which is the converse of Theorem 6.

Corollary 11. Let g := Y, bpXr42nr be a function in Lo(R). If the
corresponding Laurent series L¢g is a Wiener element which has no zeros on the
unit circle, then g generates a frame sequence.

Proof. By Theorem 3, the corresponding matrix G of g is invertible. Thus
g generates a frame sequence by Proposition 5. U

If a Wiener element has no zeros on the unit circle and is continuous, then
norm of the corresponding Toeplitz matrix as an operator acting on fo(Z) is
same as the Lo,-norm of the Wiener element [4]. In this case, the corresponding
Toeplitz matrix of the inverse of the Wiener element is the inverse of the Toeplitz
matrix. Thus we have the following corollary.

Corollary 12. Let g := Y, bpXr42rr be a function in Lo(R). If the
corresponding Laurent series L is a Wiener element which is continuous and
has no zeros on the unit circle, then g generates a frame sequence with the
frame bounds |L¢||,,_p) and [[1/La|l 1 p-

We note that for the construction of such a g, checking the condition that
G is absolutely convergent is not easy. By assuming b € ¢;(Z), we obtain a
frame sequence immediately.

Theorem 13. Let b € ¢1(Z). Suppose Ly, has no zeros on the unit circle.
Then g generates a frame sequence with the frame bounds |G| and |G~

Proof. Since b € ¢1(Z) C l3(Z), g is in La(R). Since L, € GW, T} is an
invertible operator so is G = 1,7}, which implies that g generates a frame
sequence with the frame bounds ||G|| and |G~ O

Theorem 13 says that any Laurent series whose zeros are not on the unit
circle with ¢; coefficients generates a frame sequence. For example, consider
the following elementary analytic function sinz = Y 7 (g;lr)l)!z%“. Since
the zeros of this function are not on the unit circle, the corresponding Toeplitz
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matrix is an invertible operator. Thus

o0

._ (=n"
g = ZO (2n + 1)!XI+2n7r

generates a frame sequence.
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