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Abstract: In this paper, we examine the existence of solitary waves to the
following equation

g+ a(u”)y + (07u + uyy)z = 0,

where 57 is the Hilbert transform with respect to x, and a and b are real
numbers, with b > 0, via a variant of the mountain pass lemma.
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1. Introduction

In this paper we shall present an alternative proof to that presented in [4] of
the existence of solitary waves solutions to the following equation

ur + a(u™)g + (0w + uyy)e = 0, (1.1)

where 77 is the Hilbert transform with respect to x, defined by
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A(f)(z,y) :p.v% h J;(’S_yg)

dg,

when f € S, and a and b are real numbers, with b > 0.
This equation is a bidimensional version of the regularized Benjamin-Ono
equation
ug + a(u)y + b uz = 0. (1.2)

For equation (1.1) has been shown the local well-posedness in Sobolev spaces
and the local well and ill-posedness in weighted Sobolev spaces, also it has
been proved a property of unique continuation that implies the no persistence
of solutions of this in spaces of functions with arbitrary decay polynomial (see
[3]). In [5] it is proved that when considering Sobolev spaces with negative
indices, the map data-solution for the equation (1.1) flow is not C5 and therefore
Picard’ s iteration fails for those rough Sobolev spaces. Also, there is proved a
global well-posedness result to this equation for small data and an interesting
scattering property of these global solutions.

2. Preliminaries

The proof of the existence of solitary waves solutions to (1.1) presented here uses
a variant of mountain pass lemma. In this section we provide some preliminary
results that we shall use later. Let us recall two important lemmas whose proofs
can be found in [1].

Lemma 2.1. Let s € (0,n/2) and f € H*(R™). Then, for p such that
L1y e [P(R") and

s=n(z— %
[ fllze < Cn,SHDSf”B < Cn,SHfH&
where D*f = (—=A)2 = (|¢]*f)".
Lemma 2.2. Let s; and sy be real numbers such that s; < so. Suppose

f is a tempered distribution such that D' f € L? and D%2f € L?. Then, for
s € [s1,82), Df € L? and

1D*fllz2 < CllD* FlI72 1D £ 127,

where
S9 — S

0= .
S9 — 81
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Lemma 2.3. If f € H'(R), then

1/2 1/2
0 1 (@)] < 11 (s el oy

Proof. Let f € H'(R), by the fundamental theorem of calculus and the
Cauchy Schwartz inequality, we have

P(e) = / " 2 fa(z) dz < Ol iz ol e,

hence o o
0 £ (@) < 11 (e Il oy

Definition 2.1. Let
X =2 R ={f e L*R* | DY*f ¢ L*(R*) and 9,f € L*(R®)} (2.1)
be the normed space with the norm defined by
105 = 1F 172 gey + ”Di/QfH%Q(R?) + 10y FlI 72 g2y - (22)

It is clear that 2" is a Hilbert space with this norm.

As consequence of these three lemmas we have the following embedding
lemma.

Proposition 2.1. For 0 < p < 4, there exists a constant C, that only
depend the p, such that, for all f € 2,

2 4-p P
1= < CIANLE 1D FI2 18y 117
In particular, if f € Z
[fllzre2 < Cllf]| 2

Proof. First suppose that p < 4. By Lemma 2.3, the H older inequality and
the Minkowski integral inequality, we have that

/rfxy>rp”dxdy</ suprfxyrp/ F(x,y)? dy de

oo yeR

< [ 1 00 g ) ey
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p+4 P

<cf” < /- f(x,y>2dy> 4 < / Z(ayf<x,y>>2dy>4 dx

4—p
p+4

< |, £, [ / ( / f<x,y>2dy)“dx]

