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Abstract: The aim of this paper is to establish coefficient bounds for certain
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1. Introduction

Recently, the area of the g-analysis has attracted serious attention of researchers.
The great interest is due to its applications in various branches of mathematics
and physics, as for example, in the areas of ordinary fractional calculus, opti-
mal control problems, ¢-difference and ¢-integral equations and in ¢-transform
analysis. The generalized ¢-Taylor formula in the fractional g-calculus was in-
troduced by Purohit and Raina [14]. The application of g-calculus was initiated
by Jackson [5, 6]. He was the first to develop the g-integral and g-derivative in
a systematic way. Later, geometrical interpretation of the g-analysis has been
recognized through studies on quantum groups. Simply, the quantum calculus

Received: January 18, 2016 (© 2016 Academic Publications

§Correspondence author



244 C. Ramachandran, L. Vanitha, S. Owa

is ordinary classical calculus without the notion of limits. It defines g-calculus
and h-calculus. Here h ostensibly stands for Planck’s constant, while ¢ stands
for quantum. Mohammed and Darus [10] studied approximation and geomet-
ric properties of these g-operators in some subclasses of analytic functions in
compact disk, recently Purohit and Raina in [14, 15] have used the fractional g-
calculus operators in investigating certain classes of functions which are analytic
in the open disk, and Purohit [13] also studied these g-operators, defined by us-
ing the convolution of normalized analytic functions and the ¢-hypergeometric
functions. A comprehensive study on applications of g-calculus in the operator
theory may be found in [2]. Ramachandran et al. [16] have used the fractional
g-calculus operators in investigating certain bound for ¢-starlike and g-convex
functions with respect to symmetric points.
Let A be denote the class of analytic functions f(z) of the form

f) =24 a" (1)
k=2

defined on the open unit disk U.

Also let S be the subclass of A consisting of the univalent functions in U.

Recalling the principal of subordination between analytic functions, let
the functions f and g be analytic in U. Then we say that the function f is
subordinate to g, if there exists a Schwartz function w, analytic in U with
w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)). We denote this subordina-
tion by f < g, or f(z) < g(z). In particular, if the function g is univalent in U,
the above subordination is equivalent to (see [3, 9]) f(0) = g(0)and f(U) C ¢(U).
Also, Jackson [5, 6] g-derivative and g-integral of a function f € Aand 0 < ¢ < 1
defined on a subset of C are, respectively, given by

f(z) = flg?)
(1—q)z

D,f(0) = f(0) and Dgf(z) = Dy(Dyf(2)). From (2), we have D,f(z) =

1+ > [k]garz®~1, where [k], = 11__qq . If ¢ - 17Y [k], — k. For a function
k=2

qu(z) = y R 7é 0, (2)

h(z) = z*, we observe that D,(h(z)) = D,(z*) = %zk_l = [k],z¥"1 and
limg1 Dy(h(z)) = limg1 ([k]qz*~1) = kz*~! = W/(2), where K is the ordinary
derivative. As a right inverse, Jackson [5] introduced the g-integral

/ fOdgt = 21— )3 g2,
0 k=0
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provided that the series converges. For a function h(z) = z*, we observe that
z z . Zk?-l—l
h(t)d,t = [ t°dgt = ———,k # —1
/ O / TR
0 0
z k41 k41 z z
and limg,_1 [ h(t)dgt = limg, 4 T = T = [ h(t)dt, where [ h(t)dt is
0 0 0

the ordinary integral.

Definition 1. Let ¢(2) = 1 + Byz + Baz? + --- be a univalent starlike
function with respect to 1 which maps the open unit disk U onto a region in
the right half plane which is symmetric with respect to the real axis, and let
By >0,0 < a < 1andbe C\{0}. The function f € S is in the class
Malg, b, ¢), if

We note that

o If =0, lim, ;- Mo(q, b, §) = Sp(¢) and a = 1,
lim, ;- Mi(q, b, ) = Ci(¢), [17].

o If a=0,lim,_,;- Mo(q, 1, ¢) = S(¢) and a = 1,
limg ;- Mi(q, 1, ¢) = C(¢), [8].

