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Abstract: In this paper we present a new method for solving a C' global
optimization problem on a box in R"™. We consider the two vertices of the main
diagonal to construct a convex quadratic lower bound function of the objective
function which is considered of class C'. A branch and bound algorithm with
exhaustive w — subdivision is proposed and its convergence is shown.
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1. Introduction

We consider the following global optimization problem:

P { min b(s)

sesS

with b a C' nonconvex function and S is a box in R". Even if constraints are
simple, the problem remains very difficult to find global minimum of 5. The
principal existing methods use (n + 1) vertices of a box like the arithmetic
interval method, or consider the C? objective function like the aBB method.
In [7] they use (n + 1) vertices of the box to construction a right simplex and
feasible simplex and by solving a linear system, they find a lower bound of the
objective function. In [1] the «BB method is used to compute a global minimum
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of the objective function which consists in a construction of convex lower bound
function of the C? functions with the rigorous method for the calculation of the
« parameters and the branch and bound algorithm is used. The review of
principal methods are presented in [3] and [6]. Efficient diagonal partitions are
discussed in [9]. In [5] the interval method is used to compute global optimum
of C? function. In [4] the branch and bound algorithms HOL' and HOL" are
presented to compute global minimum of the holer function in an interval of
R and in a box of R™ respectively. In our method we use the two vertices of
the main diagonal to find a convex quadratic lower bound function. In our
branch and bound algorithm, we solve at each iteration a triangular system to
compute a lower bound. For branching, we use the exhaustive w — subdivision.
Our method is an extension of [8]. The paper is organized as follows: In Section
2 we present the main results. The algorithm and its convergence are presented
in Section 3. A numerical example found in the literature is treated in Section
4.

2. Main New Results

We propose a new lower bound function by using the two vertices of the main
diagonal of a box, s and s! such that Vs € S,s) < s; < sl,i = 1,...,n with

V= (89, .y 80), 8t = (s}, . 8h), 8 = (51,0 80)
1 ‘ n ' . .
LB(s) = ;[(b(sl) + ]Zl(sj — sj)(Icos i + Lsiniz)wi(s)
with 9
h< PO cpicim ges
881‘
l = Erllin l; and L= max L;
>ioa(s) = 55) >ii(s; — 5))
wo(s) = =2—- and  wq(s) = == I
Zj:1(3]1 - S Zj:1(3]1' - 3?)
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Theorem 2.1. The lower bound function coincides with the function b at
the vertices of the main diagonal.

Proof.

n

1
LB(s%) =Y [(b(s") + > (s7 — s cosig + Lsinig)]wi(so)
=0

7 J=1

n

=[(0(s%) + (% — s9) (L cos og + Lsinog)]wo(so)

=1
(because wi(s°) = 0)
1 n
LB(s") =Y [(b(s") + > (s} — shy(l coszg + Lsinig)]wi(sl)
i=0 j=1

s

(s

=[(b(s") + Z(sjl - s})(lcos 1% + Lsin1

(because wy(s') = 0)
=b(s') O

Theorem 2.2.

LB(s) <b(s);¥s € S.

Proof. LB(s) and b(s) coincide at the vertices of the main diagonal s” et
s!, for the other points of S one has

n

b(s) = b(s%) + (s — sO)VB(E) = b(s°) + > (s; — s, (1)

or
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On the other hand,

1 n
LB = b(s' — s —+L ;
(s) ;[ (s") —I-j;(sj % )( 00522 + smz2)]w (s)
< szg%?l([b(sl) + Zl(sj — 85 )(l cosz§ + Lsmz— sz
i= i=0
< - )] <
< Jirg%)l( —I—Z lcoszQ—l—Lsm’LQ)]_b(s)
(i.e. according to (1) and (2)), thus LB(s) < b(s), Vs € S. O
Theorem 2.3. The lower bound function is quadratic.
Proof. One has
1 A n
LB(s) = Z[(b(s’) + Zl(s] — 8% )(lcos 25 + Lsmz2 )]wi(s)
= j=
= [(6(s°) + > _(s5 = s))lwo(s) +[(b(s") + D _(s5 — s5)Llwn(s)
i= i=1

