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Abstract: In this paper, the kinetic energy formula was expressed during
one-parameter closed planar homothetic motions in complex plane. Then the
relation between the kinetic energy formula and the Steiner formula was given.
As an example the sagittal motion of a winch was considered. This motion was
described by a double hinge consisting of the fixed control panel of winch and
the moving arm of winch. The results were applied to experimentally measured
motion.
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1. Introduction

For a geometrical object rolling on a line and making a complete turn, some
properties of the area of a path of a point were given by [6]. The Steiner
area formula and the Holditch theorem during one parameter closed planar
homothetic motions were expressed by [7]. If the points of the moving plane
which enclose the same area lie on a circle, then the centre of this circle is called
the Steiner point (h ≡ 1) [4,5]. Dathe and Gezzi expressed the Steiner area
formula and the polar moment of inertia for the closed planar motions [1]. The
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study reported by Dathe and Gezzi [1] was investigated during one- parameter
closed planar homothetic motions in complex plane by Tutar and Sener [8]. In
the case of the homothetic scale h ≡ 1 the results given by [1] were obtained
as a special case. Dathe and Gezzi expressed the formula of kinetic energy for
the closed planar kinematics [2]. Furthermore, the expressions reported by [2]
were examined under one-parameter closed planar homothetic motions by [3].
In this paper, the expressions given by [3] were researched in complex plane.
Furthermore, we expressed the relation between the area enclosed by a path and
the kinetic energy. In the case of the homothetic scale h ≡ 1 the results given
by [2] were obtained as a special case. As an example, Dathe and Gezzi have
chosen the sagittal part of the movement of the human leg during walking for
planar kinematics [1]. We considered the sagittal motion of a telescopic crane
which is described by a double hinge being fixed and moving as an example. The
kinetic energy formula was calculated for this motion. Moreover, the relation
between the kinetic energy and the Steiner formula was expressed.

2. The Kinetic Energy for the Closed Planar Homothetic Motion

We consider one parameter closed planar homothetic motion between two ref-
erence systems: the fixed E

′

and the moving E, with their origins (O, O
′

) and
orientations in complex plane. Then, we take into account motion relative to
the fixed coordinate system (direct motion).

By taking displacement vectors OO
′

= U
′

and O
′

O = U the total angle of
rotation a (t), the motion defined by the transformation

X
′

(t) = h (t)Xeia(t) + U
′

(t) (1)

is called one-parameter closed planar homothetic motion and denoted by E/E
′

,
where h is a homothetic scale of the motion E/E

′

, X and X
′

are the position
vectors with respect to the moving and fixed rectangular coordinate systems of
a point X ∈ E, respectively. The homothetic scale h and the vectors X

′

and
U, U

′

are continuously differentiable functions of a real parameter t.

In Eq. (1), X
′

(t) is the trajectory with the respect to the fixed system of
a point X belonging to the moving system. If we replace U

′

= −Ueia(t) in Eq.
(1), the motion can be written as

X
′

(t) = (h (t)X − U(t))eia(t). (2)



THE KINETIC ENERGY FORMULA FOR THE CLOSED... 321

The coordinates of the above equation are

X
′

(t) = x
′

1 (t) + ix
′

2 (t) , U
′

(t) = u
′

1 (t) + iu
′

2 (t) (3)

X = x1 + ix2, U (t) = u1 (t) + iu2 (t) .

Using these coordinates, we can write

x
′

1 (t) + ix
′

2 (t) = [(h (t)x1 − u1 (t)) + i(h (t) x2 − u2 (t))]

×(cos (a (t)) + i sin (a (t))). (4)

From Eq. (3), the components of X
′

(t) may be given as

x
′

1 (t) = cos a (t) (h (t)x1 − u1 (t))− sin a (t) (h (t) x2 − u2 (t)) ,

x
′

2 (t) = sin a (t) (h (t)x1 − u1 (t)) + cos a (t) (h (t) x2 − u2 (t)) . (5)

Using the coordinates of Eq. (2) as

X
′

(t) =

(
x

′

1 (t)

x
′

2 (t)