o Ifa=0lim, - Mo (g, b B(=202) =S5 (b) and a = 1,

1+ (1—-2n)z

lim M, (q, b,
1—=z

q—1-

) =ci.0ecioosy <,
[4].

o If a =0, lim, ;- Mo (q, b, }i) — S*(b), [11].

o Tfa=1lim, - M (q, b, %) = C(b), [11].

o If a =0, lim,,;- My (q, 1—mn, %) =8*(n) and a =1,

1
lim Ml (Q7 1- 7, %) = C(n)a

q—1- 1
(0<n<1), 18]
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? 11—z

o If a=0,lim,,;- My (q, be="cos H—Z> =8%b) and a =1,

lim M, (q, be ™ cos0), 1+ ) = C%(b, (10|<m/2,b€C\D0),

[1].

In the present paper, we obtain the Fekete-Szego inequality for functions in
a more general class M, (g, b, ¢) of functions which we define above. Also we
give applications of our results to certain functions defined through convolution
(or the Hadamard product) and in particular we consider a class Mh(q, b, ¢)
of functions defined by fractional derivatives. The motivation of this paper is
to generalize the results obtained by Seoudy and Aouf [19]. In order to derive
the main result the following lemmas are required.

Lemma 2. ([8]) If p(z) = 1+ c12+c22% +... is an analytic function with
a positive real part in U, then

—Apu+2  if p <0,
lco — pcd] < {2 if0<p<l,
dp —2 if p>1.

1+ 22
1— 22

1
When pu < 0 or > 1, the equality holds if and only if p(z) is . R

of its rotations. If 0 < u < 1, then the equality holds if and only if
one of its rotations. Equality holds if and only if

b= (3+38) T+ (5-99) 1 081

2 1—2z 1+ 2

or one of its rotations. If u= 1, the equality holds if and only if p(z) is the
reciprocal of one of the function such that the equality holds in the case of u
= 0. Also the above upper bound is sharp, it can be improved as follows when
0 < 1 < 1: lea— 2|+ ()lenl? <200 < o < 1/2) and [es — e+ (1 — p)|ex | <
2(1/2 < u < 1).

Lemma 3. ([8]0 Ifp(z) = 1+c12+c22? +... is a function with a positive
real part in U then for any complex number v, then |02 — VC%‘ < max{1l; |2v —
+ 22 1+z

— and p(z) = T

1
1|}. The result is sharp for the functions p(z) = .
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2. Main Results
Applying Lemma 2, we first derive the following result.

Theorem 4. Let 0 < qg<1,b€ C\ {0} and ¢(z) =1+ Bz + Baz? + -+
with By > 0. If f(z) given by (1) belongs to M/(q, b, ¢), then

Bilb| (By _ astpon .
“ar (Bl oz Blb if 1% S o1,

Bi|b]
a1

lag — pa3| < if o1 <p<oy,

—Bl‘b‘ By  astpag .
o (Bl a3 Blb if 1% > g9.

Further, if o1 < < o3, then

_ 9 B}
— By — B —_— < =,
lag — paz| + Bhar | 1 2+ o (042‘1'#061)_ | a3 |< o
Further, if o3 < p < 09, then
_ 9 B}
lag — pas| + Bhan _B2 + By — o (ag + Mal)_ | a3 |< o
where
(BQ — Bl) a3 — OéQB%b
ol = ,
! B%bal
o _ (BQ"‘Bl)OZS—OéQB%b
2 B%bal
and
Bgag — OéQB%b
a3 —Qfpu o
Bl bOél
and assume that
a1 = ([2[8lg —Blg+1Da+[3lg—1, (3)
Q2 = ([2]q - [2]2 - 1) Q= [2]61 +1 (4)
and
as = (2g+a—1)7 (5)

The results are sharp.
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Proof. If f € M,(q, b, ¢), then by the Definition 1, we have
1 2Dy f(2) Dy(2Dq f(2))
vy oo (2 ) vo (P )| <o

By the subordination principle, there exists a Schwartz function w(z) analytic
in U with w(0) = 0 and |w(z)| < 1 in U such that

14 [0-) (2L ) o (BEESEN | g,

Let a function p(z) be defined by

p() = 1+1[<1_a>(M_1>+a(M>]

b f(z) Dqyf(z)
= 14+biz+by?+---.
Hence b; = wag, and
1

by = ~{[(1214[3)y — 3814 + 1) + 3], — L) ag
+[(12lg— (27 - 1) a— [2g + 1] a3} .

