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Abstract: The Beta function B(x,y) is defined for negative integer values of
x and y. It is proved that

_ (=1)"(@n)! (=1)"¢(n)(2n)!
B(n+1/2,—n) = E T (1) In2+ 220 ()2
forn=1,2,..., where
¢(n) =Y 1/n
i=1
and
" on+1 2n + 1
B(n+3/2,-1) = ;%_1—(2714—1)1112— 5
o+ 2n + 1
B(-n+1/2,-1) = — on+1)In2
(—n+1/2,-1) ;2i_1+(n+)n+
forn=1,2,....

Further results are also given.
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The Beta function B(z,y), see Sneddon [5], is usually defined by the integral

Bla,y) = /01 L1 — L e, (1)

for x,y > 0 and more generally the function

gr+a
0xPOy4

B(.’/U, y) = prq(xa y)

is defined by the integral
1
By q(z,y) = / t" P (1 — ) In?(1 — t) dt,
0

for z,y > 0 and p,q=0,1,2,....
It follows from equation (1) that

I'()I'(y)

Ble.y) = L(z +y)

and this equation is then used to define B(z,y) for z,y < 0 and z,y #
1,-2,....
More generally it was proved in [3] that the neutrix limit

1—e
By 4(z,y) = N—lim t" P (1 — )y In?(1 — t) dt, (2)

e—0 €
exists for all z,y and p,q = 0,1,2,..., where N is the neutrix, see van der
Corput [1], having domain N’ = (0,2) (0 < z < 1/2) and range N” the real
numbers, with the negligible functions finite linear sums of the functions
Aln""le, In"e (A<0, r=1,2,...)

€ in

and all functions which converge to zero in the normal sense as € tends to zero.
Equation (2) was then used to define By, 4(z,y) for all z,y and p,q =0,1,2,....
Note that if x > 0, we could write

1—e€
By 4(z,y) = N—lim t" P (1 — )" In9(1 — t) dt,

e—0 0
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and if y > 0, we could write
1
Byg(z,y) = N—lim [ " 1P ¢(1 — )V ' In?(1 — ¢t) dt.

e—0 €

The following theorem was proved in [4]:

Theorem 1.
Bp,q(ﬂca?/) = Bq,p(?/vm)

for all x,y and p,q =0,1,2,....
We now prove

Theorem 2.

B(1/2,0) = In4

and
"2
B(n+1/2,0) = —Z%_l—l—lnll,
i=1
"2
B(—n+1/2,0) = —222—_1+1H4
i=1
forn=1,2,....

2

Proof. We first prove equation (3). Putting ¢t = u®, we have

1—e Vi—e 1 /1 =
/ t—1/2(1—t)—1dt_2/ (1—u2)_1du:ln¥.
0 0

1—+v1—c¢
Now

_ViTe — 6[1—1-20(6)]

and so

N-limln(l —v1—¢) = —In2.

e—0

It now follows from equation (6) that

1—e
B(1/2,0) = N—lim t712(1 — )"t dt = In4,

e—0 0
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proving equation (3).
Next, we have

1—e 1—e 1 1
32— dr = / Ve (T, [
/0 (I—1) 0 (t 1 —t)

2(1 _ E)71—1/2 N /16 tn—1/2
0

dt
2n —1 1—1t

and it follows that

N—lim 3201 — )"t dtdt = B(n—1/2,0)
e—0 0
2
= 5 +B(n+1/2,0)

forn=1,2,.... Hence

n

2
B(1/2,0) = Zﬁ + B(n+1/2,0) =In4
i=1

and equation (4) follows for n =1,2,....
Next, we have

1—e 1—e 1 1
20 ot ar = / RTEY ST, I
/ (-0 6 (G+1=3)

B 2(1 o E)—?’L+1/2 N 2€—n+1/2 N /16 2f—n—l—l/2
N 2n —1 on —1 . 1—t

dt
and it follows that

1—e¢
11
N-lim [ ¢ "+1/2 (— + —) dt = B(—n+1/2,0)
e—0 € t 1—-t¢
2

= — B(— 3/2,0

for n =1,2,.... Hence

B(-n+1/2,0) = —=>_ % + B(1/2,0)
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proving equation (5) forn =1,2,....

Theorem 3.