= b(sDwo(s) + b(sHwi(s) + Agqwo(s).wy (s)(I — L)

with

7j=1
We compute
1 n n
wo(s).wi(s) = N Z(S} - 8j)- (85— 3?)
d j=1 j=1
1 n n n n
SO R M) SRS 9
d j=1 j=1 j=1 j=1
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The lower bound function is written as a quadratic function

0(s) + b(s )wi(s) + Agwo(s).wi(s)(l — L)

(
(s”)wo(s) + b(s)wi(s) +
2

LB(s) = b +b
b +0b

+/\
I T
=
I
P%
k;c,l
_I_
=
Pﬁ
QC,J
_I_
P%
an’_‘
|
3

Theorem 2.4. The lower bound function is convex.

667

Proof. All the elements of the hessian matrix of the lower bound function

are equal to (A D
semi-definite, thus the lower bound function is convex.

3. Algorithm and its Convergence
We now describe our branch and bound algorithm.
3.1. Algorithm

Initialization. Let € > 0. Compute by interval method {° and L°.

b
0= min 1, <2 vees
i=1,..,n 0s;
and Bb(s
L= max L; ()<LZ,V es.
i=1,..n 0s;

Iteration O
Let TY = S , solve the triangular system

b(s?)—b(s)

Zz 151_22 ( )+ 2(L0—10)
Spn— s% _ Sn—l—Sg_l _ _ 51759
sI—s0 531—1*591—1 = e = s%fs(l)

to obtain a solution sV.

Ifs0¢ S

project 3° on S to obtain s”

> 0, its eigenvalues are positive or zero, then it is positive

O

or s' which is the global optimal solution and the
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algorithm terminates.
else
set
U By = min{min b(s'), b(z")}; LBy = LB(3°).

if UBy — LBy < ¢ then stop 3° is e—optimal solution
else set M « T°, k< 1, and go to iteration k.
Iteration £k =1,2,3,.....

k1. Set

n
TF = H [s%k,sgk} c M.

i=1
the box such that LBy = LB(T*) and 3" the minimum of LB on T*
k2. divide T* on two boxes T, T*2 by the w — subdivision via 3*.
k3. For i =1, 2.
Compute L* et [¥ on T* by interval method,
solve the triangular system

b 0k —b 1k
D1 8= %Z?:1(5?k + Szlk) + (SQ(L)k—gz) :

0k Sp_1—89% 0k

Sn—S8y _ n—1 __ o 81—81
FlE T ST S, T e ST
to obtain §%,
if 5% ¢ Tk

project 5% on T% to obtain one of the vertices of T* 50 or sk
set UBy; = LBy; = b(s"%) or UBy; = LBy, = b(s'%)
else continue.

k4. Update the upper bound
UBy = min{UBy,_1,b(s%1), b(st%1), b(s"%2), b(s*k2)b(3%1), b(3"2) }

Let s* the actual best solution i.e b(s*) = UB;,
set
M« M U{T" : LB(T*) < UBy —¢, i =1,2}\{T"}.

Update the lower bound
LBy =min{LB(T):T € M}

k5. If M = () then stop s” is the optimal solution
else set k < k£ + 1 and return to k1.
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3.2. Convergence

Theorem 3.1. Qur algorithm using the exhaustive w— subdivion converges
to an optimal solution.

Proof. It suffices to show that klim (UBy, — LBy) = 0.
—00

Let
n
A= 306t 4
j=1
Zn—1(31k - 55) > i-1(sj — SOk)
wor(8) = —=2——2 and  wip(s) = == J
Z?:ﬂsjlk Sgk) 22:1(531]9 - Sgk)
One has

0 < UBy— LBy =b(s") — LBy, = b(s"%) + (s — s"*)Vb(¢)

1 n
= STI0(s™) + (55— sE)(F cos zg +LF sinig)]wik(s)
=0 j=1

< b(s™) + (s = sT)VB(E)
n 1
— gl(l)ri[(b(sm) + -Zl(Sj — sé»k)(lk coszg + Lk sinig)] 2 wik(s)
j= i=
< b(s%%) + Zn:(sj — s?k)Lk — min{b(s"%) + zn:(sj - s?k)lk; b(s'k)

j=1 j=1

+> (s — sMLFY.
j=1

We have two cases:

(1)
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then

n

0 < UBy— LBy =b(s") = LBy <b(s™) + (s — s)")L*

J=1

— | b(s%) + Z(sj — s?k)lk
j=1

n

< (s ST - 1Y)

j=1
< Ag(LF=1%) =0

because Agp — 0 when k£ — oo (i.e we use the exhaustive w — subdivision).