Since ¢(z) is univalent and p < ¢, then the function pi(z) = %&2; =

14 c1z + cpz? + - -+ is analytic and has positive real part in U. Thus we have
p1(z) — 1)

Z) = _— 6

po =0 (B9 (6)

and from the equation (6)

1 1 1
bg = 531 (CQ — 50%) + ZBQC%,
and
1
b1 = 53161.
bBic1

Hence, we have ao = 5 and

[2]g+a—1)

bB
2[([2lg[3lg = Blg + D) a + [3]g — 1]

. [@_%<1_%+([2]“[2]3_1)“_[2]q+131b>cgl.

as —

([2lg +a—1)°
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Therefore,
bB
2 1 2
as — pas = co —vei), 7)
N (DN e e A C DA
where . 3
2 Qo F i
=—(1—-—+——"-"Bb|.
v 5 ( B + s 1 ) (8)

Theorem 4 follows now by an application of Lemma 2. To show that these
bounds are sharp, we define the functions Ky, (n = 2,3,4,...) by

)] -

with Ky, (0) = 0= K7, (0) — 1.
The functions Fs5 and G5(0 < 6 < 1) are defined by

[ (SR ) o (B

— (ZEZ:(S?) withFs(0) = 0 = F4(0) — 1 and
el (o ) e ()
=¢ <_Zl(z+fz)) with G5(0) = 0 = G5(0) — 1.

Clearly, the functions Ky, Fs and G5 are in My(q, b, ¢). Also we write
K¢ =: Kg2. If p < o1 or pp > o9, then the equality holds if and only if f is Ky,
or one of its rotations. When o1 < u < o9, then the equality holds if and only
if fis Kg3 or one of its rotations. If y = o1, then the equality holds if and only
if f is Fs or one of its rotations. If ;i = o9, then the equality holds if and only
if f is G5 or one of its rotations. O

Next we derive the following result.

Theorem 5. Let 0 < q<1,b€ C\ {0} and ¢(z) =1+ Bz + Boz? + -
with By # 0. If f(z) given by (1) belongs to M/(q, b, ¢), then

Bi|b B —
las — pad) < 2L ’max{1;—2+(o” 0‘2u>31b},

o1 By a3

where a1, ay and ag are defined by (3), (4) and (5). The result is sharp.
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Proof. Our result now follows by an application of Lemma 3. The result is

sharp for the functions Zl}q(f gz) #(2?%) and ZD‘I(f § 2 = ¢(z). This completes the

proof of Theorem 5. U

For the special case b = 1 and lim,_,;-, the function Mq(q, b, ¢) given by
Definition 1 has the form respectively:

Ma(Qa b, ¢) = Mox(Qa L, ¢) (9)

and

Ma(q, b, @) = My(b, ¢). (10)

Consequently, from Theorems 4 and 5, we can deduce respectively the follow-
ing corollaries which represent the sharp upper bound for the function defined
above.

Corollary 6. Let 0 < ¢ <1 and ¢(z) = 1+ Bz + Boz?+--- with By > 0
and By > 0. If f(z) given by (1) belongs to M,(q, 1, ¢), then

B B .
Bi(fa_extinp) i p<p,

aq

lag — pal| < { 2 if fi1 < p< P,

(63}

—B) (By _ astpo .

where a1, ay and ag are given by (3), (4) and (5) and

(BQ — Bl) a3 — OéQB%
B%al ’

pr =

(BQ + Bl) g — OQB%
B%Ozl

B =

and
BQO{S — CEQB%

B%al

Bs =

Further, if 1 < p < B3, then

2

By B,
- By — By + -1 <2t
lag — pa3| + —— Bla 2 — B+ o L (ag + pan)| < o
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Further, if B3 < p < 9, then

las — pa3| + BQ+B1—B—2(042+,LL061) < &
B2 a3 eS|

The results are sharp.