(=1)"(2n)! (=1)"¢(n)(2n)!
B(n+1/2,—n) = 9201 (1) In2+ 921 (n1)2
forn =1,2,..., where
n
$(n) =Y 1/n
i=1
and
n
2n+1 2n+1
B 3/2,—-1) = —(2 HNIn2—
(n+3/2,-1) ;21__1 (2n+1)In 5
n+1
2n+1 2n+1
B(— 1/2,—-1) = — 2 1)In2
(—n+1/2,-1) ;2i_1+(n+)n+
forn=1,2,....
In general

(=1)"(2n + 2r)!r!
22n=1(2n 4 2r — 1)n!(n + r)!(2r)!
2n
ot 2r—1

Bn+r—1/2,—n+1) =

B(n+r+1/2,—n),

forr=0,1,2,... andn=1,2,....
Proof. We have

1—e ) 1—e
320 )y A = / 1— )y ™ qn1/2
/ (-1 ot ALEL)

2 on (1€
_ 1_ n—1/2_—n / tn—l/? 1—¢ —n—1 dt
s A Gl A 0 (1-1)
and so
1—e¢
N—lim 321 —t)™dt = B(n—1/2,—n+1)
e—0 0
(—1)"(2n)! o
— - B(n+1/2,—
g - D@ 1o,
since

. 1/2 —1)"(2n)!
N-—1 1— )" 1/2_—n — (
(1 - )" e 22 (nl)2
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forn=1,2,....
In particular, when n = 1, it follows from equation (11) that
B(1/2,0) = —1—2B(3/2,~1) = In4
on using equation (3) and so equation (7) is true when n = 1.
Now suppose that equation (7) holds for some n. Then it follows from

equation (11) that

2n 4+ 2
2n+1

—1)"*t1(2n + 2)! —1)"(2n)!
B(n+3/2,—n-1) 22”£1(2)n n (1)[(n +)1)!]2 - (22n—)1§n!))2 2
_(=1)"¢(n)(2n)!

22n(n!)2

and so

—1)+1(on |
B(n+3/2,—n —1) 22("11)(271 SQ;(Z),)Q
(—1)" T (2n + 2)!
22n+2(n + 1)[(n + 1)!]2
(—=1)" T (2n + 2)! n2+ (=)™ lp(n)(2n + 2)!
22n+1[(n 4-1)1]2 22n+2[(n 4 1)!]2
(—=1)" T (2n + 2)!
22n+2(n + 1)[(n + 1)!]?
(—1)" T (2n + 2)!
22n+1[(n 4 1)1]2

(=D)™*g(n)(2n + 2)!
2t e 22

(1) p(n +1)(2n + 2)!
2t e P

proving that equation (7) is true for n+1. Equation (7) now follows by induction
forn=1,2,....

Next, we have

e 1 2 e 1 n+1/2

" 1—t) " dt = 1—1¢) " dt"
/0 ( ) 2n +1 /0 ( )
) 3 ) 1—e 3
2n+1 2n+1 Jy
and so
e 1/2 1 —~ 2
N-li t"e(1—-t)""dt = B 1/2,0) = — —— +1n4
1

B 2,—-1
T Bn+3/2,-1),
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since

N—lim(1 — e)"F1/2e71 = A 1.
e—0 2

Equation (8) follows for n =1,2,....
To prove equation (9), we have

1—e 9 1—e
B2 oy = — / 1—t) L n1/2
/6 (1-1) n+1J, (1-1)

2
o 1 — ) n1/2,-1
AU ¢

2
2n+1

(1 _ 6)_1€_n_1/2

1—e¢
/ V21— )72 at

_|_

+2n—i—1

and so

€
N —lim 32—ttt = B(—n—1/2,0)
e—0 €
n+1

2
= _Z—Qi—l +In4
i=1

= -1 B(— 1/2,—1
on using equation (5), since
2 1
N—lim(1 —¢) " 127 = i
e—0 2
Equation (9) follows for n =1,2,....
In general, we have
R 2 e +r—1/2
e 1-t)™""dt = ————— 1—t) "dt""

2 n+r—1/2 _—n 2n e n+r—1/2 —n—1
:2n+2r—1(1_€) ¢ S+ 2r—1 0 t (1) dt
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and so

N—lim ST dt = Bn4r—1/2,—n+1)

e—0 0
= ( 1)”(2n + 2?”)'?”'
T 92n— 1(2n + 2r — 1)n'(n + 7“) (27“)
2n
5o B 1/2, —n)12
o p oy — 12t +1/2,-n)l2)
since
N—lim(1 — ¢)" "= 1/2em = (=D"(2n + 27“)'7“'7
e—0 22nnl(n + ’I”) (2?”)'
forr=10,1,2,... and n = 1,2,.... Equation (10) follows. 0
Theorem 4.
Bj1(—1/2,1) = —4In2 (13)
and
Borln=1/2,1) = : il In2 (14)
0,11 5 = o= 1 i_122‘_1 n ’
Boa(=n =1/2,1) : i o n2 (15)
o _ o
" ’ on+1 |42 1
forn=1,2,....

