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Abstract: The incomplete Beta function B(λ, µ;x) is defined by

B(λ, µ;x) =

∫ x

0
tλ−1(1− t)µ−1 dt,

for λ, µ > 0 and 0 < x < 1. This definition was extended to negative integer
values of λ and µ by Özçaḡ et al. Partial derivatives of the incomplete Beta
function B(λ, µ;x) for negative integer values of λ and µ were then evaluated.
In the following, it is proved that

Bp,0(λ, 1;x) = −

p+1
∑

i=1

(−1)ip!

(p− i+ 1)!λi
xλ lnp−i+1 x

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . and more generally

Bp,0(λ, s;x) =

s−1
∑

j=0

(

s− 1

j

)

(−1)jBp,0(λ+ j, 1;x)

for p = 0, 1, 2, . . . and s = 1, 2, . . . . Further results are also proved.
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*

The Beta function B(λ, µ), see Sneddon [6], is usually defined by the integral

B(λ, µ) =

∫ 1

0
tλ−1(1− t)µ−1 dt, (1)

for λ, µ > 0 and more generally, the function

∂p+q

∂λp∂µq
B(λ, µ) = Bp,q(λ, µ)

is defined by the integral

Bp,q(λ, µ) =

∫ 1

0
tλ−1 lnp t(1− t)µ−1 lnq(1− t) dt,

for λ, µ > 0 and p, q = 0, 1, 2, . . . .

It follows from equation (1) that

B(λ, µ) =
Γ(λ)Γ(µ)

Γ(λ+ µ)
,

where Γ(λ) denotes the Gamma function and this equation is then used to
define B(λ, µ) for λ, µ < 0 and λ, µ 6= −1,−2, . . . .

More generally, it was proved in [2] that the neutrix limit

Bp,q(λ, µ) = N−lim
ǫ→0

∫ 1−ǫ

ǫ

tλ−1 lnp t(1− t)µ−1 lnq(1− t) dt, (2)

exists for all λ, µ and p, q = 0, 1, 2, . . . , where N is the neutrix, see van der
Corput [1], having domain N ′ = (0, x) (0 < x < 1/2) and range N” the real
numbers, with the negligible functions finite linear sums of the functions

ǫλ lnr−1 ǫ, lnr ǫ (λ < 0, r = 1, 2, . . .)

and all functions which converge to zero in the normal sense as ǫ tends to zero.
Equation (2) was then used to define Bp,q(λ, µ) for all λ, µ and p, q = 0, 1, 2, . . . .

Note that if λ > 0, we could write

Bp,q(λ, µ) = N−lim
ǫ→0

∫ 1−ǫ

0
tλ−1 lnp t(1− t)µ−1 lnq(1− t) dt,
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and if µ > 0, we could write

Bp,q(λ, µ) = N−lim
ǫ→0

∫ 1

ǫ

tλ−1 lnp t(1− t)µ−1 lnq(1− t) dt.

The incomplete Beta function B(λ, µ;x) is defined by

B(λ, µ;x) =

∫ x

0
tλ−1(1− t)µ−1 dt, 0 < x < 1

for λ, µ > 0 and 0 < x < 1, see Özçaḡ et al. [4].
It was proved, see Özçaḡ et al. [4] and [5] that

N−lim
ǫ→0

∫ x

ǫ

tλ−1(1− t)µ−1 dt

exists for all values of λ, µ and so B(λ, µ;x) was defined by the equation

B(λ, µ;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−1(1− t)µ−1 dt

for all values of λ, µ.
More generally, the function Bp,q(λ, µ;x) is defined by

Bp,q(λ, µ;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−1 lnp t(1− t)µ−1 lnq dt,

the limit existing for all values of λ, µ and p, q = 0, 1, 2, . . . , see [5].
Note that if λ > 0, then we simply have

Bp,q(λ, µ;x) = lim
ǫ→0

∫ x

ǫ

tλ−1 lnp t(1− t)µ−1 lnq(1− t dt

=

∫ x

0
tλ−1 lnp t(1− t)µ−1 lnq(1− t) dt.

