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Abstract: Numerical simulation methods based on partial differential equa-
tions form an important part of contemporary science and are widely used in en-
gineering and scientific applications. In this paper, two linearization techniques
are used for the numerical solution of the one-dimensional Burgers equation,
which represents a simplified version of nonlinear Navier-Stokes equation, us-
ing the Finite Difference Method. For the spatial discretization, a second-order
implicit scheme was used. The numerical results were compared with the exact
solution that can be found in the Reference.
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1. Introduction

During the last decades, the Finite Difference Method has become an important
tool to solve problems governed by second order differential equations, especially
in fluid flow and heat transfer and mass problems. The approximation of the
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derivative is made by using the Taylor series giving a linear system by which it
is possible to obtain the numerical results. In this method, the discretization
is performed, at first, in the domain and then, in the derivatives that appear
in the differential equation and additional conditions. This allows a continuous
problem to be transformed into a finite dimensional and thus to provide con-
ditions to solve the problem from a computational code [5]. Thus, we propose
a solution, by the finite differences method, for the one-dimensional Burgers
equation (nonlinear one-dimensional convection-diffusion equation), which is
given by

ou ou 1 0%u

o " "9x ~ Reor M
where u(z,t) is the velocity field in the z-direction, Re is the Reynolds number
and z,t € R. In this work, two techniques are proposed to linearize the term
called as Formulation 1 and Formulation 2, respectively, and presented below.

2. Formulation 1

To solve Eq. (1), we performed the following linearization
ou 9 (WY _ 1 Pu_ou 0P _ 1o
~ Redz? ~ Ot Or  Redaz?

ot ox 2)

2
u
where £ = 5 and, in this expression, the value of u will be used in the previous

step of time, i.e., u", and thus the term becomes a known value for each space
coordinate in Eq. (2). Consider the following equation

Hunt! 1 §2%ynt! OE™
= - 3
ot Re  Ox? oz ®)
using the Crank-Nicolson method [8] to carry out the time discretization as

follows
wntl — u” 1 0%u i@ " B oE™ (@)
At Re 022 Re 022 ox
(4)

Finally, the discretization of Eq.
rence Method O(Ax?) [2], as follows

w101 fu - 20 ]
At 2\ Re AzZ

1 /1 [(uwly—2u+ud, OE}
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T3 <Re < Az? oz

4) is carried out using the Central Diffe-
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Egs. (5) and (6) define the linear system which solve Eq. (1) in the Q € R?
domain, where 2 = [0, z] x [0, ¢].

3. Formulation 2

Rewriting Eq. (1) in the current step, we have
aunJrl un+1 3un+1 _ L62un+1 (7)
ot ox Re 0x%

As in the previous formulation, using the Crank Nicolson time discretization
method, Eq. (7) results in

u”+1 — _ l i82un+1 B un+1 8un+1 1 i82un B unJrl@ . (8)
At 2 \ Re 0x2 Oz 2 \ Re 0z2 ox

n+1

+10u

Now, to linearize the term u" , we propose the following technique:

8un+1 ou™ aun—i—l ou™
un+1— unJrl_ + um — ) (9)

ox ox ox ox
And, substituting it in Eq. (8), it yields

I

unJrl —un -1 62un+1 N 1 " naunJrl 1 ou™ " (10)
= —UuU U _— = :
At 2Re Ox? 2 oz At Oz
u™ 1 9%u”
here F; = — + — .
where At T 2Re 022

Now, discretizing in the space by Central Difference Method of O(Ax?), we
have

1 “?jll = 2uf ] n ug “?jll —uy
2Re Az?2 2 2Ax

1 10u} 11
—+ - |u =F, (11
+<At+2 8x>uz (11)
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which can be written as

1 1ur, +ult
A - - ZJrl 1—1 12
Ax + 2 2Ax (122)
n
B= “7 (12b)

Substituting in Eq. (10), it gives

+1 +1 +1 +1 +1
- (u?“ D20 i > +B (Ll Uit ) AT =B, (13)
4 — L

2Re Ax? 2Ax
where . " " "
=Yy T e
" At  2Re Ax? '

Rewriting the Eq. (13), we have

—1 B\ i 1 nt1
<2R6A:c2 2A:c) RE (ReAxQ + A> Y
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4. Numerical Applications

Application 1. Considering the Burgers equation defined by Eq. (1) with
Re = 100, the specific solution is given by ([1], [3], [4], [9]):

