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1. Introduction

In this paper we give explicit formulas for the Schwartz integral kernels of the
heat, resolvent and wave operators e/®vwm (Ay,u,n + )\2)_1 and costy/—Ay p
attached to the Schrodinger operator with triple-inverse square potential on the
Euclidian space (R*)3:
0> 092 0% 1/4—vr 14— p® 1/4—0?
/ L V4-pt 14-n

Ay,p,,n = w + 8—3/2 + @ + 2 y2 e , (1.1)

where v, 1, are real parameters.
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The inverse square potential is an interesting potential which arises in sev-
eral contexts, one of them being the Schrodinger equation in non relativistic
quantum mechanics. For example the Hamiltonian for a spin zero particle in
Coulomb field gives rise to a Schrodinger operator involving the inverse square
potential see Case [5]. Note that the Schrodinger operator with bi-inverse square
potential in the Euclidian plane is considered in Boyer [2] and Ould Moustapha
[10].

First of all we recall the following formulas for the modified Bessel function
of the first kind I,, and the Hankel function of the first kind H, ,Sl):

2V e 1
I,(2) = #ﬂm/o et [t(1 — )] Y2 at (1.2)

(see Temme [12], p. 237),

(x/2)"

I(x) ~ =212 1,-2, .., 1.
() T+ 1) xr—0 v# (1.3)
(see Temme [12], p. 234),

I(x) ~ e (2ra) 2 2 — (1.4)

(see Temme [12], p. 240),

G = =y 27 [ @0 e )

NGO,
(see Erdélyi et al. [7], p. 83),

oo ., a2
HM(2Va?) = —W/Q( 2yv/? /0 o3 () gy, (1.6)

Tz > 0and Za?z > 0 (see Magnus et al. [9], p. 84). Recall also the three

variables Lauricella series Ff’) hypergeometric function (|z] + [2/| + [2"| < 1)
(see Appell et al. [1], p. 114):

F1(43) (a7 187 18/7 B//7 ,‘)/7 7/77//7 z? z’? z//)

_ Z ZZ Oz)erner(ﬁ)m(/B ) (5”)10 M I Ip (17)

m=0n= Op 0 (PY Tl(’)//) mln'p'
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and its integral representation (see Appell et al. [1], p.115) for R3 > 0, R 5’ > 0,
R(y—=0)>0,R(+ —=p)>0and R(H" —p") > 0:

F,£13) (a7 187 18/7 B”? ,‘)/7 ,‘)//77”7 z? z’? z”)

1 1 1
_ c/ / / (1— w511 — w)? = =1(1 = )81
0 0 0

xul 1y 1P 1 (1 —uz — vz’ —w2")"" dudvduw, (1.8)
where ) .
o NN CANGEH
LBLE)r(B")M(y = ALK = 50 (" = B)
Recall also the following formulas for the heat kernel associated to the Schiodin-

2
ger operator with inverse square potential L, = 88_; + L iQV (see Calin et al.

[4], p. 68):

(1.9)

N1/2 0 202 /
oL _ (') e%ly ﬁ)’
2t 2t

where [, is the modified Bessel function of the first kind.

(1.10)

Proposition 1.1. The Schwartz integral kernel of the heat operator with
triple-inverse square potential e’ can be written for p = (z,y,2), p' =
(x/’y/’z/) c (R+)3 and t € R+ as

/2 120 1,/|2
Hy ot 0, p") = e~ (pI2+1p/1?)/at

(zz'yy'z2")
813
x I, (za' [26) 1, (yy' /2t) 1, (22" /2t), (1.11)
where I, is the modified Bessel function of the first kind.
Proof. The formula (1.11) is a direct consequence of the formula (1.10) and
the properties of the operator (1.1).
2. Resolvent Kernel with Triple-Inverse Square Potential on the

Euclidian Space (R™)3

Theorem 2.1. The Schwartz integral kernel for the resolvent operator
o\ —1 . .
(AWW + A ) is given by the formula

Guu(Np,p) = cr(aa’ ) T2 (yy Y2 (2 )L/
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/1 /1 /1 \ v+p+n+2
o Jo Jo \VIp—p+4x2’u + dyy'v + 422w

1
X H£+)u+n+2()‘\/‘p — P2 + dxa’u + dyy'v + 4z2'w)

x [u(l —w)] 2w — 0)]* 2wl — w)]" V2 dudvdw, (2.1)
where H,El) is the Hankel function of the first kind and
j vtutn—1
cl =

S 8AT (v + 1/2)0(u + 1/2)T(n +1/2)°

Proof. We use the well known formula connecting the resolvent and the
heat kernels:
[e.e]
G,,yuyn()\,p,p') = / e’\2tHV7um(t,p;p’)dt; ReA? < 0. (2.2)
0
we combine the formulas (2.2), (1.11) and (1.2) then use the formulas (1.3),
(1.4) to apply the Fubini theorem and in view of the formula (1.6) we get the
formula (2.1) and the proof of Theorem 2.1 is finished.