Note further that

Bp,q(λ, µ) = N−lim
ǫ→0

Bp,q(λ, µ; 1 − ǫ), (3)

for all values of λ and µ and in particular

Bp,q(λ, µ) = Bp,q(λ, µ; 1), (4)

if µ > 0.
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To prove our first theorem, we need the following result:

∫ x

ǫ

tλ−1 lnp t dt

= −

p+1
∑

i=1

(−1)ip!

(p − i+ 1)!λi
xλ lnp−i+1 x+

p+1
∑

i=1

(−1)ip!

(p− i+ 1)!λi
ǫλ lnp−i+1 ǫ, (5)

for λ 6= −1,−2, . . . and p = 0, 1, 2, . . . .
Equation (5) is easily proved by induction.

Theorem 1.

Bp,0(λ, 1;x) = −

p+1
∑

i=1

(−1)ip!

(p− i+ 1)!λi
xλ lnp−i+1 x (6)

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .
More generally,

Bp,0(λ, s;x) =

s−1
∑

j=0

(

s− 1

j

)

(−1)jBp,0(λ+ j, 1;x) (7)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. We have

Bp,0(λ, 1;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−1 lnp t dt

and equation (6) follows on using equation (5) for λ 6= 0,−1,−2, . . . and p =
0, 1, 2, . . . .

To prove equation (7), we have

∫ x

ǫ

tλ−1 lnp t(1− t)s−1 dt =

s−1
∑

j=0

(

s− 1

j

)

(−1)j
∫ x

ǫ

tλ+j−1 lnp t dt

and equation (7) follows on using equations (5) and (6) for λ 6= 0,−1,−2, . . . ,
s = 1, 2, . . . and p = 0, 1, 2, . . . .

Corollary 1.1

Bp,0(λ, 1) =
(−1)pp!

λp+1
(8)
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for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .

More generally

Bp,0(λ, s) =
s−1
∑

j=0

(

s− 1

j

)

(−1)p+jp!

(λ+ j)p+1
(9)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. Equation (8) follows immediately from equations (4) and (6) for
λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .

Equation (9) follows from equations (4), (7) and (8) for λ 6= 0,−1,−2, . . . ,
s = 1, 2, . . . and p = 0, 1, 2, . . . .

Theorem 2.

Bp,1(λ, 1;x) =

p+1
∑

i=1

∞
∑

j=1

(−1)ip!

(p− i+ 1)!j(λ + j)i
xλ+j lnp−i+1 x, (10)

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .

More generally

Bp,1(λ, s;x) =

s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i+1

j
Bp,0(λ+ i+ j, 1;x), (11)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. To prove equation (10), we have

∫ x

ǫ

tλ−1 lnp t ln(1− t) dt =−

∞
∑

j=1

1

j

∫ x

ǫ

tλ+j−1 lnp t dt

=

p+1
∑

i=1

∞
∑

j=1

(−1)ip!

(p− i+ 1)!j(λ + j)i
xλ+j lnp−i+1 x

−

p+1
∑

i=1

∞
∑

j=1

(−1)ip!

(p− i+ 1)!j(λ + j)i
ǫλ+j lnp−i+1 ǫ (12)

on using equation (5).
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Choosing a positive integer J > −λ, we have

∞
∑

j=1

(−1)ip!

(p− i+ 1)!j(λ + j)i
ǫλ+j lnp−i+1 ǫ =

J
∑

j=1

(−1)ip!

(p − i+ 1)!j(λ + j)i
ǫλ+j lnp−i+1 ǫ

+

∞
∑

j=J+1

(−1)ip!

(p− i+ 1)!j(λ + j)i
ǫλ+j lnp−i+1 ǫ, (13)

where

∞
∑

j=J+1

(−1)ip!

(p − i+ 1)!j(λ + j)i
ǫλ+j lnp−i+1 ǫ = O(ǫλ+J lnp−i+1 ǫ).

It follows that

N−lim
ǫ→0

p+1
∑

i=1

∞
∑

j=1

(−1)ip!

j(p − i+ 1)!(λ+ j)i
ǫλ+j lnp−i+1 ǫ = 0 (14)

and it follows from equations (12) to (14) that

Bp,1(λ, 1;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−1 lnp t ln(1− t) dt

=

p+1
∑

i=1

∞
∑

j=1

(−1)ip!

