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1. Introduction

A basic question in the theory of functional equations is as follows: when is it
true that a function, which approximately satisfies a functional equation, must
be close to an exact solution of the equation?

If the problem accepts a unique solution, we say the equation is stable.

The first stability problem concerning group homomorphisms was raised by
S.M. Ulam [26] in 1940 and affirmatively solved by D.H. Hyers [12]. The result
of Hyers was generalized by T. Aoki [2] for approximate additive mappings and
by Th.M. Rassias [21] for approximate linear mappings by allowing the Cauchy
difference operator to be controlled by e{||x|[P+||y||P}. In 1994, a generalization
of Rassias theorem was obtained by P. Gavruta [9] who replaced {||x||”+||y||P}
by a general control function ¢(z,y).

In addition, J.M. Rassias [20, 23] generalized the Hyers stability result by
introducing two weaker conditions controlled by a product of different powers
of norms and a mixed product sum of powers of norms, respectively. Recently,
several further interesting discussions, modifications, extensions, and general-
izations of the original problem of Ulam have been proposed, see [1, 13, 18, 22]
and the references therein.

K.W. Jun and H.M. Kim [14] introduced the following generalized quadratic
and additive type functional equation

f <sz> +(n—2)Zf($z‘) = > flri+ay) (1.1)

1<i<j<n

in the class of function between real vector spaces. For n = 3, Pl. Kannappan
proved that a function f satisfies the functional equation (1.1) if and only if
there exists a symmetric bi-additive function A and additive function B such
that f(z) = B(z,z) + A(x) for all x (see [17]). The Hyers-Ulam stability for
the equation (1.1) when n = 3 was proved by S.M. Jung [15]. The Hyers-Ulam-
Rassias stability for the equation (1.1) when n = 4 was also investigated by
I.S. Chang et al., [7]. A. Najati and M.B. Moghimi [19] investigated the gen-
eralized Hyers-Ulam-Rassias stability for the quadratic and additive type
functional equation of the form

fQRx+y)+fQ2x—y)=2f(x+y)+2f (x—y)+2f (2x) —4f (x). (1.2)

The general solution and generalized Ulam-Hyers stability of a mixed type
Additive Quadratic(AQ)-functional equation

g(x +y) +g(x —y) =29(z) + g(y) + 9(~y), (1.3)
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was investigated by M. Arunkumar and J.M. Rassias [6].

Definition 1.1. Let X and Y be real vector spaces and let f : X — Y,
then:

(1) f is said to be Arun-Additive Functional Equation [3] if f satisfies
the functional equation
fRrtytz)=flaty) + flz£2) (1.4)
for all z,y,z € X.
(2) f is said to be Arun-Quadratic Functional Equation [4] if f satisfies
the functional equation
fRxty+2)+2f(y)+2f(2) =2f(xr Ly)+2f(x+2)+ fly+2) (1.5)
for all z,y,z € X.

(3) f is said to be Arun-Cubic Functional Equation [5] if f satisfies the
functional equation

fRxty+2)+ f(ty+2)+2f(ty) +2f(£2) =2f(r +y+ 2)
+flzty)+flet2)+ f(—r+y)+ f(—x+2)+6f(x) (1.6)
for all x,y,z € X.

(4) f is said to be Arun-Additive Quadratic (AQ) Functional Equa-
tion, if f satisfies the functional equation

fQRrxty+t=z)
=2f(—eFyF2)-2f(FyF2)+ f(Fy+2)+3f(x) — f(-z) (1.7)
for all x,y,z € X.

In this paper, the authors have established the general solution in vector
space and generalized Ulam-Hyers stability of AQ-functional equation (1.7) in
random normed spaces. It is easy to see that the mapping f(x) = az + bz? is
a solution of the functional equation (1.7).

In Section 2, we investigate the general solution of functional equation (1.7)
when f is a mapping between vector spaces.

In Section 3, we present preliminaries, notations and conventions of the
theory of random normed spaces and, in Section 4, we establish the stability of
the functional equation (1.7) in RN-spaces.
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2. General Solution of the Functional Equation (1.7)
In this section, the general solution of the functional equation (1.7) is given.

