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1. The Estimations of Watson

The Euler function ¢ is defined as the infinite product
#a) = (1 -1 -1~ (lal <1).
More generally, the g-Pochhammer symbol (a; )~ is an infinite product
(a;9)oc = (1 —a)(1 —agq)(1 —ag®) -~ (lg] <1).

Hence ¢(q) = (¢;¢)oc- It is obvious that ¢(1—) = 0, but the speed of the
convergence is harder to see. G. N. Watson proved the next estimation [3]:

V27 oxp (C (2)
VI—¢q log q

6(0) = (@:0)o0 = ) (1 + o(1).
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(6:9) 00

(4%9%) 0

Using the straightforward relation (¢; ¢?)so = , we immediately have

an estimation for (¢; ¢?)s as well:

() = V2o (G0 ) (14 (1) m

We reprove the Watson estimation using the so-called ¢g-Raabe formula, and
then we extend these results.

2. A Shorthand Proof of Watson’s Estimation

We use a formula recently published by the present author in [5]:

2 -1
_ <2 log /2
log q q

+1log(g7 ¢ oo

1
/ log I'y(x)dx
0

Here Ty is the Jackson ¢-Gamma function [2]. This relation stands for ¢ > 1,
but on the right the g-Pochhammer symbol has parameter ¢ < 1. As ¢ — 1+,
the left hand side tends to log(v/27), thanks to the integral formula

1
/ logT'(z)dz = log v 2m
0

of Raabe [1]. So the left hand side of the penultimate formula is asymptotically
log(v/27)(1+0(1)). Then a simple rearrangement and variable change ¢ — 1/q
gives the result of Watson. (However, we note that Watson described this
estimation in a different but equivalent form.)

3. New g-Pochhammer Symbol Estimations

We shall prove the next estimations as ¢ — 1—:

(0 )l 52 ) = 25 () 0 () ) (14 o(1) (0> 0). (2

n—1 n n—1 n 1 2
@@ )o@ g2 ) = 2008 (2%) exp (2n1 &;;) (1+o(1))

(n>1). (3)
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The next special cases are easy to calculate

@000 = VEep (3500 (1 ol1), @
(4:0%)o0(a736%)00 = \/2 = V2exp (i%) (1+0(1)),

(0% 6*)0 (0% ¢%)oo = /2 + V2exp (i%) (1+o0(1)).

To prove these estimations, we recall the definition of the Gosper ¢-trigonometric
functions [4, 6]:

2z. 2 2—2z. 2
sing(rz) = qe-v/2? (054 2;;%)2 e (g<g<r),  (5)
1-2z. 2 2z+1. 2
cosq(mz) = ng(q 7q(;?;(;§2 0 )eo (0<qg<1). (6)

These functions tend to the classical ones as ¢ — 1—.
Now we prove (2). Substituting z = 5= into (5) and getting closer to 1 with
q, we approximately have that

1/2n=t, 2 2—1/2n=1, 2
. i q 547 )oo\q 347 )oo
(14 o(1))sim () = ¢ zq.(qz)z L

Taking the substitution ¢ — ¢2"

Y (@6 )e(@® 6 )

(14 0(1))sin (2—n) @ )

Finally, we can estimate the denominator by (1) to finalize the proof of (2).
The proof of (3) is the same, but we need to use the g-cosine function (6).

We note that by using the substitution z = % in (5) and (6) respectively,
we can easily deduce the next estimations, too:

2
00

(¢54°)0(¢°; ¢%) o0 = exp (%%) (14 o(1)),
(0% 6%)o0(q* ¢%)o0 = V3exp (%%) (1+o0(1)).

There is one more thing what we can do. Estimation (4) can be separated by
using the definition of the g-gamma function:

_ @D 1z
Iy(z) == (0 (I1—gq) (0<g<1).
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Then using ¢* in place of ¢ and substituting z = 1/4 and z = 3/4, we easily get
the next estimations:

1]

wmﬂmz'“E<r—ff“am(1§9)<1+dm>

r (i) 4logq
(@ia) = 20 =t (FEED) 1+ o)
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