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Abstract: Let X be a Banach space and Y be a closed bounded subset of X.
We call Y remotal in X, if for every x ∈ X there exists some y ∈ Y such that

‖ x− y ‖≥‖ x− z ‖, ∀ z ∈ Y.

It is called uniquely remotal in X, if for every x ∈ X there is a unique y ∈ Y

such that

‖ x− y ‖≥‖ x− z ‖, ∀ z ∈ Y.

In this paper, we present some new results on remotality of sets in the Banach
space L(H,H).

AMS Subject Classification: 41A65, 41A28
Key Words: remotal sets, Hilbert space, Hilbert space operators, farthest
point

Received: May 14, 2012 c© 2012 Academic Publications
§Correspondence author



754 R.A.G. AlMirbati, M.M. Al-Gharabli, R. Khalil

1. Introduction

Let X be a Banach space and E be a closed bounded set of X. For x ∈ X, let

D(x,E) = sup
e∈E

‖ x− e ‖ .

This supremum needs not to be attained. If ∀x ∈ X, there exists some e ∈ E

such that D(x,E) =‖ x− e ‖, then E is called remotal. For x ∈ X, we set

F (x,E) = {e ∈ E : ‖ x− e ‖= D(x,E)}.

The point e is called a farthest point of E from x. The study of remotal sets
goes back to the sixties. Edelstein [1] showed that if X is a uniformly convex
Banach space, then the set of points in X that has farthest points in E is dense
in X.

The importance of the study of remotal sets comes from its ties to geometry
of Banach spaces. Such study is little difficult and less developed. On the
contrary, closest points are well studied and well established.

The problem of remotality in Lp(I,X), 1 ≤ p < ∞, was initiated by Khalil
and Al-Sharif [4]. Then it was developed by Sababheh, and Khalil [2]. One
of the standing conjectures in the theory of remotal sets is ”Every uniquely
remotal set in a Banach space is a singleton”. So much work was done to solve
such a conjecture (see [5] and [3]).

In this paper, we propose some new results on remotality in the space of
bounded linear operators on Hilbert spaces.

Throughout this paper, H denotes a separable Hilbert space. If E is any
subset of H, then E⊥ = {x ∈ H :< e, x >= 0∀e ∈ E}, the annihilator of E.

2. Remotal Sets in Certain Classical Spaces

In this section we introduce new classes of remotality of some spaces.

For X a normed space, and E ⊆ X, we let ℓ1(E) = {(xn);xn ∈ E, and
∑

‖ xn ‖< ∞}. Similarly for c0(E), ℓp(E) and ℓ∞(E). For a Banach space X,
let us denote by B1[X] the closed unit ball of X.

Theorem 1. Let E be a finite set in a Banach space X. Then ℓ1(E) is

remotal in ℓ1(X) if and only if E = {0}.
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Proof. If E = {0}, then ℓ1(E) = {0}, is the zero sequence. Hence ℓ1(E) is
a finite set.

So ℓ1(E) is remotal in ℓ1(X).
Conversely, suppose E is finite E 6= {0} and that ℓ1(E) is remotal in ℓ1(X).
Since E is finite, hence being compact, E is remotal in X.
Let e ∈ F (0, E) and f = (0, 0, 0, . . . , 0, . . .) ∈ ℓ1(X).
If e 6= 0, then (e, e, e, . . . , e, 0, 0, 0, . . .) ∈ ℓ1(E), where e appears in the first

n-coordinates.
But in such a case we have:

‖ (e, e, e, . . . , e, 0, 0, . . .)− f ‖= n ‖ e ‖ .

This implies that D(f, ℓ1(E)) = ∞ and ℓ1(E) is not remotal.
Consequently, e must equal to zero and E = {0}.

In a similar way one can prove:

Proposition 1. Let E be a finite set in a Banach space X. Then ℓp(E)
is remotal in ℓp(X) if and only if E = {0}.

Proposition 2. Let E be a finite set in a Banach space X. Then c0(E)
is remotal in c0(X) if and only if E = {0}.

Let us recall some definitions from the literature.

1. Let X be a Banach space, Y ⊆ X. Y is called 1- summand if there is
W ⊆ X such that X = Y ⊕1 W where if x ∈ X then
x = y + ω, with y ∈ Y,w ∈ W and ‖ x ‖=‖ y ‖ + ‖ w ‖.

2. Let X be a Banach space, Y ⊆ X. Y is called p- summand if there is
W ⊆ X such that X = Y ⊕p W where if x ∈ X then x = y + ω, where
y ∈ Y,w ∈ W and

‖ x ‖p= (‖ y ‖p + ‖ w ‖p)
1

p .