Theorem 2.1. Let X and Y be real vector spaces. The odd mapping
f+ X = Y satisfies the functional equation

fle+y) = f)+ fy) (2.1)
for all x,y € X if and only if f : X — Y satisfies the functional equation
fRetytz) =2f(—aFyFz)-2f(FyFz)— f(Fy£2)+3f(z) - f(-2) (2.2)

for all x,y,z € X with f(0) = 0.

Proof. Let f: X — Y satisfy the functional equation (2.1). Setting (z,y)
by (0,0) in (2.1), we obtain f(0) = 0. Replacing y by = and y by 2z in (2.1),
we obtain

f(2z) =2f(x) and f(3z) = 3f(a) (2.3)
for all x € X. In general for any positive integer a, we have
flax) = af(x) (2.4)

for all z € X. Replacing (z,y) by (z,z £y =+ 2) in (2.1), we get
fRr+y+t2)=f(z)+ flx+y+2) (2.5)
for all z,y,2z € X. Using (2.1) in (2.5), we obtain
fRxty+z)=2f(z) £ f(y+2) (2.6)

for all x,y,z € X. Adding 2f(z) and 2f(Fy F z) on both sides of (2.6), we
arrive at

fRrEty+z)+2f(x) +2f(Fy*2)
=2f(x) £ fly+2)+2f(x) +2f(Fy F2) (2.7)

for all z,y,z € X. Equation (2.7) can be rewritten as

fRzxty+z)
=2f(z) £ fly+2)+2f(x) +2f(Fy + F2) — 2f(z) — 2f(Fy + F2) (2.8)
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for all z,y,z € X. Using (2.1) in (2.8), we obtain

fQRrtytz)=2f(—xFyFz)-2f(FyFz)+ f(Fyx2)+3f(z)— f(—z) (2.9)

for all z,y,z € X.
Conversely, f : X — Y satisfies the functional equation (2.2) with f(0) = 0.
Setting z by 0 and using oddness of f in (2.2), we get

f2x £ y) = 2f(— F y) + 4f(x) F 3£ () (2.10)

for all z,y € X. Replacing (z,y) by (x,0) and (x,Fx) respectively in (2.10),
we obtain

f(2z) =2f(x) and f(3z)=3f(x) (2.11)

for all x € X. In general for any positive integer b, we have
f(bx) =bf(x) (2.12)
for all z € X. Substituting (z,y) by (z, Fr £ y) and remodifying (2.10), we get
flx+y)+3f(x—y) = =2f(y) +4f(x) (2.13)

for all z,y € X. Interchanging = and y in (2.13) and using oddness of f, we
obtain

fx+y) =3f(z —y) = =2f(2) +4f(y) (2.14)
for all z,y € X. Adding (2.13) and (2.14), we arrive at (2.1), for all z,y €
X. O

Theorem 2.2. Let X and Y be real vector spaces. The even mapping
f X — Y satisfies the functional equation

fle+y)+ flz—y) =2f(z) +2f(y) (2.15)
for all x,y € X if and only if f : X — Y satisfies the functional equation
fRetyxe) =2f(—aFyF2)-2f(FyF2)— f(ty£z)+3f(z) - f(-z) (2.16)
for all x,y,z € X with f(0) =0.
Proof. Let f: X — Y satisfy the functional equation (2.15). Setting (x,y)
by (0,0) in (2.15), we obtain f(0) = 0. Replacing y by x and 2z in (2.15), we

arrive

f(2z) =4f(x) and f(3z)=9f(x) (2.17)
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for all x € X. In general for any positive integer a, we have
f(az) = a2 (@) (2.18)
for all z € X. Replacing (z,y) by (z,z £y =+ 2) in (2.15), we get
fRrtyxz)=2f(rxytz)+2f(x)— f(ty £2) (2.19)
for all z,y,z € X. Adding 2f(z) and f(+y £ z) on both sides of (2.19), we get
fRrtyxz)+ f(x)+ f(ty + £2)
=2f(xtyL2)+2f(zx)— f(y+2)+ flx)+ f(y++2z) (2.20)
for all z,y,z € X. Using evenness of f in (2.21), we arrive
F(Rutyt ) = 2f (—oFyF2)—2f (kyt2)— f(y++2)+3f(2)— f(—z) (2.21)