Corollary 7. Let0 < g < 1andb € C\{0} and ¢(z) = 1+ Byz+Bgz?+- -
with By # 0. If f(z) given by (1) belongs to M(q, 1, ¢), then

B B —
|a3—ua§|§—lmax{1 —2+<a1 a2u> Bl},
(&5} B a3

where a1, ay and ag are denoted by (3), (4) and (5). The result is sharp.

Corollary 8. Let b € C\ {0} and ¢(z) = 1 + Byz + Bz + --- with
By > 0. If {(z) given by (1) belongs to M (b, ¢) with b > 0, then

Balb :
2(110‘1) (132 ’Y4B1b) if p<m,

B1|b .
‘CL3 — ,U/a%‘ S 2(114‘_0[) if Y1 S M S Y2,

A (=) 0

where

 (Bo—Bi)(1+a)”+(3a+1)Bb
o= 2B2b(1 + a) ’
(By + By) (1+)* + (3a + 1)BQb
2B2b(1 + )
By (1+ a)® + (3a+ 1)B?b
2B3b(1 + )

T2 =

V3

and

o 2u(l+a) — (Ba+1)
"o T+a2 (D

Further, if v1 < p < 73, then

(1+«)
282b

B1b
[Bl—BQ+’Y4B1 b] la3 | < :

— 2 —_—
|CL3 ,ua2| + = 2(1+Oé)
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Further, if v3 < < 79, then

(1+a)
2B?%b

Byb
21+ a)’

las — pal| + [B1+ By +7Bib] | a3 | <

FEach of these results are sharp.

Further, we have the following corollary.

Corollary 9. Let b € C\ {0} and ¢(z) = 1+ Byz + Byz? + --- with
By #0. If f(2) given by (1) belongs to My(b, ¢), then

Bi|b) By [ 3a+1 2
—pad < 2L 1; == Biby.
a3 = pazl < 5377 max{ B T\aver Taxa”) ™

The result is sharp.

For the special case b = 1 in Corollaries 8 and 9, the function M, (b, ¢) given
by (10) has the form M, (1, ¢) hence, we can deduce the following results.

Example 10. Let ¢(2) = 1+ Bz + Bez? + -+ with By > 0. If f(z) given
by (1) belongs to My (1, ¢), then

2(1B<|}a) (% - 'Y4Bl> it p <o,

las — pa3| < § 5itey if 01 < p < 0o,

_2(ﬁa) (% - 74Bl) if  p2> 0,
where 7, is given by (11) and

5.~ B—B)(+ a)® + (3a+1)B?
b 2B2(1 + a) ’
(By+ B1) (1 +a)*+ (3a+1)B?
2B%(1+ )

02 =

and

By (1+a)® + (3a+1)B}

02 =
s 2B2(1 + a)
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Further, if 01 < p < d3, then

9, (1+0) 211 .2 By
— B — B B < —
a3 = pas| + 2B? [B1 = Byt mbi] | a; |< 2(1 + )
Further, if 3 < p < 9, then
o, (1+0) 21 .2 By
— B B B < —
a3 = pas] + =g [Br+ BauBi] Lo |< 5=y

The results are sharp.

Example 11. Let ¢(z) = 1+ Byz + Byz? + -+ with By # 0. If f(2) given
by (1) belongs to M (1, ¢), then

B B 3a+1 2
—pad < ——L 1; =22 Bip.
a3 —narl < sy e B g e Tar ) B

Remark 12. For the special case a = 0, Theorems 4 and 5 represent
results, similar to these obtained by Seoudy and Aouf [19, Theorem 3 and
Theorem 1].

Remark 13. For the special case a = 1, Theorems 4 and 5 represent
results, similar to these obtained by Seoudy and Aouf [19, Theorem 4 and
Theorem 2].

Remark 14. For a = Oand ¢ — 17, Theorem 5 provides similar results
to those recently obtained by Ravichandran et al. [17, Theorem 4.1].

Remark 15. For o = Oand ¢ — 17, Theorem 4 gives similar results to
those recently obtained by Seoudy and Aouf [19, Corollary 3].

