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Abstract: The present numerical study deals with the stabilized finite el-
ement solution of the variable coefficient convection-diffusion equation. Basi-
cally, SUPG type stabilization terms is appended to standard Galerkin finite
element formulation for the convection dominated and singularly perturbed
boundary layer cases. The proposed stabilized finite element method enables
to obtain stable solution and avoids oscillations. The algorithm is presented for
different benchmark problems considered in 1-D and 2-D cases. Furthermore,
the solutions show the accuracy of the proposed method.
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1. Introduction

Convection-diffusion equations which are also considered as linearized versions
of the Navier-Stokes equations, are encountered in many physical and engi-
neering applications. Therefore, considerable amount of researchers have been
interested in the solution of the convection-diffusion equations with some other
numerical methods especially convection dominated cases and singularly per-
turbed boundary value problems in which numerical instabilities occur in clas-
sical finite element method type solution techniques. Therefore, some stabilized
finite element should be considered in order to obtain stable solution.
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Stabilized methods reduce the oscillations and achieves stability either us-
ing a suitable mesh [1, 2] or adding mesh-dependent artificial diffusion terms
to physical formulation of the problem which are tuned by a stabilization pa-
rameter [3]. These terms enhance the coercivity of the formulation by acting
like artificial diffusion in the direction of streamlines and enables the usage of
coarse mesh. The amount of such addition is very effective in solutions, so
the value should be calculated efficiently. Therefore several numerical tests
and researches are performed for calculation of the value of this stabilization
parameter.

Most of the studies existing in literature are about constant diffusion coeffi-
cient cases. Therefore, in this study we examine the variable coefficient cases of
the convection-diffusion equations. In the first part, we give standard Galerkin
finite element formulation of variable diffusion coefficient of convection-diffusion
equation. Then stabilized formulation based on the Streamline-Upwind/Petrov
Galerkin (SUPG) [3] of the equation is obtained. Additionally, an alternative
stabilization method called stabilizing subgrid method (SSM) [4, 5] which is
based on proper choice of the subgrid point inside each element and calculating
the stabilization parameter using this subgrid point. The stabilized finite ele-
ment methods of SUPG and SSM types have similar formulation except for the
value of the stabilization parameter. Accuracy of SSM has been already dis-
played for the solutions of Navier-Stokes equations [6], magnetohydrodynamic
equations [7] and natural convection flow equations [8].

The paper is organized as follows: In Section 2, we describe the variable
coefficient of the convection-diffusion equation. In Subsection 2.1, we present
the standard Galerkin finite element formulation of the equation. The stabilized
forms of the equation are given in Subsection 2.2. We demonstrate and compare
the methods in Section 3 by presenting some numerical experiments obtained for
some selected benchmark problems defined in 1-dimension and 2-dimensional
cases. Finally, a brief conclusion is given in Section 4.

2. Mathematical Model

We consider the steady variable coefficient convection-diffusion equation in a
non-dimensional form in a bounded domain Ω ⊂ IR2 with Dirichlet type bound-
ary conditions on a smooth boundary Γ as,

−ǫ(x)∆u+ β(x) · ∇u = f(x) , in Ω
u|∂Ω = u0 , on Γ

(1)

where x ∈ IR2, ∇ and ∆ are gradient and Laplace operators, respectively.
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Before starting to present the numerical methods, let us set the notation.
We use standard notation for function spaces: L2(Ω) is the space of square
integrable functions over the domain Ω, L2

0(Ω) is the space of L2(Ω) functions
with zero mean over Ω, H1(Ω) is the Sobolev space of L2(Ω) functions whose
derivatives are square integrable functions in Ω, and H1

0 (Ω) is the Sobolev
subspace of H1(Ω) functions in Ω with zero value on the boundary ∂Ω.

2.1. The Standard Finite Element Method

Consider the steady variable coefficient convection-diffusion equation in a boun-
ded domain Ω ∈ IR2 with the Eq. (1) with Dirichlet type boundary conditions.
Then the weak formulation of the problem can be stated as: Find u ∈ V =
H1

0 (Ω) such that

a(u, v) = (f, v) , ∀v ∈ V (2)

where

a(u, v) =

∫

Ω
[ǫ∇u · ∇v + (∇ǫ · ∇u)v] dΩ+

∫

Ω
(β · ∇u)vdΩ

and (f, v) denotes the scaler product of f and v in L2
0(Ω).