)

, U
′

(t) =

(
u

′

1 (t)

u
′

2 (t)

)

, X =

(
x1
x2

)

, U (t) =

(
u1 (t)

u2 (t)

)

(6)

and rotation matrix

R (t) =

(
cos (a (t)) − sin (a (t))
sin (a (t)) cos (a (t))

)

(7)

we can obtain
X

′

(t) = R(t)(h (t)X − U (t)). (8)

If we differentiate Eq. (4), we have

ẋ
′

1 = − (hx1 − u1) sin a.ȧ+

(
·

hx1 −
·
u1

)

cos a

− (hx2 − u2) cos a.ȧ−

(
·

hx2 −
·
u2

)

sin a,

ẋ
′

2 = (hx1 − u1) cos a.ȧ+

(
·

hx1 −
·
u1

)

sin a

− (hx2 − u2) sin a.ȧ+

(
·

hx2 −
·
u2

)

cos a.

(9)

A moment with a first order in the time derivatives can be introduced by

S =
1

2

∫ [(

ẋ
′

1

)2
+

(

ẋ
′

2

)2
]

dt (10)



322 A. Tutar, O. Sener

which is the integral over the kinetic energy of a point with mass M = 1.

Using Eq. (9)

(

ẋ
′

1

)2
+

(

ẋ
′

2

)2
= h2

(
x21 + x22

)
ȧ2 +

(
x21 + x22

)
ḣ2

+
(
u21 + u22

)
ȧ2 + u̇21 + u̇22 + 2u1u̇2ȧ− 2u2u̇1ȧ

+x1

(

−2hu1ȧ
2 − 2ḣu̇1 − 2hu̇2ȧ+ 2ḣu2ȧ

)

+x2

(

−2hu2ȧ
2 − 2ḣu̇2 + 2hu̇1ȧ− 2ḣu1ȧ

)

(11)

is obtained. If Eq. (11) is replaced in Eq. (10), we have

2S =
(
x21 + x22

)
∫ (

h2ȧ2 + ḣ2
)

dt

+

∫
[(
u21 + u22

)
ȧ2 + u̇21 + u̇22 + 2u1u̇2ȧ− 2u2u̇1ȧ

]
dt

+x1

∫ [

−2hu1ȧ
2 − 2ḣu̇1 − 2hu̇2ȧ+ 2ḣu2ȧ

]

dt

+x2

∫ [

−2hu2ȧ
2 − 2ḣu̇2 + 2hu̇1ȧ− 2ḣu1ȧ

]

dt. (12)

If X = O (x1 = x2 = 0) is taken, then, for the formula of kinetic energy of
the origin point

2SO =

∫
[(
u21 + u22

)
ȧ2 + u̇21 + u̇22 + 2u1u̇2ȧ− 2u2u̇1ȧ

]
dt (13)

is found. If Eq. (13) is replaced in Eq. (12),

2 (S − SO) =
(
x21 + x22

) ∫ (

h2ȧ2 + ḣ2
)

dt

+x1
∫ [

−2hu1ȧ
2 − 2ḣu̇1 − 2hu̇2ȧ+ 2ḣu2ȧ

]

dt

+x2
∫ [

−2hu2ȧ
2 − 2ḣu̇2 + 2hu̇1ȧ− 2ḣu1ȧ

]

dt

(14)

is obtained.

Now we consider the case in which the motion is closed and naturally
parametrized. Then, it follows
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dt → da, ȧ → a
′

= da
da

= 1 and
∫
→

∮
. With those assumptions, we obtain

2 (S − SO) = x1

∮

[−2hu1 − 2dhdu1 − 2hdu2 + 2dhu2] da

+x2

∮

[−2hu2 − 2dhdu2 + 2hdu1 − 2dhu1] da

+
(
x21 + x22

)
∮ (

h2 + (dh)2
)

da. (15)

Eq. (18) of [8] is as below: U =
(
u1

u2

)
,

u1 = hp1 + p2
dh
da

− du2

da
,

u2 = hp2 − p1
dh
da

+ du1

da
.

