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Abstract: The incomplete Beta function B(\, y; x) is defined by

B\ pz) = / A ) L/
0

for \,u > 0 and 0 < x < 1. This definition was extended to negative integer
values of X and p by Ozcag et al. Partial derivatives of the incomplete Beta
function B(\, u;x) for negative integer values of A and p were then evaluated.
In the following, it is proved that

Byo( 1 So_CDP i
for A\#£0,—1,—2,... and p =0,1,2,... and more generally
s—1 s—1 '
Bpo(A, s;w) = Z ( j >(_1)]Bp,o()\ +7,1;2)
=0

for p=20,1,2,... and s = 1,2,.... Further results are also proved.
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The Beta function B(\, ), see Sneddon [6], is usually defined by the integral

B\, p) = /OltAl(l —t)*Ldt, (1)

for A, u > 0 and more generally, the function

op+a
OAPOLY

B()‘v M) = BPvQ()‘v M)

is defined by the integral
1
By o\ 1) _/ A P t(1 — 6)* T In?(1 — t) dt,
0

for \,up >0 and p,q=0,1,2,....
It follows from equation (1) that

T ()

B =505

where I'(A) denotes the Gamma function and this equation is then used to
define B(A, ) for A\, p < 0 and A\, # —1,—2,....
More generally, it was proved in [2] that the neutrix limit

1—e¢
B, ,(\, 1) = N—lim A P (1 — t)* Lt n?(1 — t) dt, (2)

e—0 €
exists for all A\, p and p,q = 0,1,2,..., where N is the neutrix, see van der
Corput [1], having domain N’ = (0,z) (0 < z < 1/2) and range N” the real
numbers, with the negligible functions finite linear sums of the functions
Aln""le, In"e (A<0, r=1,2,...)

€ n

and all functions which converge to zero in the normal sense as € tends to zero.
Equation (2) was then used to define By, 4(\, ) for all A, pand p,q =0,1,2,....
Note that if A > 0, we could write

1—e
By g\, ) = N—lim A P (1 — t)* L In?(1 — t) dt,

e—0 0
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and if p > 0, we could write
1
By(A\ ) =N—lim [ * ' InP¢(1 — )" (1 —t) dt.

e—0 €

The incomplete Beta function B(\, u; ) is defined by
x
B\ i 2) = / P11 — L dt 0 <o < 1
0

for A, >0and 0 <z <1, see Ozcag et al. [4].
It was proved, see Ozcag et al. [4] and [5] that

x
N—lim [ * Y1 —¢t)*Ldt

e—0 €

exists for all values of A\, u and so B(\, p; z) was defined by the equation

B\, u;2) = N—lim [ 11—t~ Lat

e—0 €
for all values of A, .

More generally, the function B, 4(\, p; z) is defined by

x
By O\ piz) = N—lim [ 'InP¢(1 — )"~ 1n? dt,

e—0 €

the limit existing for all values of A\, and p,q =0,1,2,..., see [5].
Note that if A\ > 0, then we simply have

X
By O\ i) = lim [ AP e(1— ) Ind(1 — tdt

e—=0 /¢

= / A P ¢(1 — ) In?(1 — t) dt.
0

Note further that

By oA\, ) = N=lim By, (A, ;1 —€),
e—0
for all values of A\ and p and in particular

Bp,q()‘aﬂ) = Bp,q()‘alﬁ 1),

if p > 0.
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To prove our first theorem, we need the following result:

T
/ A nP ¢ dt
€

p+1 ; p+1 i
(=1)'p! Ay, p—itl (=1)'p! A1, p—i
=— M nPt S L S 5
Z,Zl(p—i—kl)!)\lx " x+;(p—i+1)!Az€ n e ()
for A\ £ —-1,-2,...and p=0,1,2,....
Equation (5) is easily proved by induction.
Theorem 1.
p+1 ;
N (—=1)°p! A p—itl
Bpo(A Liz) = — z; it " In T (6)
for A#£0,—-1,-2,... andp=0,1,2,....
More generally,
s—1 s—1 '
Bohsio) =3 (1) 0 Bl i) @
=0~ 7
forA#0,-1,-2,...,s=1,2,...andp=0,1,2,....
Proof. We have
x
Byo(\ 1;2) = N—lim [ " !InPtdt

e—0 €

and equation (6) follows on using equation (5) for A # 0,—1,—2,... and p =
0,1,2,....
To prove equation (7), we have

T s—1 s—1 . [T .
/ A P (1 — ) dt = Z( , >(—1)3/ I P ¢ dt
€ j=0 J €

and equation (7) follows on using equations (5) and (6) for A #0,—1,—-2,...,
s=1,2,...and p=0,1,2,....