3. Let X be a Banach space, Y ⊆ X. Y is called ∞- summand if there is
W ⊆ X such that X = Y ⊕∞ W where if x ∈ X then x = y + ω, y ∈
Y, and w ∈ W and
‖ x ‖∞= max(‖ y ‖, ‖ w ‖).

Proposition 3. Let Y be a p-summand of a Banach space X, where

1 ≤ p < ∞. Then B1[Y ] is remotal in X.
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Proof. Suppose that X = Y ⊕p W and x = y + w. This implies that

‖ x ‖p= (‖ y ‖p + ‖ w ‖p)
1

p .

Since B1[Y ] is remotal in Y , let ŷ be a farthest element in B1[Y ] from y.
Then,

‖ x− ŷ ‖pp = ‖ y − ŷ + w ‖p

= ‖ y − ŷ ‖p + ‖ w ‖p

≥ ‖ y − z ‖p + ‖ w ‖p ∀z ∈ B1[Y ]

= ‖ y + w − z ‖pp ∀z ∈ B1[Y ]

= ‖ x− z ‖pp ∀z ∈ B1[Y ].

Consequently, ŷ is a farthest element in B1[Y ] from x = y + w.

Similarly one can prove:

Proposition 4. Let Y be an ∞- summand of a Banach space X. Then

B1[Y ] is remotal in X.

Definition 2. Let X be a Banach space. Then for E ⊆ X, we let

L(B1[X], E) = {T ∈ L(X,X) : T (B1[X]) ⊆ E}.

Let us denote L(B1[X], E) by J .

Proposition 5. If E is a finite set in a Banach spaceX. Then L(B1[X], E)
is remotal in L(X,X) if 0 ∈ E.

Proof. Let E = {x1, x2, . . . , xn}, and T ∈ L(X,X).
Assume that D(T, J) = r. Hence there exists a sequence Tn ∈ J such that

lim
n→∞

‖ Tn − T ‖= r.

Now, B1[X] is convex. Hence Tn(B1[X]) is convex. Thus, since E is finite
Tn(B1[X]) is a singleton. But also, 0 ∈ B1[X] and Tn0 = 0∀n.

Hence if 0 6∈ E then L(B1[X], E) = φ, and so remotal (being compact).
If 0 ∈ E, then Tn(B1[X]) = {0} ∀N, and so Tn = 0∀n, and L(B1[X], E) is

remotal in L(X,X).

Proposition 6. If E is a finite set in a Banach space X. Then C(I,E) is
remotal in C(I,X).
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Proof. Since E is finite and I is connected, then g ∈ C(I,E) if and only if
f is constant. Hence for f ∈ C(I,X) we have D(f,C(I,E)) = supg∈C(I,E) ‖
f − g ‖ . But C(I,E) is a finite set. Hence C(I,E) is remotal in C(I,X).

Proposition 7. Let E be a compact uniquely remotal set in a Banach

space X and H : X → E be defined by H(x) = F (x,E). If H is continuous,

then C(I,E) is remotal in C(I,X).

Theorem 3. If Y is a closed subspace of a finite dimensional Hilbert

space, then the set B1[L(H,Y )] is remotal in L(H,H).

Proof. Let T ∈ L(H,H) and D(T,B1[L(H,Y )]) = r. Hence there exists Tn

in B1[L(H,Y )] such that lim
n→∞

‖ Tn − T ‖= r.

Since Y is finite dimensional, then L(H,Y ) is a reflexive space. Thus by the
Alaoglu theorem B1[L(H,Y )] is w∗-compact. So there exists a subsequence Tnk

such that Tnk →w∗ A ∈ B1[L(H,Y )] and this implies that Tnk − T →w∗ T −A.

This means that

lim
n→∞

|〈(Tnk − T )x, y〉| = |〈(T −A)x, y〉|

(∀y ∈ (B1[L(H,Y )])∗ = B1[L(H,Y )])

≤ ‖ (T −A)x ‖‖ y ‖=‖ T −A ‖,

sup
‖y‖=1

|〈(Tnk − T )x, y〉| ≤‖ T −A ‖,

‖ (Tnk − T )x ‖≤‖ T −A ‖ .

Now,

sup
‖x‖=1

‖ Tnk − T )x ‖=‖ Tnk − T ‖≤‖ T −A ‖

r = lim
nk→∞

‖ T − Tnk ‖≤‖ T −A ‖ .