Remark 16. For o =1 and ¢ — 17, Theorems 4 and 5 correspond to the
results recently obtained by Seoudy and Aouf [19, Corollary 2 and Corollary 4].
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Remark 17. For a =0, - 17 and o« = 1,¢ — 17, Theorems 4 and 5
correspond to the results obtained by Ma and Minda [8] for the known classes
of starlike and convex functions which were mentioned as S(¢) and C(¢) re-
spectively.

3. Applications to Analytic Functions Defined by using Fractional
Calculus Operators and Convolution

Definition 18. Let f(z) be analytic in a simply connected region of the
z-plane containing the origin. The fractional derivative for f(z) of order p is
defined by

b1 d 7 fQ
D) = i ) G

where f(z) is constrained, and the multiplicity of (z — ¢)™” is removed by
requiring that log(z — () is real for z — ¢ > 0.

d¢ (0<p<1),

With the help of Definition 18 and its known extensions involving fractional
derivatives and fractional integrals, Owa and Srivatsava [12] introduced the
operator 2 : A — A defined by

(pr)() I2- )Zprf(Z)

FE+D)IR—p) & (12)
kz k._'_]__p) apz -, (,0752,3,4)

The class M&(q, b, ¢) consists of functions f € A for which Q°f € M,(q, b, ¢),
and note that the class M54 (q, b, ¢) is a special case of the class M%(q, b, @)

when
[oe)

D (k+1)0 (2
kz k+1—p)p)zk‘ (13)

For f(z) given by (1) and g(z) given by g(2) = 2 + > 50, gr2"*, the convolution
of f(z) and g(z) is defined by

(f*9)(z —Z+Zak9kz
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Since f € M%(q, b, ¢) if and only if fxg € Ma(q, b, ¢), we obtain the coef-
ficient estimates for functions in the class M%(q, b, ¢), from the corresponding
estimates for functions in the class M,(q, b, ¢).

Applying Theorem 4 for the function (f*g)(z), we get the following theorem
after choosing the suitable parameter u:

Theorem 19. Let 0 < ¢ < 1,b € C\ {0} and ¢(z) = 1+ B1z+ Baz?+ -+
with By > 0. If f(z) given by (1) belongs to M%(q, b, ¢), then

Bilb ,
g310|11| (g—f - 773B1b) it <,

2 Bi|b .
|az — paz| < g;—c'yﬂ if < p <,

—Bi|b .
ggéll| (g—f - "733117) if >,
where a1, ay and ag are denoted by (3), (4) and (5), and

(BQ — Bl) a3 — OéQB%b 2

m = 99,
B} gsbay 2
(BQ + Bl) a3 — OéQB%b 2
12 B2 b 92

193007

and
Qg + o
=95 93
Q395

The result is sharp.

When ¢ corresponds to the Owa-Srivastava operator given in (12), we have

TErE-p) 2
2ETTE-p 20 (14)

and
_T(re-p, _ 6
BT T @B (15)

Combining (14) and (15), Theorem 19 is reduced as follows.
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Theorem 20. Let 0 < ¢ <1,b € C\{0} and ¢(z) =1+ Byz+ Baz?+ -+

with By > 0. If f(z) given by (1) belongs to M%(q, b, ¢), then

CopGopBll (B NgBib) i <,
‘a3_ua%‘ < %W if A < p< g,
*(Q*P)éz;P)Blw (g_? _ )\3B1b) if o> A2,

where a1, ay and ag are represented by (3), (4) and (5), and

\ _ 2(3 — p) (Bg — Bl) a3 — OéQB%b
! 3(2 = p) B2ba, ’

A - 2(3 - ,0) (BQ + Bl) a3 — agB%b
> 7 \32-)) BZba,

and

(2(3 —P)> az + pon

a3

The result is sharp.

For the special case b = 1 and lim,_,;-, the function Mq(q, b, ¢) given by
Definition 1 has the form respectively denoted by (9) and (10). Consequently,
from Theorems 19 and 20, we can deduce respectively the following corollaries

which gave the sharp upper bound for the function mentioned above.