):v+ﬂ+(u—v)6”

u(z,t
1+en

, 0<2<1,t>0,

where n = yRe(x — ut — ) with the arbitrary constants p, u and 8 have 0.6;0.4
and 0.125 as their respective values. The initial and boundary conditions are
according to the analytical solution proposed. To analyze the results, presented
in Table 1, which were varied values of Az and At for the numerical error from
the standard L.,, which is the maximum error in the entire domain. In this
table, note that the spatial and/or temporal refinement carry a better numerical
accuracy. Note that for fixed At, the refinement of Az becomes unnecessary
for a specified value, for example, for At = 1/100, in which the accuracy begins
to stagnate for Az = 1/320. Comparing the two formulations, the second
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At =1/100 At = 1/1000 At = 1/10000
Az Form. 1 | Form. 2 | Form. 1 | Form. 2 | Form. 1 | Form. 2
1/20 3.48E-01 | 6.52E-02 | 3.92E-01 6.54E-02 | 3.97E-01 | 6.55E-02
1/40 1.74E-01 1.81E-02 1.63E-01 1.76E-02 1.60E-01 1.75E-02
1/80 7.69E-02 | 5.73E-03 | 4.91E-02 | 4.99E-03 | 4.64E-02 | 4.98E-03
1/160 4.27E-02 | 2.23E-03 | 2.15E-02 | 2.19E-03 | 1.96E-02 | 2.21E-03
1/320 2.96E-02 1.89E-03 | 1.12E-02 1.91E-03 | 9.61E-03 | 1.93E-03
1/640 2.42E-02 1.83E-03 | 6.68E-03 1.86E-03 | 5.24E-03 1.87E-03

1/1280 | 2.16E-02 1.81E-03 | 4.56E-03 | 1.84E-03 | 3.21E-03 | 1.85E-03

Table 1: L, norm of numerical error committed in Application 1.

At - Formulation 1
Az 1/10 1/50 1/100 | 1/200
1/10 4.40E-02 | 1.70E-02 | 1.43E-02 | 1.30E-02
1/20 | 3.67E-02 | 1.07E-02 | 8.26E-03 | 7.09E-03
1/40 3.31E-02 | 7.64E-03 | 5.24E-03 | 4.08E-03
1/80 3.12E-02 | 6.11E-03 | 3.74E-03 | 2.59E-03
1/160 | 3.03E-02 | 5.36E-03 | 3.00E-03 | 1.85E-03
1/320 | 2.99E-02 | 4.98E-03 | 2.63E-03 | 1.48E-03

Table 2: L, norm of numerical error committed in Application 2.

stands out for refinements in which A¢ = 1/100 and an order is achieved more
accurately.

Application 2. Assuming that Re = 1 in Eq. (1), the following analytical

2
T As before, the
1+2¢t
initial and boundary conditions are taken according to the analytical solution.

In Table 2, the results of Application 2 are presented. As in Application 1, the
Ax variation presents an insignificant accuracy change for a fixed At, notwith-
standing this situation, good results were found. A precision of the 10~3 order
was not achieved with a significant refinement in the case of Formulation 1.

The numerical results for Formulation 2 showed extremely small errors.
Thus, we conclude that in this example, alternative linearization is viable. The
variation of Az showed accuracy with small change for a set At. Nevertheless,
excellent results were found, where precision of the order of 10~ was achieved
in a refinement which is not significant. Due to this, we find it unnecessary to
build a table with the results.

solution, will be adopted in this application u(z,t) =

Application 3. We adopted Re = 1 in Eq. (1) with the following initial
and boundary conditions, respectively, u(0,t) = u(l,t) = 0 and u(z,0) =
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At = 0.00001, Az = 0.025 | At =0.0001, Az = 0.00625
T Form. 1 Form. 2 Form. 1 Form. 2 Exact
0.1 0.10975 0.10958 0.10957 0.10954 0.10953
0.2 0.21036 0.20985 0.20990 0.20979 0.20979
0.3 0.29290 0.29203 0.29210 0.29190 0.29189
0.4 0.34931 0.34809 0.34822 0.34793 0.34792
0.5 0.37317 0.37177 0.37193 0.37158 0.37157
0.6 0.36058 0.35924 0.35939 0.35905 0.35904
0.7 0.31113 0.31008 0.31019 0.30991 0.30990
0.8 0.22858 0.22795 0.22799 0.22782 0.22781
0.9 0.12099 0.12076 0.12075 0.12069 0.12068

Table 3: Numerical results for some points (Re=1 and t=0.1).