for all z,y,2 € X.
Conversely, f: X — Y satisfies the functional equation (2.16) with f(0) =
0. Replacing z by 0 in (2.16), we obtain

f@rty)=2f(z+y)+2f(z) - f(y) (2.22)

for all z,y € X. Replacing y by 0 and +z in (2.15), we get

f2z) =4f(x) and f(3z)=9f(x) (2.23)

for all x € X. In general for any positive integer b, we have
F(b2) = B f(2) (2.24)
for all x € X. Substituting (x,y) by (z, Fz £ y) in (2.23) and using evenness
of f, we arrive (2.15) for all z,y € X. O

3. Preliminaries

In the sequel, we adopt the usual terminology, notations and conventions of the
theory of random normed spaces as in [8, 24, 25].

Throughout this paper, AT is the space of distribution functions, that is,
the space of all mappings F': RU{—o00,00} — [0,1], such that F is leftcontin-
uous and nondecreasing on R, F'(0) = 0 and F(+oc0) = 1. DT is a subset of AT
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consisting of all functions F' € A™ for which [~ F(+00) = 1, where [~ f(x) de-
notes the left limit of the function f at the point x, that is, [~ f(z) = lim f(¢).
t—x—

The space A™ is partially ordered by the usual pointwise ordering of functions,
that is, F' < G if and only if F(t) < G(t) for all ¢ € R. The maximal element
for AT in this order is the distribution function € given by

0, ift<0,
“lt) = { 1, ift>0. (8:1)

Definition 3.1. (see [24]) A mapping T : [0,1] x [0,1] — [0,1] is called
a continuous triangular norm (briefly, a continuous t—norm) if 7" satisfies the
following conditions:

T is commutative and associative;

(a
(b

T is continuous;

(c
(d

)
)
) T'(a,1) = a for all a € [0,1];
)

T(a,b) < T(c,d) whenever a < ¢ and b < d for all a,b,c,d € [0,1].
Typical examples of continuous t—norms are Tp(a,b) = ab,Ty(a,b) =
min(a,b) and T7(a,b) = max(a + b — 1,0) (the Lukasiewicz t—norm). Re-

call (see [10, 11]) that if 7" is a t—norm and x,, is a given sequence of numbers
in [0, 1], then 77" ;x4 is defined recurrently by

T1 —xi=xy and T) o, =T (T llxl,xn) for n > 2.
T2, i is defined as T,°; £y, 4. It is known [11] that, for the Lukasiewicz t—norm,

the following implication holds:

T}I—)H;O(TL) P Tt = 1 <= Zl (1—2x,) < 0. (3.2)

Definition 3.2. (see [25]) A random normed space (briefly, RN-space) is
a triple (X, u,T'), where X is a vector space, T" is a continuous t—norm and g
is a mapping from X into D% satisfying the following conditions:

(RN1) p,(t) =eo(t) for all ¢ > 0 if and only if x = 0;

(RN2) pg 2(t) = p(t/|a]) for all z € X, and o € R with o # 0;
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(RN3) figyy(t+s) > T (pz(t), py(s)) for all z,y € X and ¢, s > 0.

Example 3.3. Every normed spaces (X, || - ||) defines a random normed
space (X, u, Thr), where
t

t+ |||

:u:t(t) =

and Ths is the minimum t—norm. This space is called the induced random
normed space.

Definition 3.4. Let (X, pu,T) be a RN-space.

(1) A sequence {x,} in X is said to be convergent to a point =z € X if,
for any ¢ > 0 and A > 0, there exists a positive integer N such that
Ha,—z(€) > 1= Xfor all n > N.

(2) A sequence {z,} in X is called a Cauchy sequence if, for any ¢ > 0 and
A > 0, there exists a positive integer N such that p,, ., (€) > 1 — X for
alln >m > N.