If Eq. (18) of [8] is replaced at coefficients of x1 and x2 in Eq. (15),
respectively and by calculating necessary operations,

2 (S − SO) = x1

∮ [

−2h2p1da− 2hp2dh− 2
dh

da
du1 + 2u2dh

]

+x2

∮ [

−2h2p2da+ 2hp1dh− 2
dh

da
du2 − 2u1dh

]

+
(
x21 + x22

)
∮

h2da+
(
x21 + x22

)
∮

(dh)2

da
(16)

is obtained.
If we consider Eqs. (14), (19), (20), (21) and (22) of [8]

m =

∮

h2da = h2 (t0)

∮

da = h2 (t0) 2πν

a
∗

=

∮

(−2h2p1da) +

∮

(−2hp2dh+ hdu2 + u2dh),

b
∗

=

∮

(−2h2p2da) +

∮

(2hp1dh− hdu1 − u1dh),

a :=

∮

−2h2p1da, b :=

∮

−2h2p2da

µ1 : =

∮

(−2hp2dh+ hdu2 + u2dh),

µ2 : =

∮

(2hp1dh− hdu1 − u1dh)
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and
2 (F − FO) =

(
x21 + x22

)
m+ a

∗

x1 + b
∗

x2

and Eqs. (14), (19), (20), (21) and (22) of [8] are replaced in Eq. (16),

2 (S − SO) = 2 (F − FO) +
(
x21 + x22

)
∮

(dh)2

da

+x1

∮ (

u2dh− hdu2 − 2
dh

da
du1

)

+x2

∮ (

−u1dh+ hdu1 − 2
dh

da
du2

)

(17)

is arrived at the relation between the formula of kinetic energy and the formula
for the area.

3. Example: The Direct Motion of Telescopic Crane

The motion of telescopic crane has a double hinge and ‘a double hinge’ is mean
that it has two systems, a fixed arm and a moving arm of telescopic crane
(Figure 1). There is a control panel of telescopic crane at the origin of moving
system. ‘L’ arm can extend or retract by h parameter. Also we define using
the condition m = 0 (Eq. (15) of [8]), the Steiner line and the total angle in
relation to the double hinge.

By taking displacement vectors OO
′

= U
′

and O
′

O = U , the total angle of
rotation l − k = a, the motion defined by the transformation

X
′

(t) = h (t)Xeia(t) + U
′

(t) (18)

is called one-parameter closed planar homothetic motion and denoted by E/E
′

,
where h is a homothetic scale of the motion E/E

′

, X and X
′

are the position
vectors with respect to the moving and fixed rectangular coordinate systems of
a point X ∈ E, respectively. The homothetic scale h and the vectors X

′

and
U, U

′

are continuously differentiable functions of a real parameter t.
By taking

R (t) =

(
cos (l (t)− k(t)) − sin (l (t)− k(t))
sin (l (t)− k(t)) cos (l (t)− k(t))

)

(19)

and

U (t) =

(
−L cos (l (t)− k(t))

−L sin (l (t)− k(t))

)

, (20)
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Figure 1: The arms of telescopic crane as a double hinge

we have

X
′

(t) = R(t)(h (t)X − U (t)). (21)

By considering Eq. (42) of [8]

x
′

1 (t) = cos (ℓ (t)− k (t)) (h (t)x1 + L cos k (t))

− sin (ℓ (t)− k (t)) (h (t) x2 + L sin k (t)) ,

x
′

2 (t) = sin (ℓ (t)− k (t)) (h (t)x1 + L cos k (t))

+ cos (ℓ (t)− k (t)) (h (t)x2 + L sin k (t))

and if we calculate the time derivative of this equation,

ẋ
′

1 = − (hx1 + L cos k) sin (ℓ− k)
(

ℓ̇− k̇
)

+

(
·

hx1 − L sin k.
·

k

)

cos (ℓ− k)

− (hx2 + L sin k) cos (ℓ− k)
(

ℓ̇− k̇
)

−

(
·

hx2 + L cos k.
·

k

)

sin (ℓ− k) ,

(22)
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ẋ
′

2 = (hx1 + L cos k) cos (ℓ− k)
(

ℓ̇− k̇
)

+

(
·

hx1 − L sin k.
·

k

)

sin (ℓ− k)

− (hx2 + L sin k) sin (ℓ− k)
(

ℓ̇− k̇
)

+

(
·

hx2 + L cos k.
·

k

)

cos (ℓ− k)

(23)

is obtained.