Az=1/80; At=0.00001 | Az=1/160; At=0.0001

x t Form. 1 Form. 2 Form. 1 Form. 2 Exact
0.25 | 0.1 0.26185 0.26150 0.26164 0.26148 0.26148
0.25 | 0.15 0.16180 0.16150 0.16163 0.16148 0.16148
0.25 | 0.20 0.09971 0.09493 0.09958 0.09475 0.09947
0.25 | 0.25 0.06172 0.06110 0.06116 0.06109 0.06108
0.5 0.1 0.38421 0.38347 0.38380 0.38343 0.38342
0.5 0.15 0.23462 0.23410 0.23432 0.23406 0.23406
0.5 0.20 0.14327 0.14292 0.14303 0.14289 0.14289
0.5 0.25 0.08753 0.08726 0.08735 0.08723 0.08723
0.75 | 0.1 0.28207 0.28161 0.28182 0.28158 0.28157
0.75 | 0.15 0.17012 0.16977 0.16912 0.16974 0.16974
0.75 | 0.20 0.10292 0.10268 0.10278 0.10266 0.10266
0.75 | 0.25 0.06271 0.06231 0.06237 0.06229 0.06229

Table 4: Numerical comparison of results for Re = 1.

sen(mz). The exact results for this application can be found in [9]. In general,
for two refinements proposed, both formulations showed good results, according
to Table 3. We noted that, for smaller refinement on average, Formulation 1
showed an accuracy order of about 1073, while that for Formulation 2 was
about 1074

Application 4. In this application, Re = 1 (Table 4) and Re = 10 (Table
5) values were used,with respective initial and boundary conditions, u(0,t) =
u(1,t) = 0 and u(z,0) = 4z(1 — ). The exact results for this application can
be found in [6]. Tables 4 and 5 show good results when compared to the exact
solution for two values of Re. We made two combinations of refinement for Ax
and At, and for greater refinement in Ax, we obtained more significant results.
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Az=1/80; At=0.00001 | Az=1/160; At=0.0001

T t Form. 1 Form. 2 Form. 1 Form. 2 Exact
0.25 | 0.4 0.31594 0.31754 0.31671 0.31752 0.31752
0.25 | 0.6 0.24494 0.24615 0.24553 0.24614 0.24614
0.25 | 0.8 0.19884 0.19957 0.19919 0.19956 0.19956
0.25 | 1.0 0.16461 0.16562 0.16640 0.16560 0.16560
0.5 | 04 0.58714 0.58460 0.58581 0.58455 0.58454
0.5 | 0.6 0.46018 0.45805 0.45906 0.45799 0.45798
0.5 | 0.8 0.36967 0.36748 0.36851 0.36741 0.36740
0.5 1.0 0.30722 0.29842 0.29942 0.29836 0.29834
0.75 | 0.4 0.65600 0.64585 0.65076 0.64567 0.64562
0.75 | 0.6 0.51190 0.50293 0.50722 0.50274 0.50568
0.75 | 0.8 0.39250 0.38557 0.38863 0.38539 0.38534
0.75 | 1.0 0.29908 0.29604 0.29780 0.29590 0.29586

Table 5: Numerical comparison of results for Re = 10.
At 1/20 | 1/40 | 1/80 | 1/160 | 1/320 | 1/640
[10] 2.00E-5 | 4.14E-6 | 1.06E-5 | 3.16E-5 | 6.91E-5 | 1.42E-4
Formulation 1 | 2.78E-2 | 2.77E-2 | 2.77E-2 | 2.77E-2 | 2.77E-2 | 2.77TE-2
Formulation 2 | 1.60E-5 | 3.86E-6 | 8.24E-7 | 6.59E-8 | 1.25E-7 | 1.72E-7

Table 6:

Lo norm for Az = 1/100.
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Application 5. Taking Re = 1 in this application, the initial and boundary
2sinx

conditions are in agreement with the analytical solution u(x,t) =

cosz + et’

whose computational domain is and 0 < z <1 and 0 <t < 1. In this applica-
tion, a comparison with the numerical results in [10] is performed. In Table 6,
Az is fixed and At values vary, showing that in the present work, the refine-
ment step time is constantly improving the results for Formulation 2, whereas
for Formulation 1, the results are established. However, in [10] this is not true.
Now in Table 7, At = 1/100 is fixed and in the range of the Az values. The nu-
merical results of the two studies show improved results for each Az, except for
Formulation 1. It is important to note that in Table 7, Formulation 2 presents
around three more orders of accuracy than the work of [10].

Az 1/5 1/10 | 1/20 | 1/40 | 1/80

[10] 6.12E-2 | 1.10E-2 | 1.63E-3 | 2.24E-4 | 2.93E-5
Formulation 1 | 2.77E-2 | 2.77E-2 | 2.77E-2 | 2.77TE-2 | 2.77E-2
Formulation 2 | 7.56E-5 | 1.88E-5 | 4.69E-6 | 1.17E-6 | 2.88E-7

Table 7: Lo, norm for Az = 1,/1000.
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5. Conclusions

In this study, we obtain better results in the numerical solution of one-dimensional
Burgers equation and those obtained by Formulation 2 were better than For-
mulation 1, which represents a simplified version of nonlinear Navier-Stokes
equation. It can be concluded that for a significant numerical accuracy im-
provement, a refinement, both in space and in time, is necessary. When one of
those variables was fixed, in most cases studied, accuracy was stagnant.
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