(3) A RN-space (X, u,T) is said to be complete if every Cauchy sequence in
X is convergent to a point in X.

Theorem 3.5. (see [25]) If (X, 1, T') is a RN-space and {xn} is a sequence
in X such that x, — x, then li_>m e, (t) = pz(t) almost everywhere.
n [0.9]

4. Stability Results in RN - Space

In this section, the generalized Ulam-Hyers stability of the AQ-functional equa-
tion (1.7) in RN-space is provided. Let us consider X to be a linear space and
(Y, 1, T) to be a complete RN-space. Define a mapping F' : X — Y by

F(x,y,2) = f2r Ly +2) = 2f(—x FyF2) +2f(Fy F 2)
+ f(y£2) +3f(x) — f(—x)

for all z,y,2, € X.
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Theorem 4.1. Let j = +1. Let f, : X — Y be an odd mapping for which
there exists a function 1 : X> — D% with the condition

nh_{glo 1= (772ij$72ijy72ijz (2(“—1)]. t)) =1= nh_)rglo Tni g 2y 25 (2nj t) (4.1)
such that the functional inequality with f,(0) = 0 such that

HF(ay.) () 2 My, () (4.2)

for all z,y,z € X and all t > 0. Then there exists a unique additive mapping
A: X — Y satisfying the functional equation (1.7) and

A 1a(@) (1) 2 T (a0 (20777 1)) (4.3)
for all x € X and all t > 0. The mapping A(z) is defined by
:uA(ac)( )= nhm H fo2nd ) (t) (4.4)

onj

for all x € X and all t > 0.

Proof. Assume j = 1. Setting y = z = 0 and using oddness of f in (4.1),
we get

[ fa(22)—2fa () (1) = N2,0,0(1) (4.5)
for all z € X and all ¢ > 0. It follows from (4.5) and (RN2), we have
HtaG) () (t) = nw,0,0(2t) (4.6)
for all z € X and all ¢ > 0. Replacing by 2"z in (4.6), we arrive
B gaentia) _ gaema () = T2na0,0(2"FH) (4.7)
on+1 2mn

for all z € X and all t > 0. It is easy to see that

z+1 7
fa(22 T . Zfa ;+1 fa(22i .Cl?) (48)

for all z € X. From equations (4.7) and (4.8), we have

Pra@re) g o)) = Hnt azitie) _ puein) (1)

=0 2i+1 2%
> T30 i paeitin) s fafzie) !
a22+1 a 21+1

> T iz 0.0(2° +1t) (4.9)
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for all z € X and all ¢ > 0. In order to prove the convergence of the sequence
{—f“(f:x)} , we replace x by 2™z in (4.9), we arrive

Parima o (1) 2 T Maitmg 0027 1)

on+m
=T gin 00(2771)

i=m
—0asm — oo (4.10)
fa(2"2) ) . . .
for all x € X and all ¢ > 0. Thus “on (182 Cauchy sequence. Since Y is

complete there exists a mapping A : X — Y, we define
Pa@)(t) = lim Htane) (t)

for all x € X and all ¢ > 0. Letting m = 0 and n — oo in (4.10), we arrive
(4.3) for all z € X and all ¢ > 0. Now, we have to show that A satisfies (1.7),
replacing (x,y, z) by (2"x,2"y,2"z), we have

[P (2nz,2ny,2n2)(E) = T2na,any,2nz(2" 1) (4.11)

for all z € X and all t > 0. Taking n — oo both sides, we find that A satisfies
(1.7) for all x,y,z € X. Therefore the mapping A : X — Y is additive.