<claih | [

IS
'

o 2
1G9 2 agpe dy]
[e's) L 4-p

(2.3)
Now, by Lemma 2.1,
_pP
17 G 2en < CIDEF(9)lI72- (2.4)
L 4 »p
On the other hand, Lemma 2.2,
P+ 2 12 o
IDET F )l < CUFCWI 5y IDY2 P By (25)
Then, the (2.3), (2.4), (2.5) and the H older inequality, we have
p+2 5 2 nL/2 P
1 pre < CUOflIZ2 W12 11D I (2.6)

Now, we show the case p = 4. By Lemma 2.1, for all u € H*(R) we have that

1 2 1 1 2 1 1
ullzs < ClID2ul[ps < [lul|fa[[D3ullfa < flull7[D2ullz,,

then, for all f € S(R?),

6, dd_COO 004, d><OOD}/22,d)d.
[ Pepay <o ["([7 e ([T orpend)
On the other hand,

fiow = [ P fy (e 9) di

oo 1/2 00 1/2
34( / f6<x,z7>dg> (/ fj(x,ﬂ)dz?) ,
we have

oo 1/2 1/2
| remd<a( [ repia) ([ genwds)
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S0,
1/2
[ ety <c( [ fendey) 2RI

it follows that
| @ y) dady < CIDL AU P
This shows this proposition. ]
The following two lemmas are similar to Lemmas 2.11 and 2.12 in [2] and

their proofs follow the same ideas.

Lemma 2.4. For 0 < p < 4 the embedding 2" — L} (R?) is compact.
In other words, if {¢,} is a bounded sequence in 2~ and R > 0, there exists a
subsequence {uy, } of {u,} which converges strongly to u in L”(Bp).

Lemma 2.5. If{u,} is bounded in Z and

lim  sup / | |* dzdy = 0. (2.7)
B(z,y,R)

"0 (2,y)ER?
then u, — 0 in LP(R?).
Definition 2.2. Suppose E is a real Banach space and I € C'(E,R). I

satisfies the Palais-Smale condition at level ¢, if there exists a sequence {uy,}
in E, such that I(u,,) — cand lim I’(u,) = 0.
m—o0

Lemma 2.6. Suppose E is a Banach space and I € C*(E,R) satisfies the
following properties:

1. I(0) = 0, and there exist p > 0 and a > 0 such that I|5p ) > a > 0.

2. There exist 3 € E — B,(0) such that I(3) < 0.

Let I" be the set all paths which connects 0 and 3, i.e.,

I'={geC([0,1], E) | 9(0) = 0,9(1) = 5}

and

= inf I(g(1)).
¢ = inf max (9(t))

Then ¢ > « and I possesses a Palais-Smale sequence at level c.
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Proof. See Theorem 2.8 in [6].

3. Existence of Solitary Waves

If ¢(x — ct,y) is a solitary wave solution to (1.1), then

—chy + a(9")z + (—cbHby + Pyy)z =
If ¢ € 27, we can write (3.1) as

—co + agy — cbHo, + ¢y = 0.

Then ¢ is a critical point of the functional I on 2 defined as

n+1
I((p)_/R 1[c¢2—af+ + cb(DY2p)? + (9,0)?| dudy.

Higuera

O

(3.3)

Therefore, in order to ensure the existence of solitary waves solutions to the

equation (1.1) it is enough prove that I have non-zero critical points in 2.
Let us see that I satisfies the conditions or Lemma 2.6. It is obvious that

I is a C* functional for 0 < p < 4 and I(0) = 0. Let ¢ € 2 be such that

4] 2~ = 1. Then for a € R we have

+1

)™ 1
=[5 {CW’)Q ol Dl + @(mﬁ)ﬂ dady

min{c,cb, 1} ,
—

[ / ¥? + (DY) + (9,0)? dxdy]
R2

- 2
n+1
o2 / " dady
n + ]. R2
min{c, cb, 1}
= foﬂ‘?ﬂ”%( - P+1(]R2
min{c,cb, 1} , a”+1
e J— a—
- 2 n+1
3 n—1
_ 2 min{c, cb, 1} 22 .
2 n+1

Then, taking o’ small enough, for instance

o < n+§/(n + 1) min{c, cb, 1}
2a ’
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we have that I|sp_, ) > p > 0, where p = [min{‘;’Cb’l}QQ - ao‘nyi: .