(p− i+ 1)!j(λ + j)i
xλ+j lnp−i+1 x,

proving equation (10) for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .
Next, we have

∫ x

ǫ

tλ−1 lnp t(1− t)s−1 ln(1− t) dt

= −

s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i

j

∫ x

ǫ

tλ+i+j−1 lnp t dt

and equation (11) follows for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Corollary 2.1

Bp,1(λ, 1) =

∞
∑

j=1

(−1)p+1p!

j(λ+ j)p+1
, (15)

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .
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More generally

Bp,1(λ, s) =
s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i+p+1p!

j(λ+ i+ j)p+1
, (16)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. Equation (15) follows immediately from equations (4) and (10) for
λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .

Equation (16) follows from equations (4), (8) and (11) for λ 6= 0,−1,−2, . . . ,
s = 1, 2, . . . and p = 0, 1, 2, . . . .

Theorem 3.

Bp,2(λ, 1;x) =

p+1
∑

i=1

∞
∑

j=1

(−1)i+12p!φ(j)

(p− i+ 1)!(j + 1)(λ+ j + 1)i
xλ+j+1 lnp−i+1 x, (17)

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . , where φ(j) =
∑j

k=1 k
−1, for j =

1, 2, . . . .
More generally

Bp,2(λ, s;x) =

s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i2φ(j)

j + 1
Bp,0(λ+ i+ j, 1;x), (18)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. We first of all note that

ln2(1− t) =
∞
∑

j=1

j
∑

k=1

1

k(j − k + 1)
tj+1

=

∞
∑

j=1

2φ(j)

j + 1
tj+1. (19)

Then
∫ x

ǫ

tλ−1 lnp t ln2(1− t) dt =
∞
∑

j=1

2φ(j)

j + 1)

∫ x

ǫ

tλ+j lnp t dt

=−

p+1
∑

i=1

∞
∑

j=1

(−1)i2φ(j)p!

(p − i+ 1)!(j + 1)(λ+ j + 1)i
xλ+j+1 lnp−i+1 x

+

p+1
∑

i=1

∞
∑

j=1

(−1)i2φ(j)p!

(p − i+ 1)!(j + 1)(λ+ j + 1)i
ǫλ+j+1 lnp−i+1 ǫ (20)
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on using equation (5).
It follows as in the proof of equation (14) that

N−lim
ǫ→0

p+1
∑

i=1

∞
∑

j=1

(−1)i2φ(j)p!

(p − i+ 1)!(j + 1)(λ+ j + 1)i
ǫλ+j+1 lnp−i+1 ǫ = 0 (21)

and so

Bp,2(λ, 1;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−1 lnp t ln2(1− t) dt

= N−lim
ǫ→0

∞
∑

j=1

2φ(j)

j + 1

∫ x

ǫ

tλ+j lnp t dt

on using equations (20) and (21). Equation (17) now follows for λ 6= 0,−1,−2, . . .
and p = 0, 1, 2, . . . .

Next, we have

∫ x

ǫ

tλ−1 lnp t(1− t)s−1 ln2(1− t) dt

=

s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i2φ(j)

j + 1

∫ x

ǫ

tλ+i+j lnp t dt

and equation (18) follows for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Corollary 3.1

Bp,2(λ, 1) =

∞
∑

j=1

(−1)p2φ(j)p!

(j + 1)(λ+ j + 1)p+1
, (22)

for λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .
More generally

Bp,2(λ, s) =

s−1
∑

i=0

∞
∑

j=1

(

s− 1

i

)

(−1)i+p2φ(j)p!

(j + 1)(λ + i+ j)p+1
, (23)

for λ 6= 0,−1,−2, . . . , s = 1, 2, . . . and p = 0, 1, 2, . . . .

Proof. Equation (22) follows immediately from equations (4) and (17) for
λ 6= 0,−1,−2, . . . and p = 0, 1, 2, . . . .

Equation (23) follows from equations (4), (8) and (18) for λ 6= 0,−1,−2, . . . ,
s = 1, 2, . . . and p = 0, 1, 2, . . . .