Finally, to prove the uniqueness of the additive function A subject to (4.4),
let us assume that there exist a additive function A" which satisfies (4.3) and
(4.4). Since A(2"z) = 2"A(x) and A'(2"z) = 2"A'(x) for all x € X and all
n € N, it follows from (4.4) that

LA () A7 () (2) = faang)—ar(ang) (271
= A0 2)— fa(202) 4 fo(202)— A (202) (27T 1E)
> T (Ba@na)—fa(@ra) (27TH), g, @00)—ar2na) (2778))

= T (T (Maiz 00) (211), T (o 0) (27F11))
—0asn— o0

for all x € X and all £ > 0. Hence A is unique.
For j = —1, we can prove a similar stability result. This completes the
proof of the theorem. O

The following corollary is an immediate consequence of Theorem 4.1 con-
cerning the stability of (1.7).
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Corollary 4.2. Let A and r be nonnegative real numbers. Let an odd
function f, : X — Y satisfy the inequality

na(s)
HF(ey,2)(S) = S IA(allm+[ylm+]2]7) (5) ir <lorr>1;
Il 71l 217+ (2] B+l 242 2) (8) 57 < 5 orr > 3

(4.12)
for all z,y,z € X and all s > 0. Then there exists a unique additive mapping
A: X —'Y satisfying the functional equation (1.7) and

m(s)

HA(2)—fa(2)(8) = — (5) (4.13)
UNEEAC)

[2—237]

for all x € X and all s >0 .

Theorem 4.3. Let j = +1. Let f : X — Y be an even mapping for which
there exists a function 1 : X> — D% with the condition

lim 77, (7721'1';,;,21'13,,21'12 (4““” t)) = 1= 1 iy iy (499 1) (414)
such that the functional inequality with f,(0) = 0 such that

PF(y,2)(8) 2 Ty, (1) (4.15)

for all x,y,z € X and allt > 0. Then there exists a unique quadratic mapping
Q : X — Y satisfying the functional equation (1.7) and

1) 14 (8) = T (Maz 00 (40417 1)) (4.16)
for all x € X and all t > 0. The mapping Q(z) is defined by

Q) (1) = T 15, omis (1) (4.17)
4"1

J

for all x € X and all t > 0.

Proof. Assume j = 1. Setting y = z = 0 and using the evenness of f in
4.14), we get
g

[fy(22)—4fo(2) (B) = T0,0(t) (4.18)



170 S. Murthy, M. Arunkumar, G. Ganapathy, P. Rajarethinam

for all x € X and all ¢ > 0. It follows from (4.18) and (RN2), we have
qu(fa:) —fq(ac) (t) 2 77170,0(415) (4.19)
for all x € X and all £ > 0. Replacing = by 2"z in (4.19), we arrive at

Hoggentiny  fq(2na) (t) > 772"a:,0,0(4n+1t) (4.20)
BT = B

for all z € X and all t > 0. It is easy to see that

f f 21+1 f 2i
(1(4 _fq Z Q4z+1 q(4zx) (421)

for all z € X. From equations (4.20) and (4.21), we have

Proaena g (E) = Mt 0@t gyiaie) (t)

4

t
mn—
> T o gy et _fal2i) (—4i+1)

4i+1

> Ti5 772ix,0,0(4l+1t) (4.22)

for all z € X and all ¢t > 0. In order to prove the convergence of the sequence

{fq%?:x)

} , we replace x by 2™z in (4.22), we arrive at

4’i+m+1 t)

H gq@ntma) (t) > 7}1_01772#%,0,0(

An+m _fq(x)
= 712:1”_1"72%,0,0(4”175)
—0asm — o0 (4.23)

fq(2nx)
4TL

for all x € X and all ¢ > 0. Thus { is a Cauchy sequence. Since Y is

complete, there exists a mapping @) : X — Y, we define

IU‘Q(QI)( ) = hm 0 Hgq2ni) (t)
qnj
for all z € X and all ¢ > 0. Letting m = 0 and n — oo in (4.23), we arrive
(4.16) for all x € X and all ¢ > 0. In order to show that @) satisfies (1.7) and
it is unique the proof is similar to that of Theorem 4.1.
For j = —1, we can prove a similar stability result. This completes the
proof of the theorem. O
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The following corollary is an immediate consequence of Theorem 4.3 con-
cerning the stability of (1.7).