If we calculate ẋ21+ ẋ22 for the formula of kinetic energy and use in Eq. (10),
we have

2S = x1
∫
[

2hL cos k
(

ℓ̇− k̇
)2

− 2
·

hL sin k.
·

k

+2hL cos k.
·

k
(

ℓ̇− k̇
)

− 2
·

hL sin k
(

ℓ̇− k̇
)]

dt

+x2
∫
[

2hL sin k
(

ℓ̇− k̇
)2

+ 2
·

hL cos k.
·

k

+2hL sin k.
·

k
(

ℓ̇− k̇
)

+ 2
·

hL cos k
(

ℓ̇− k̇
)]

dt

+
(
x21 + x22

) ∫
h2

(

ℓ̇− k̇
)2

dt+
(
x21 + x22

) ∫ ·

h
2

dt+ L2
∫
ℓ̇2dt.

(24)

If we consider Eq. (39) of [8]

U
′

(t) =

(
u

′

1 (t)

u
′

2 (t)

)

=

(
L cos (ℓ (t))

L sin (ℓ (t))

)

and we calculate the time derivative of this equation,

du
′

1 = −L sin ℓ.ℓ̇dt,

du
′

2 = L cos ℓ.ℓ̇dt
(25)

is found. Then If Eq. (39) of [8] and Eq. (24) are replaced in calculating data
ẋ21 + ẋ22 and in Section 2, by using the parameter dt → da, ȧ → a

′

= da
da

=
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1,
∫
→

∮
:

2S =
(
x21 + x22

)
t2∫

t1

dh2

da
+ L2

t2∫

t1

dℓ2

da

+x1

t2∫

t1

[

−2hu1da− 2
dh

da
du1 − 2hdu2 + 2u2dh

]

+x2

t2∫

t1

[

−2hu2da− 2
dh

da
du2 + 2hdu1 − 2u1dh

]

(26)

can be obtained.

If Eq. (18) of [8] is replaced in Eq. (26) and the necessary operations are
done,

2S = x1
t2∫

t1

− 2h2p1da+ x1
t2∫

t1

[−2hp2dh+ hdu2 + u2dh]

+x2
t2∫

t1

− 2h2p2da+ x2
t2∫

t1

[−2hp1dh− hdu1 − u1dh]

+
(
x21 + x22

) t2∫

t1

dh2

da
+ x1

t2∫

t1

[
u2dh− hdu2 − 2dh

da
du1

]

+L2
t2∫

t1

dℓ2

da
+ x2

t2∫

t1

[
−u1dh+ hdu1 − 2dh

da
du2

]
.

(27)

is obtained.

If we consider Eqs. (46), (47) of [8]

∮


−2h2p1da
︸ ︷︷ ︸

a

−2hp2dh+ hdu2 + u2dh
︸ ︷︷ ︸

µ1



 = a
∗

,

∮


−2h2p2da
︸ ︷︷ ︸

b

+2hp1dh− hdu1 − u1dh
︸ ︷︷ ︸

µ2



 = b
∗

,

2F = (a+ µ1) x1 + (b+ µ2)x2.
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and Eqs. (46) and (47) of [8] are replaced in Eq. (27),

2S = 2F +
(
x21 + x22

)
t2∫

t1

dh2

da
+ L2

t2∫

t1

dℓ2

da

+x1

t2∫

t1

[

u2dh− hdu2 − 2
dh

da
du1

]

+x2

t2∫

t1

[

−u1dh+ hdu1 − 2
dh

da
du2

]

is arrived at the relation between the formula of kinetic energy and the area
formula for application.
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