Theorem 2.2. The Schwartz integral kernel of the resolvent operator
o\ —1 .
(Av,u,n + A ) can be written as

Guun(N o 1) = eafaal) 12 (yy' Y12 ()2
% /Oo oihs (52 —p- p/|2)*5/271/7u7n
lp—p/|

X F,E\?))(Oéa bla b?a b37 2b17 2b27 2b37

/ /

— 4y —4zz
s2—lp—p? s = p—p/ s*—p—p|?
witha=5/2+v+pu+mn, by =1/24+v,by=1/2+ p and bs =1/2+n,

221/«&»2;1,«&»27]7 1

Cy — ﬁ

dxx

)ds (2.3)

y T(1/2 + v)L(1/2 + p)T(1/2 + 1)
T(2v+ DT (2u+ )02y + )0(=1/2 — v —p—n)’

(2.4)

where Ff(‘B) is the three variables Lauricella hypergeometric function given in
(L.7).

Proof. We use formulas (2.1) and (1.5) as well as the Fubini theorem to
obtain the announced formula (2.3).
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3. Wave Kernel with Triple-Inverse Square Potential on the
Euclidian Space (R*1)3

It is known that the energy and information can only be transmitted with finite
speed, smaller or equal to the speed of light. The mathematical framework,
which allows an analysis and proof of this phenomenon, is the theory the wave
equation. The result, which may be obtained, runs under the name finite
propagation speed (see Cheeger et al. [6]). The following theorem illustrates
this principle for the case of the the Schrédinger operator with triple-inverse
square potential.

Theorem 3.1. (Finite propagation speed) Let W, (t,p,p') be the

inty/—Ay un

Schwartz integral kernel of the wave operator -
g D .

W (t,p,0") =0 whenever |p—p'| > t. (3.1)

, then we have

Proof. The proof of this result use an argument of analytic continuation
from the identity

Sint _Ay#hn 1 <€Zt\/ _A”auan e_Zt\/ _AVaHﬂ]> (3 2)
/=Dy 20\ /=Dy g /=Dy ’ ’
We recall the formula from [13], p.50:
—tA oo
c L / ey /2= Au gy (3.3)
t  vr

By setting t = /—A, .n and A = s in (3.3), we can write
[e.e]
e SV A — L/ e Auy =1/2gulu i gy, (3.4)
VT Jo
and let P, , (s,p,p’) be the integral kernel of e *V ~Avun | Then we can write

1 [ e, _
Py,u,n(sapap/) = ﬁ/{; € ® /4ZZ 1/2HV7N777(Z7p7p/)dzv (35)

where H,,,, ,(t,p,p’) is the heat kernel with the triple-inverse square potential
given by (1.11).
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Consider the integral

Ir) == [N R (3.

Using (1.11) we have

(:c:c’yy'ZZ’)l/Q/ —72/4s ~7/2_—(|p]2+]p'|2) /4
J(r) = 22222 ) e T /58T /e P TIPITI/ES

< |1, ((x2")/25) Lu((yy') /25) Iy ((227) /25) | ds. (3.7)
From (3.2) we have

1 . .
Wu,u,n(t7 €, $/) = Z (Pll,u,n(p7p/7 Zt) - PV,/L,n(pup/7 _/Lt)) )

Wy (tsatsa) = % (J(it) — J(—it)). (3.8)
Now, set
J(7) = Jy(7) + Ja(7), (3.9)
where
Ti(r) = W /0 e s T2 = () s
x L ((x2") /25) 1, ((yy') /28) I, ((22") /25)|ds, (3.10)
Ja(r) = % /1 % 6T s T 2g=(pP )45
x |L((x2")/25) 1, ((yy')/25) I, ((22") /25)|ds. (3.11)

Using formula (1.3), we see that the last integral Jo(7) converges absolutely
and it is analytic in 7 for v+ p+n+5/2 > 0.
For the first integral J;(7) we obtain
1/2
Jl(T) _ (CC:C/yy/ZZ,) / /00 ‘6*725/483/267(|p|2+‘p/|2)5/4’
1

8V
< |1, ((z2")s/2) L ((yy)s/2) I ((22)s/2) ds, (3.12)

and from the formula (1.4) we see that

1 2)a
Ji(7) ~ @/1 32~ (P HP=P )3 g (3.13)
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is analytic in 7 and converges, if Re [72 +p—7 ]2] > 0, hence the integral
J(+it) is absolutely convergent if (&it)? + [p — p/|> > 0 (i.e. [p —p'| > t), and
in view of (3.8) we have W, , »(t,p,p’) = 0 for |p — p/| > t and the proof of
Theorem 3.1 is finished.