Let ¢ € 2 fixed such that ||¢||oo =1y H@bHiﬁl = ¢, we have that

1 1
I = _Kao* - ——Lao".

Taking a small enough, we have, I(a1)) < 0. Also a can be taken large enough
such that e := aip € E — By/(0). This prove the second condition of Lemma
2.6. So, we have shown the following lemma.

Lemma 3.1. Let I, a y 8 be defined as above and let I' and ¢ be defined
as in Lemma 2.6. Then, there exists a sequence {¢,, }, such that I(¢,) — ¢ and
I'(¢y) — 0.

Now, we can prove the following theorem.
Theorem 3.1. The equation (3.1) has nontrivial solutions in 2 .

Proof. 1t is enough to show that I have non-zero critical points in Z". By
Lemma 3.1, there exists a Palais-Smale sequence {¢,,} at level c of I. Therefore,

¢t o(V)gullar = I(gn) — L PndiOn)

p+1
:/ 1(C¢2 —|—bC(D1/2¢) )2+(8 ¢ )2)_a¢£+1 dCCdy—
Rz 2" v vy p+1
B p—i o | (edf + (D2 60)? + (0y60)%) — agh ! dudy
R2
11\ ,
= 5 o p+ 1 mln{c’ Cb? 1}”¢TLH%7

for n big enough. Hence {¢,} is bounded in 2 . Considering that

0<c= lim I(6,) — 5(I"(0),6a) 7

pt1
= lim (/R l(cﬁl + be(DY2 )% + (8yhn)?) — aZ)’J‘r -

dxdy—

n—00 2 2

=5 [ (e} + HDY20n) 4 (0,60)") - ap dxdy>
RQ

2
-1
= lim Lp )

2 dxdy.
n—oo 2(p + 1) R2¢g i
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Lemma 2.5 implies that

0 = lim sup sup / $2 dxdy > 0,

n—oo (g y)ER2
(z,y)+

Then, passing to a subsequence if necessary, we can assume that there exists a
sequence (7, yn) € R? such that

0
/ ¢ drdy > 3 (3.4)
(z,y)+
for n big enough. Let 571 = ¢n(- — (zn,yn)). Then, again passing to a subse-
quence if necessary, we can assume that, for some ¢ € Z°, ¢, — ¢ in 2. In

view of (3.4), for n large enough, and Lemma 2.4, ¢ # 0. Lemma 2.4 and the
continuity of the function v — u?*!, imply that

I'(¢)(w) = lim I'(¢y)(w) =0,

n—o0

for all w € 2. This shows this theorem. O

Acknowledgments

The authors were supported by the Universidad Central.

References

[1] F. Linares and G. Ponce, Introduction to Nonlinear Dispersive Equations,
Universitext (2009).

[2] G. Preciado and F.H. Soriano, On the existence and analycity of solitary
waves solutions to a two-dimensional Benjamin-Ono equation, arXiv, Math
Appl. 1503.04291 (2015).

[3] F. Sanchez and F.H. Soriano, On the Cauchy problem associated to a
regularized Benjamin-Ono-Zakharov-Kuznetsov (rBO-ZK) type equation,
Submitted (2015).



A NOTE ON THE EXISTENCE OF SOLITARY WAVES TO... 565

[4]

F. Sanchez and F.H. Soriano, On the existence and analycity of solitary
waves solutions to regularized Benjamin-Ono-Zakharov-Kuznetsov type
equation, Submitted (2015).

F. Sanchez and F.H. Soriano, Some remarks of the well and ill-posedness
of a regularized Benjamin-Ono-Zakharov-Kuznetsov type equation. Sub-
mitted (2015).

M. Willem, Minimax theorems, Progress in Nonlinear Differential Equa-
tions and Their Applications 24 (1996).



566