Corollary 4.4. Let A\ and r be nonnegative real numbers. Let an even
function f,: X — Y satisfies the inequality

NG
HF(2y,2)(S) = § IA(allm+[ylm+]2]7) (5) ir <lorr>1;
A7l 7217+ (2] B+l 42 20] (8) 57 < 3 orr > 33

(4.24)

for all z,y,z € X and all s > 0. Then there exists a unique quadratic mapping
Q : X — Y satisfying the functional equation (1.7) and

HQ(w)~folw) (8) 2 = (4.25)

for all x € X and all s > 0 .

Theorem 4.5. Let j = +1. Let f: X — Y be a mapping for which there
exists a function n : X® — D7 satisfying the conditions (4.1) and (4.14) and
the functional inequality with f(0) = 0 such that

PP (ay,2) () 2 1y, () (4.26)

for all z,y,z € X and all t > 0. Then there exists a unique additive mapping
A : X — Y and a unique quadratic mapping Q : X — Y satisfying the
functional equation (1.7) and

HA@)-Qa)—f(x) (21)
>T (72'0:00 {T (7721'1@-,0,0 (2(i+1)j t)) ) (77—2ida;,0,0 (2(i+1)j t))]
T:=, {T (772ijx,0,0 (4(i+1)j t)) ) (777217'1,0,0 (4(i+1)j t))D (4.27)

for all x € X and all t > 0. The mapping A(z) and Q(x) are respectively
defined in (4.4) and (4.17) for all z € X and all t > 0.

Proof. Let f,(x) = 2o%) _2f“(_”“°) for all # € X. Then f,(0) = 0 and
fo(—2) = —fo(x) for all z € X. Hence

HFo(x,y,z)(2t) >T (7717%2 (t) yN—z,—y,—2 (t)) (4'28)



172 S. Murthy, M. Arunkumar, G. Ganapathy, P. Rajarethinam

for all x,y,z € X and all t > 0. By Theorem 4.1, we have
HA(z)—fo(x) (2t) 2 TZO:OO |:T (7721'190,0,0 (2(i+1)j t)) ) (77721']'%0,0 (2(i+1)j t))]
(4.29)

for all x € X and all £ > 0.
Also, let fe(z) = fo(@) + fo(=2)

fe(=x) = fe(x) for all z € x. Hence
MFe(ac,y,z)(2t) > T (Ux,y,z (t) yN—z,—y,—2 (t)) (4'30)
for all z,y,z € X and all ¢t > 0. By Theorem 4.3, we have

1Q ()~ () (28) = TiZg [T (772idx,o,o (4(i+1)j t)) ; (U_zia‘x,o,o (4(i+1)j 75))]

for all z € X. Then f.(0) = 0 and

for all x € X and all ¢ > 0. Define

f(@) = fe(x) + fo(x) (4.32)
for all z € z. From (4.29), (4.31) and (4.32), we arrive

HA(2)-Q(x)—f(z) (28)
= HA(2)-Q(2)— folz)— fe(z) (2F)
> T (fa(w)— fo(x) (0)s Q) — fo(x) ()

>T (T{’Oo [T (nzijx,o,o (2(i+1)j %)) ’ (nQijx’O’o (2(i+1)j %)ﬂ
J‘;O:OO |:T <772ijac,0,0 (4(Z+1)j %)) ) <n—2ijac,0,0 <4(2+1)‘7 %)>:|)

for all x € X and all ¢ > 0. Hence the theorem is proved. O

The following corollary is an immediate consequence of Corollaries 4.2 and
4.6 concerning the stability of (1.7).

Corollary 4.6. Let \ and r be nonnegative real numbers. Let a function
f: X — Y satisfy the inequality

na(s)
1 (2,2 (S) = S IAallm+[ylm+]2l7) (5) ;r<2orr>2;

. 1 1.
TNl I7 Iyl 7] =7+ (2l B+l B+ 2ler) (8) 57 < g or 1> 53
(4.33)
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for all x,y,z € X and all s > 0. Then there exist a unique additive mapping
A : X — Y and a unique quadratic mapping Q : X — Y satisfying the
functional equation (1.7) and

77>\+%(8)
S
HA(2)-Q(x)— f(z) (28) = 77*”’”‘“(@*@)( ) (4.34)

n (s)
All]f3r (ﬁﬂL@)

for all x € X and all s > 0 .
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