Theorem 3.2. The Schwartz integral kernel for the wave operator
costy/—A, ,, with bi-inverse square potential on the Euclidian plane can be
written in the following two forms:

(9090'?/?/,22/)1/2 ot u 2 N2 42
wV7I“L7n( 7pup) 21\/%156 - exXp 942 (|p| + |p | )
xx' vy 27 5/2
X IV t—2u IN t—2u I77 _t2 ulu du (314)

and

i T
Wapn(b 2 P) = 2 p /0 exp [ 5 (112 + P/ = )]

o ’ /
x 1, (—:;E r> I, (—yt—z;r> I, <—%r> r5/2dr, (3.15)

where I, is the first kind modified Bessel functions of order v.

Proof. We start by recalling the formula (see Magnus et al [9], p.73):

cosz = \/mz/2J_12(2), (3.16)

where J,(.) is the Bessel function of first kind and of order v defined by (see
Magnus et al [9], p.83),

v 0+
J(z) = — / elo/2)(t==2 /) ==y, (3.17)
2 J_ o
provided that R« > 0 and |argz| < w. Here we should note that the integral
in (3.17) can be extended over a contour starting at oo, going clockwise around
0, and returning back to oo without cutting the real negative semi-axis.
For v = —1/2 eq. (3.17) can be combined with eq. (3.16) to derive the

following formula:

1 0+ 2
_ (a/2)(u—z%/u), —1/2
cosaz = e U du. 3.18

21N/ 21 /_oo ( )
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Putting o = 1 and replacing the variable z by the symbol ¢t\/—A, , in eq.
(3.18), we obtain

1 ot (/242 /2u)A0,), —1/2
cost _Au,u:%\/% e T = du. (3.19)

Finally making use of (1.11) in (3.19), we get after an appropriate change of
variable, the formula (3.14).
To see the formula (3.15), set

J = ot _u 2 N2 42
= exp | =55 (Il + P'[* = £°)

—0o0

/ / /
x I, (i—fu) I, (i—zu) I, (%u) w2 du (3.20)

and -
u
=/ exp | 575 (1D + 1012 = 12)]
0
/ / /
X I, (—Z—Zu) 1, (—yt—‘zu> I, (—i—iu) w2 du. (3.21)
We have
J=J1+Jos+J3, where (3.22)
u
Ji =/ exp |~ (Il + 2 = #2)]
Y1
/ / /
x I, (i—fu) I, (i—zu) I, (i—zu) w2 du, (3.23)
u 2 n2 _ 42
Jo= [ exp [~ (P + WP - )]
72
/ / !/
x I, (i—fu) I, (yt—yu I, <zt—’zu> w2 du, (3.24)
and
u
Jo= [ exp [~ o0 (P + WP~ )]
73
/ / !/
x 1, (i—fu) I, (yt_g/u) I, (%u) w?du, (3.25)

where the paths 71, v2 and 3 are given by

y1:z=reTe<r<oo (above the cut)
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Yo:z=re "™ 00>7r>¢ (below the cut)

0

v3:2z=ee; —m < 0 <7 (rund the small circle)

as € —» 0, we have J; —» /2] J, —s —e~ /2] and J3 — 0.

Adding the integrals,this establishes the required results J = 2isin(77/2) I.

Theorem 3.3. The integral kernel for the wave operator cost\/—A,
with triple-inverse square potential on the Fuclidian plane can be written as

Wy (t 0, p') = ca(aa’ )V T2 (yy )2 (22 )1t /2
xt(t2—|p—p2); T ED (o, 8,8, 8”,28,26', 26",

—4xa’ — 4y’ —4z2'
$2 — ]p—p’\2’t2 _ ’p_pl‘Q’ t2 — ‘p_p/’2

), (3.26)

where FE’) (o, 8,0, 8",28,26',28"; 2,2") is the three-variables Lauricella hy-

pergeometric function Ff’) defined in (1.7), a =7/5+v+u+n, f=v+1/2,
B'=upn+1/2, " =n+1/2 and the constant cg is given by

c3 = (_1)u+u+n42+u+u+n

y r24+v+pu+nlA/24+v)I(1/2+w(1/24n)
T2v + DI 2pu+ )T (2u + 1) ’

(3.27)

Proof. We use essentially the formula (3.15) of Theorem 3.2, the formulas
(1.2), the Fubini theorem and the formula (1.8).