Corollary 1.1
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for A#£0,-1,-2,...and p=0,1,2,....
More generally

0-5 () g

=\ J

forA#0,—-1,-2,...,s=1,2,...andp=0,1,2,....

Proof. Equation (8) follows immediately from equations (4) and (6) for
A£0,~1,-2,...andp=0,1,2,....

Equation (9) follows from equations (4), (7) and (8) for A #0,—1,-2,...,
s=1,2,...and p=0,1,2,....

Theorem 2.

p+1 oo p'
1A L) M P g 10
S <>

for A#£0,-1,-2,... andp=0,1,2,....
More generally

s—1 oo s—1 1)’i+1 - .
1(A, s52) ZZ r Bpo(A+i+7,1;z), (11)

=0 j=1
forA#0,-1,-2,...,s=1,2,...andp=0,1,2,....
Proof. To prove equation (10), we have

/tA "InP (1 —t)d Z /t’\ﬂ nP ¢ dt

€

p+1 o9

1)'p! A pp—itl
—E E In? T
_ 15
P e 1 2—1—1 Wi+ 75)¢
p+1 oo p|
B APl e (19
zzljzl —2+1'j)\+j) (12)

on using equation (5).
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Choosing a positive integer J > —\, we have

- p' M pp—itl . (_1)ip! A+j [ pp—itl
n €= - - —¢€ n €
= —2+1'j)\+j) ;(p—z—l—l)!j()\—l-j)’
1)"p! M Pt
+ Z TP~ e, (13)
_ )!
JJ+1 z+1j()\+j)
where
. A
Z : (—11)'Zp!)\ : i€A+j InP~ 1l e — O(€A+J1np7i+1 6)'
i1 =it DA+ )
It follows that
p+1 oo p'
—1i AT IpPHH e = 0 14

and it follows from equations (12) to (14) that

x
Bpi(A\ Liz) = Ne—_}(i)m A InPtin(1 — ) dt
€
p+1 oo p'
— ZZ M it
_ l
P 1 1 —l— DIFA+5)

proving equation (10) for A #0,—1,—2,... and p=10,1,2,....
Next, we have

/ A P (1 — )L In(1 —t) dt
o Sz% = (s - 1>
7=1

=0

/ : A= 0P ¢ dt

€

and equation (11) follows for A #0,—-1,—-2,...,s=1,2,...and p=10,1,2,....

Corollary 2.1
1)P+lp

1
3213 )\+Jp+1’ (15)

for A#£0,—-1,-2,...and p=0,1,2,....



RESULTS ON THE BETA FUNCTION... 197

More generally
s—1 oo
=0 j=1
forA#0,—-1,-2,...,s=1,2,...andp=0,1,2,....
Proof. Equation (15) follows immediately from equations (4) and (10) for
A£0,—-1,-2,...and p=0,1,2,....
Equation (16) follows from equations (4), (8) and (11) for A # 0, —1,—-2,...,
s=1,2,...and p=0,1,2,....

—1 1)itp+1p
5 #’ (16)
i JjA+i+g)rtt

Theorem 3.

ptl oo z+12|
plo()) Atj+1q,,p—i+1
a(\ 1; TP e, (17
z) 221]21 —z—l—l g+1)(/\+3+1)$ e, (17)
for X # 0,—1,-2,... and p = 0,1,2,..., where ¢(j) = i:l k=1, for j =

1,2,....
More generally

s—1 oo
Bpa(A, s;1) }:ch_l) Xf?)sz+i+Lh@, (18)
=0 j=1

forA#0,-1,-2,...,s=1,2,...andp=0,1,2,....
Proof. We first of all note that

oo J
1 2 1— — '+1
(1 =) §:§:k3—k+1
Jj=1k=1
- ¥ qﬁﬂ)ﬁ“ (19)
=17
Then
/t’\_llnptln2(1—t)dtzz.¢—(j)/ A InP t dt
c j:11+1) ¢
p+1 oo
:_ZZ —1)"2¢(j)p! AL it
=S —2+1 NG+ DA +5+ 1)
p+1 oo
—1)"2¢(j)p! Al p—itl
InP~"* 2
+ZZ —2-1—1 g+1)(>\+‘7+1)6 n e (20)

zlgl
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on using equation (5).
It follows as in the proof of equation (14) that