(2)
min{b(s%%) +i(s] —S?k)lk, b(stF) —l—i(sj —sjlk)Lk} = b(s'%) —l—i(sj —siFyLk
j=1 j=1 j=1
Then:

0 < UBy—LBy=b(s") = LBy <b(s™) + (55— s)")L*

j=1
b(s'™) + Zn:(Sj — siM)L*
j=1
= (™) = b(s") + LFO (55— s =D (55— 5"))
=1 =1
= (% —sFYVb(e) + Lk(i(s}k — s?k)
j=1
< (O s () IO (51— s
j=1 j=1

Y- st - 1Y

j=1
< Ag(LF 1% =0

because Ay, — 0 when k — oo (i.e we use the exhaustive w — subdivision). O
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Remark. To find the minimum of the lower bound function on T* we
have to vanish its gradient and we obtain one equation

—~ L ok, ke, b(s%) — b(sthe)

This minimum must be on the main diagonal then we have to add (n — 1)
equations

) 0k; )
Sy — 5%’“1 Sp—1— S s1 — 8(11191
1 — Ok‘z _— 1]{}1 — ijz T cecececece _— W.
Sp — Sn Sp—1 " Sn—1 51— 51

Thus we obtain a triangular system with n equations and n unknowns which
admits a unique solution.
We have tree cases:

First case: this minimum belongs to the interior of 7%, then we use the
exhaustive w — subdivision.

Second case: this minimum is equal to one vertex of the main diagonal,
then we have the lower bound which is equal to the upper bound on 7% and it
is deleted for the next iteration.

Third case: this minimum does not belong to 7% then we project it on T,
we obtain one of the vertices of main diagonal and we have the lower bound
which is equal to the upper bound on 7% and it is deleted for the next iteration.

4. Numerical Example

Example from [4]: b(sy, s2) = —sin(s;)sin(s;s2) on [0,4] x [0,4].

The solution found by our method is (1.5588,.99655) and b(1.5588, .99655) =
—.99978; LB = —1.1328, with practically the same precision as in [4], the num-
ber of function evaluations is 99 which is significantly lower than that of [4]
which is equal to 1013.

5. Conclusion

We have proposed a new lower bound for C! global optimization problem by
using the main diagonal. Our calculations are all explicit. The convergence
of our algorithm is shown and a numerical example found in the literature is
treated.



672

[1]

M. Ouanes

References

C.S. Adjiman, I.P. Androulakis, C.A. Floudas, A global optimization
method, aBB, for general twice-differentiable NLPs - II. Implementation
and computational results, Comput. Chem. Eng., 22, No. 9 (1998), 1159-
1179.

E. Baumann, Optimal centered forms, BIT, 28 (1988), 80-87.

C.A. Floudas, C.E. Gounaris, A review of recent advances in global opti-
mization, J. Glob. Optim. (2008), DOI 10.1007/s10898-008-9332-8.

E. Gourdin, B. Jaumard, R. Ellaia, Global optimization of Holder func-
tions, J. of Global Optimization, 8, No. 4 (1996), 323-348.

E. Hansen, Global optimization using interval analysis, the multidimen-
sional case, Numer. Math., 34 (1980), 247-270.

R. Horst, P.M. Pardalos, Handbook of Global Optimization, Kluwer Aca-
demic Publishers, Dordrecht (1995).

J.L. Laguanelle, F. Messine, Analyse numerique/numerical analysis algo-
rithme d’encadrement de I'optimum global d’une fonction differentiable,
C.R. Acad. Sci., Paris, 326, I (1998), 629-632.

Le Thi Hoai An, Ouanes Mohand, Convex quadratic underestimation and
branch and bound for univariate global optimization with one nonconvex
constraint, RAIRO Oper. Res., 40 (2006), 285-302.

D.Y. Sergeyev, D.E. Kvasov, Global search based on efficient diagonal
partitions and a set of Lipschitz constants, SIAM J. Optim., 16, No. 3
(2006), 910-937.