4. Applications and Further Studies

We give an application of Theorem 3.3.

Corollary 4.1. The integral kernel of the heat operator e*v+n can be
written in the form

C4
Hyylt,ﬂ(ta b, p/) = % (xx/)y+1/2 (yy/)NJFl/Q (ZZ/)H+1/2

% /oo 67u2/4tu (u2 e _p/‘Q)—7/2—V—H—TI
[p—p'|
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x F (o, 8,8,8",28,28,28",

Aza!

dyy’ 427 p
— — — U
u2_ ’p—p"Q’ u2—\p—p’\2’ u2—\p—p’]2

witha=T7/24+v+p+nb=v+1/2, 0 =p+1/2, 5" =n+1/2.
cy = (_1)V+u+n42+u+u+n
y L(7/24+v+p+nI(1/24v)0(1/24 w)(1/2 +n)
72T (2v + D)T'(2p + 1)T(2u + 1) '

(4.1)

Proof. We use the transmutation formula (see Greiner et al. [8], p.362):

1 2
etBvmn = T e~ M cosun/— A, pdu.
T Jo

We suggest here a certain number of open related problems connected to this

paper. For example the semi-linear wave and heat equations associated to the

triple-inverse square potential and its global solution and a possible blow up of

the solution in finite times.

We can also to look for the dispersive and Strichartz estimates for the Schrodinger
and the wave equations with Triple-inverse square potential , for the case of in-

verse square potential (Burg et al. [3] and Planchon et al. [11]).

References

[1] P. Appell, Kampe de Feriet, Fonctions Hypergeometriques et Hyper-
spheriques, Polynéme d’Hermite, Gauthier-Villars, Paris (1926).

[2] C.P. Boyer, Lie theory and separation of variables for the equation iU +
(% + 5)U =0, SIAM J. Math. Anal., 7 (1976), 230-263.
2

Ty

[3] N. Burg, F. Planchon, J. Stalker and A. Shadi Tahvildar-Zadeh, Strichartz
estimate for the wave equation with the inverse square potential,
arXiv:math., AP /0207152, v. 3, 27 Aug. (2002).

[4] O. Calin, D. Chang, K. Furutani and C. Iwasaki, Heat Kernels for Elliptic
and Sub-elliptic Operators Methods and Techniques, Springer, New York-
Dordrecht-Heidelberg-London (2011).

[5] K.M. Case, Singular potential, Phys. Rev., 80 (1950), 797-806.



HEAT, RESOLVENT AND WAVE KERNELS WITH TRIPLE... 353

[6]

[7]

8]

[9]

J. Cheeger and M. Taylor, On the diffraction of waves by canonical singu-
larites, I, Comm. Pure Appl. Math., 35, (1982), 275-331.

A. Erdélyi, F. Magnus, Oberhettinger, and F.G. Tricomi, Higher Tran-
scendental Functions, Tome II, McGraw Hill, New York-Toronto-London
(1954).

P.C. Greiner, D. Holocman and Y. Kannai, Wave kernels related to the
second order operator, Duke Math.J., 114 (2002), 329-387.

W. Magnus, F. Oberhettinger, and R.P. Soni, Formulas and Theorems for
the Special functions of Mathematical Physics, Springer-Verlag, New York
(1966).

M.V. Ould Moustapha, The heat, resolvent and wave kernels with bi-
inverse square potential on the Euclidian plane, Int. Journ. Appl. Math.
27, No 2 (2014), 127-136.

F. Planchon, J. Stalker and A. Shadi Tahvildar-Zadeh, Dispersive estimate
for the wave equation with the inverse square potential, Discrete Contin.
Dynam. Systems, 9, No 6 (2003), 1337-1400.

N.M. Temme, Special Functions. An Introduction to the Classical Func-
tions of Mathematical Physics, John Wiley and Sons, Inc., New York-
Singapore (1996).

R. Strichartz, A Guide to Distribution Theory and Fourier Transform, Ser.
Studies in Advanced Mathematics, CRC Press, Boca Raton, Ann Arbor-
London-Tokyo (1993).



354