RESULTS ON THE BETA FUNCTION... 199

Theorem 4.

Bp,1(λ, 0;x) =
λ− 1

2
Bp,2(λ− 1, 1;x) +

p

2
Bp−1,2(λ− 1, 1;x)

−
1

2
xλ−1 lnp x ln2(1− x) (24)

=
λ− 1

2

p+1
∑

i=1

∞
∑

j=1

(−1)i+12p!φ(j)

(p− i+ 1)!(j + 1)(λ+ j)i
xλ+j lnp−i+1 x

+
p

2

p
∑

i=1

∞
∑

j=1

(−1)i+12(p − 1)!φ(j)

(p− i)!(j + 1)(λ + j)i
xλ+j lnp−i x

−
1

2
xλ−1 lnp x ln2(1− x), (25)

for λ 6= 0,−1,−2, . . . and p = 1, 2, . . . .

Proof. We have

∫ x

ǫ

tλ−2 lnp t ln2(1− t) dt =
1

λ− 1

∫ x

ǫ

lnp t ln2(1− t) dtλ−1

=
1

λ− 1
xλ−1 lnp x ln2(1− x)

−
1

λ− 1
ǫλ−1 lnp ǫ ln2(1− ǫ)

−
1

λ− 1

∫ x

ǫ

tλ−1
[

pt−1 lnp−1 t ln2(1− t)

− 2 lnp t(1− t)−1 ln(1− t)
]

dt,

where it is clear that

N−lim
ǫ→0

ǫλ−1 lnp ǫ ln2(1− ǫ) = 0. (26)

Using equation (15), we get

Bp,2(λ− 1, 1;x) = N−lim
ǫ→0

∫ x

ǫ

tλ−2 lnp t ln2(1− t) dt

=
1

λ− 1
xλ−1 lnp x ln2(1− x)−

p

λ− 1
Bp−1,2(λ− 1, 1;x) +

2

λ− 1
Bp,1(λ, 0;x)
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and so

Bp,1(λ, 0;x) =
λ− 1

2
Bp,2(λ− 1, 1;x) +

p

2
Bp−1,2(λ− 1, 1;x)

−
1

2
xλ−1 lnp x ln2(1− x)

=
λ− 1

2

p+1
∑

i=1

∞
∑

j=1

(−1)i+12p!φ(j)

(p− i+ 1)!(j + 1)(λ+ j)i
xλ+j lnp−i+1 x

+
p

2

p
∑

i=1

∞
∑

j=1

(−1)i+12(p − 1)!φ(j)

(p− i)!(j + 1)(λ + j)i
xλ+j lnp−i x

−
1

2
xλ−1 lnp x ln2(1− x),

proving equations (24) and (25).

Corollary 4.1

Bp,1(λ, 0) =
λ− 1

2
Bp,2(λ− 1, 1) +

p

2
Bp−1,2(λ− 1, 1) (27)

=
λ− 1

2

∞
∑

j=1

(−1)p2φ(j)p!

(j + 1)(λ+ j)p+1
+

p

2

∞
∑

j=1

(−1)p−12φ(j)(p − 1)!

(j + 1)(λ+ j)p
, (28)

for λ 6= 0,−1,−2, . . . and p = 1, 2, . . . .

Proof. We have

Bp,1(λ, 0) = N−lim
ǫ→0

[

λ− 1

2
Bp,2(λ− 1, 1; 1 − ǫ) +

p

2
Bp−1,2(λ− 1, 1; 1 − ǫ)

−
1

2
(1− ǫ)λ−1 lnp(1− ǫ) ln2 ǫ

]

=
λ− 1

2
Bp,2(λ− 1, 1) +

p

2
Bp−1,2(λ− 1, 1)

=
λ− 1

2

∞
∑

j=1

(−1)p2φ(j)p!

(j + 1)(λ+ j)p+1
+

p

2

∞
∑

j=1

(−1)p−12φ(j)(p − 1)!

(j + 1)(λ+ j)p
,

on using equations (4) and (22), proving equations (27) and (28) for p = 1, 2, . . . .
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