Hence,

D(T,B1[L(H,Y )]) =‖ T −A ‖ .
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3. Remotality of L(B1(H), B1(Y )) in L(H,H)

Let H be a separable Hilbert space and Y be a closed subspace of H. So
H = Y ⊕ Y ⊥. Set L(H,H) to denote the space of bounded linear operators on
H, and E = L(B1(H), B1(Y )), the space of all bounded linear operators that
takes the unit ball of H into the unit ball of Y . Then E is a closed convex
bounded subset of L(H,H).

In this section, we want to discuss remotality of E in L(H,H).

Remark: Any operator T : H → H has a matrix representation

T =

[

T1 T2

T3 T4

]

: Y ⊕ Y ⊥ → Y ⊕ Y ⊥,

where

T (y + ŷ) =

[

T1 T2

T3 T4

] [

y

ŷ

]

,

so

T1 : Y → Y, T2 : Y
⊥ → Y,

T3 : Y → Y ⊥, T4 : Y
⊥ → Y ⊥.

Definition 4. An operator T ∈ L(H,H) is called diagonal, if T =
[

T1 0
0 T4

]

.

A well known lemma about the diagonal operators is the following:

Lemma 1. If T ∈ L(H,H) and T =

[

A 0
0 B

]

, then

‖ T ‖= max{‖ A ‖, ‖ B ‖}.

Proof. Let T ∈ L(H,H) such that T =

[

A 0
0 B

]

. Then,



REMOTAL SUBSESTS IN L(H,H) 759

‖ T ‖ = sup
‖x‖=1

‖ Tx ‖

= sup
‖y+ŷ‖=1

‖ T (y + ŷ) ‖

= sup
‖y+ŷ‖=1

∥

∥

∥

∥

[

A 0
0 B

] [

y

ŷ

]
∥

∥

∥

∥

= sup
‖y+ŷ‖=1

∥

∥

∥

∥

[

Ay

Bŷ

]
∥

∥

∥

∥

≤ max







sup
‖y+ŷ‖=1

‖ Ay ‖

sup
‖y+ŷ‖=1

‖ Bŷ ‖






,

and for ŷ = 0 we have

≤ max

[

‖ A ‖
‖ B ‖

]

.

Now,

‖ A ‖≤‖ T ‖

and

‖ B ‖≤‖ T ‖ .

Thus,

max{‖ A ‖, ‖ B ‖} ≤‖ T ‖ .

This ends the proof.

Theorem 5. The set E is remotal with respect to diagonal operators in

L(H,H).

Proof. Let T be a diagonal matrix. Then T = T1 + T2, where T1 : Y → Y

and T2 : Y
⊥ → Y ⊥.

Now, T1 has the farthest point in L(Y,B1(Y )), say A = −
T1

‖ T1 ‖
.

Let T̂ = A+ T2. Then ‖ T − T̂ ‖≥‖ T − S ‖ ∀S ∈ E.

Thus, E is remotal in the diagonal operators in L(H,H).
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Definition 6. An operator T ∈ L(H,H) is called of Schmidt type if for
every orthonormal basis (en) of H, there is an orthogonal sequence (an) in H

such that

Tx =
∞
∑

n=1

〈an, x〉en.

Example. Every unitary operator is of Schmidt type.

Theorem 7. Let T ∈ L(H,H) be of Schmidt type, and Y be any closed

subspace of H. Then there exists A ∈ B1(L(H,Y )) such that

‖ T −A ‖= D(T,B1, (L(H,Y ))).

Proof. Let H = Y ⊕ Y ⊥, and (θn) be a basis for Y , and (fn) be a basis for
Y ⊥. Since T is of Shcmidt type, there is (an) orthogonal sequence in H such
that

T =

∞
∑

n=1

an ⊗ zn,

where

z2n = θn, z2n−1 = fn ∀n ≥ 1,

so

T =

∞
∑

n=1

a2n ⊗ θn +

∞
∑

n=1

a2n−1 ⊗ fn,

where

Tx =

∞
∑

n=1

〈a2n, x〉θn +

∞
∑

n=1

〈a2n−1, x〉fn

= T1x + T2x ,

and

‖ T ‖ = max{‖ T1 ‖, ‖ T2 ‖}

Now, T1 ∈ L(H,Y ). Hence the operator B =
−T1

‖ T1 ‖
∈ B1(L(H,Y )) and

‖ T1 −B ‖≥‖ T1 − S ‖ ∀S ∈ B1(L(H,Y )).

Now,

T −B = (T1 −B) + T2
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and

‖ T −B ‖ = max{‖ T1 −B ‖, ‖ T2 ‖}

≥ max{‖ T1 − S ‖, ‖ T2 ‖}

= ‖ T − S ‖ ∀S ∈ B1(L(H,Y )).

Hence B1(L(H,Y )) is remotal with respect to Schmidt operators.
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