Corollary 21. Let 0 < ¢ < 1 and ¢(z)
) 17

_¢), then

By > 0. If f(z) given by (1) belongs to M%(q
B (B + .
e N
|as —Ma§| < % if 1 < p < po,
B (B + .
B (- mtpg) iz e

where a1, ag and ag are defined by (3), (4) and (5), and

= (BQ — Bl) a3 — OéQB% 92
Bigszan 2

1+Blz+3222+"’

with
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and

(BQ + Bl) a3 — OZQB% 2
92-

2
Bgzon

The result is sharp.

Corollary 22. Let 0 < ¢ < 1 and ¢(z) = 1+ Byz + Bz + ---

By > 0. If f(z) given by (1) belongs to M%,(q, 1, ¢), then

2=p)B=p)B1 (% — )\331> it p <,

61

jag — paj| < { E=2E-B if G <p<(,

6

el YT I TR

61
where a1, g, ag and A3 are represented by (3), (4), (5), and (16), and

C o (2(3 — p)) (BQ — Bl) a3 — QQB%
BRCCED Btba

and

C _ 2(3 — p) (BQ + Bl) a3 — OéQB%
>~ \32-)p) B2ba, '
The result is sharp.

Corollary 23. Let b € C\ {0} and ¢(z) = 1+ Byz + Boz? + -+

By > 0. If f(2) given by (1) belongs to My(b, ¢), then

B1lb| B .
595 (133 (B—f - ;_§B1b93> if p<uy,

2 Bl‘b‘ .
lag — pa3| < 2g5(1+a) if v <p <y,

By |b] B . :
ol (B - B Bibgs) iz,

where vy is given by (11) and

L, _ BB+ a)? + (3a+1)B?b
b= 205 B2b(1 + a) 92

and

L BB+ )+ (3a +1)B
2= 295 B2b(1 + @) 2

257

with

with
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Corollary 24. Let b € C\ {0} and ¢(z) = 1+ Byz + Be2z? + --- with
By > 0. If f(z) given by (1) belongs to M%(b, ¢), then

p3 (g—f - 3(22(;334 Blb> if p<pr,

laz — pa3] <& p3 if p1 < p<pa,

—p3 (g—f - 3(2?;5234 Blb> if > po,

where 7y, is given by (11) and

(2 —=p)\ (B2~ B1)(1+a)® +2(3a + 1)B?b
noo <3<2 - p>> B2b(1 + ) ’
(23— p)> (By + By) (1+ @)* +2(3a + 1)B2b
P (3(2 y B2(1 + a)
and
_ 2-p)B-p)B1|b]
P = 12(1 + a)

The result is sharp.

For the special case b = 1 in Corollaries 23 and 24, we can deduce the
following results.

Example 25. Let b € C\ {0} and ¢(z) = 1 + Byz + Bz + -+ with
By >0 and By > 0. If f(z) given by (1) belongs to M,(1, ¢), then

2—p)(3—p)B1 (B 3(2— i
St (B - m) o s,
jas — pa] < § CHEEH™ s

—(2—p)(3—p)B1 [ B 3(2— i
i (B_f - 5(3523431) R

where 7, is given by (11) and

(By—B1)(1+a)*+ (Ba+1)B? ,
QggB%(l + a) 92

T —
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and

(By+ B1) (14 )*> + (3a+1)B? ,
2gsB2(1 + a) 2.

T9 =

The results are sharp.

Example 26. Let ¢(z) = 1+ Bz + Bez? +--- with By > 0. If f(z) given
by (1) belongs to M%(1, ¢), then

2-p)3-p)B1 ( By _ 3(2— .
% (B_? - 2%3—,’37431) i p<wi,

2—p)(3—p)B .

—(2=p)B=p)B1 (B 3(2— .
% (B_f - 2%3—%7431) if p > wo,

where 7, is given by (11) and

oy — <2(3 - p)> (By — By) (1+ @)* +2(3a + 1) B2
3(2-p) Bi(1+a)

and

B (2(3 - p)> (By+ By) (1+)® +2(3a +1)B?
“2=\32 ) B2(1 + a) '

The result is sharp.
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