+1 oo i .
N—hmpzz (=1)720())p! APt le =0 (21)
e—0 z‘:lj:l( p—i+DIG+1)A+5+1)
and so
Bpa(\, 1;2) = N—lim A P tIn?(1 — t) dt

[e.e] .
2 r ,
= N-lim) M / M InP ¢ dt
€—0 = g+1 /.
on using equations (20) and (21). Equation (17) now follows for A # 0, —1,—2, ...

and p=0,1,2,....
Next, we have

/ A P (1 — )P In?(1 — ) dt

s—1 oo
9 T o
=53 (5 >7) qf()/ P P ¢t
=0 j=1 ‘]+ ¢

and equation (18) follows for A #0,—1,—-2,...,s=1,2,...and p=10,1,2,....
Corollary 3.1

= —1)P2¢(j)p!
)\1 E 22
el o J+1 YA+ + 1)t (22)

for A#£0,—-1,-2,... andp=0,1,2,....
More generally

Sy (5! )P26(j)p
ZZ( i >]+1)()\+Z+j)p+1’ (23)

=0 j=1
for A#£0,-1,-2,...,s=1,2,...and p=20,1,2,....
Proof. Equation (22) follows immediately from equations (4) and (17) for
A£0,—1,-2,...and p=0,1,2,....

Equation (23) follows from equations (4), (8) and (18) for A # 0, —1,-2,...,
s=1,2,...and p=0,1,2,....
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Theorem 4.

A1
Bpa(\0iz) = “2=B,

1
—§x>‘_1 In? 21n?(1 — x)

2 =1, 52) + £ By1p(A — 1, 152)

\ 1p+1 00

Heb-it DIG+ 1A+ )

P = (—1)2(p — Dg(j) A P
Bl G a0

1
—51’)‘71 In? z1n?(1 — 2),

for A#£0,—1,-2,...andp=1,2,....

Proof. We have

x 1 €T
/ t* 2P tIn%(1 — t) dt =1— In? tIn?(1 — t) dt* !
1
:mx)‘fl In? z1n*(1 — 2)

1 A—=17y..p 2

o1 In” eIn“(1 — ¢)
1 X

1) tA_l[pt_llnp_ltln%l —1)

—2InPt(1 —¢)"'In(1 — t)} dt,
where it is clear that

N—lime* ' n? eIn?(1 — €) = 0.
e—0

Using equation (15), we get

x
Bya(A—1,1;2) = N—lim [ ¢ 2InPtIn*(1 —t)dt

e—0 €
1

= ﬁaf‘_l In? 2 1n?(1 — z) —

199

(24)

_ % Z Z : (—=1)"12plo(5) A it

(26)

2
%Bp—lﬂ()\ —LLiz)+ me,l()‘ao;x)
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and so

A1
Byi(\0;2) === Bya(A — 1, L) + %’B,,_LQ(A —1,1;2)

1
— M Pz n?(1 — )

AT CDIIG) g
7] p—i+1
ZZl —z+1 Groo+p
+I_9i - ZHQ( DIOW) i ppp—i
2 &= :1 G+ 1)\ +j)
1
- 5:0)‘7 In” z1n?(1 — z),

proving equations (24) and (25).
Corollary 4.1

_AISS (C1P2000 | p s (S1P20() (0 — 1)
o2 Z(]+1)()\+]p+1 52 ]_|_1 O+j)p (28)

j=1
for A#£0,—-1,-2,...and p=1,2,....
Proof. We have

A—1
B,1(A,0) = N-lim [T p2(A—1,1;1 —¢€) + ng_Lg()\ —1,1;1—¢)

e—0

B P e}

2
A—1

- TB,J,Q(A—LUJFQB L1o(A—1,1)

LAl (CD)P29() P = (—1)P7126(5) (p — 1)!

o 2 jzl(j+1)(>\+jp+1 221 G+DAN+5)p 7

on using equations (4) and (22), proving equations (27) and (28) forp =1,2,....
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