More generally,

i J
Boi(—1/2,7 4+ 1) = —4ln2—|—2(> 1222—1 +1In2| (16)
i=1
forr=1,2,...,
r i n+j
r\_ A(=1) -
B —1/2 1) = _— |- 20 —1 In2 17
oaln = 1/2r 1) =, <j>2n+2j—1[ Z('L )" +1n (17)
]:O =1
forr,m=1,2,...,
r : n—j
r\_ A(=1) -
Boi(—n —1/2 1) = _ 21 —1 —In2 18
iln =172+ =3 ()00 S - n] a9
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form=1,2,...andr=1,2,...,n—1,

n—j
(20 —1)7' — ln2]
=1

1=

S\ 4(—1)
Bo1(—n—1/2,n+1) = (=1)""141n2 —

=0

forn=1,2,... and

Boi(—n—1/2,7r+1) = T.ll (T> ALY

r IRy Jj—n
+ Y (;)274_(2% [11(12—' (22‘—1)—1] (20)

Jj=n+1
forn=1,2,...andr=n+1,n+2,....
Proof. We have

1—e 1—e
/ 20— dt = —/ "2 d1n(1 —t)
0 0

m—1 1—e
= —(1—¢" e+ n2 / =321 (1 — ¢) dt.
0

Hence

1= i 1 2n — 1
N —lim V21— hdt = Boi(n—1/2,1)
e—0 0 2

= B(n+1/2,0)

n
9
= —Z%_1+21n2
=1

on using equation (4) and equation (14) follows for n =1,2,....
Next, we have

1—e 1—e
/ - ae = —/ 2 dn(1 1)
= —(1-¢ e+ 2In(1—¢)

2 1 1—e
- n; / £n=3/21n(1 — t) dt.
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It follows that

1—e
2n + 1
N —lim 20— tde = — nt Boi(—n —1/2,1)
e—0 € 2
= B(-n+1/2,0)
"2
= — 21n2 21
;2i—1+ " 1)

on using equation (5) and equation (15) follows for n =1,2,....
In the particular case n = 0, equation (21) is replaced by the equation

1
~5Bo1(=1/2.1) = B(1/2,0) = 2In2

on using equation (3) and equation (13) follows.
To prove equation (16), we have

/elt—3/2(1 — )" In(1 —t)dt = Z C)(—l)j /:tj_m In(1 —t)dt

7=0
and it follows that
1
Boi(—1/2,7+1) = N-lim [ ¢%2(1 —t)"In(1 —t)dt

e—0 €
r

= > (T) (—=1)Boa1(j — 1/2,1)

=0

J
—4ln2+2(>23_1 [—22—1_1—1—11(12

on using equations (13) and (14). Equation (16) follows for r = 1,2, ....
More generally, we have

Boi(n—1/2,7+1) = /Olt”—?’/?
! T

B 20@

r

o \J

( > —1)Boa(n+j —1/2,1)

1—1t)"In(1—t)dt

r

(
1
1\ n+i=3/21(1 —
j (1)3/()15] In(1 — t) dt
- > (7))

r i n+j

r\_ A(-1) N
= el 21 —1 In2
(e DI
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on using equation (14) and equation (17) follows for r,n =1,2,....
Next, we have

/61 32— ) In(1 — ¢) dt = ZT: (r) (—1) /61 =320 (1 — f) di

=0

and it follows that
1
Boi(—n—1/2,r+1) = N-lim [ ¢"7%2(1—¢)"In(1 —t)dt

e—0 €

= Z (T> (=1 Boji(=n+j—1/2,1) (22)

j=o \J
r r 1 —J

= (20 —1)"" —In2
j;o(j> n—2j+1 Zl ! n]

on using equation (15). Equation (18) follows forn =1,2,...andr =1,2,...,n
—1.
When r = n, we have from equation (22)

B(),l(—’n,— 1/2 n + 1)

—Z( ) 17 Boa(—n+ j — 1/2,1) + (~1)" Boa(~1/2,1)

and equation (19) follows from equations (13) and (15).
When r > n, we have from equation (22)

n—1
Boa(—n—1/2,r+1) = Y <T> (=1)7By1(—n+3j—1/2,1)

=0
T N (r ; ,
(D) Baeizn s X (D) Baenri- 1z
n , J
j=n+1
and equation (20) follows from equations (13), (14) and (15). O

For further results, see [2].
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