First of all, let’s try to explain the derivation of first integral. It is already
known that, using the divergence theorem, one can obtain

−

∫

Ω
v∆udΩ =

∫

Ω
∇v · ∇udΩ−

∫

∂Ω
v
∂u

∂n
ds.

Similarly, equivalence of the integral

∫

Ω
vǫ(x)∆udΩ

is obtained again by using divergence theorem as follows:

∫

∂Ω v(ǫ(x)∇u)ds =
∫

Ω ∇ · (vǫ(x)∇u)dΩ

=
∫

Ω ∇v · (ǫ(x)∇u)dΩ +
∫

Ω v∇ · (ǫ(x)∇u)dΩ

=
∫

Ω ∇v · (ǫ(x)∇u)dΩ +
∫

Ω v(∇ǫ(x) · ∇u+ ǫ(x)∇2u)dΩ

⇒
∫

Ω v(ǫ(x)∇2u)dΩ

=
∫

∂Ω v(ǫ(x)∇u)ds −
∫

Ω[ǫ(x)∇v · ∇u+ v(∇ǫ(x) · ∇u)]dΩ.
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Now, in order to introduce a finite element method, we begin by partitioning
the domain in to finite elements in a standard way and let Ωh be such a partition
of Ω. Then, the Galerkin finite element formulation of the problems reads; Find
uh ∈ Vh such

a(uh, vh) = (f, vh) , ∀vh ∈ Vh (3)

where Vh ⊂ V is finite dimensional subspaces defined on the discretization Ωh.
It is well known that the exact solution of the problem (1) has a boundary

layer for convection dominated cases (ǫ ≪ 1). In this case, in order to obtain
stable solutions with standard Galerkin finite element, a fine and adaptive mesh
should be used which increase the computational cost. Alternatively, some
stabilized finite element method should be considered in order to eliminate
oscillations near boundary layers.

2.2. Stabilized Formulation

It is already stated that, to get rid of unphysical oscillations in the numerical
solution, stabilized finite element methods should be considered in the solution
procedure which allows to use uniform coarse mesh and linear basis functions.
One of the most favorite class of stabilized formulations goes under the name
SUPG.

SUPG formulation of the Eq. (1) using linear elements can be written as:
Find uh ∈ Vh such that

a(uh, vh) +
∑

K∈Ωh

τSUPG
K (β · ∇uh − f,β · ∇vh) = (f, vh) , (4)

∀vh ∈ Vh with the stabilization parameter [3]

τSUPG
K =











hK

2|β
K
|
if PeK ≥ 1

h2

K

12ǫK
if PeK < 1

(5)

where hK is the diameter of the element K, PeK =
|β

K
|hK

6ǫK
is the Peclet number.

Since the diffusion coefficient ǫ(x) and convection coefficient β(x) are varying
through the element, the parameters ǫK and βK are calculated as the average
values of ǫ(x) and β(x) on the element nodes, respectively.

The SUPG method is computationally cheap and practically easy to imple-
ment and it is one of the effective way of obtaining numerically stable solutions.

An alternative method called the stabilizing subgrid method (SSM) is pro-
posed for calculating the value of stabilization parameter τK . The key idea is to
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enrich the finite element spaces with some appropriate functions so that the re-
sulting numerical method gives rise a stabilized formulation without increasing
the size of stiffness matrix (for the details of the method, see [4, 5]).

In SSM, the stabilization parameter τK is explicitly given by

τK =
1

|K|

∫

K

bK dK (6)

where |K| is the length (in 1-D) or area (in 2-D) of element K, and bK is the
unique bubble function defined by the following boundary value problem in K:

{

−ǫ∆bK + β · ∇bK = 1 inK
bK = 0 on ∂K.

(7)

It is seen that, the solution of Eq. (7) is as difficult as the original Eq. (1).
Therefore, the bubble function bK should be calculated accurately and also
efficiently.

The idea of SSM is obtaining the value of bK by considering only a single
node inside each element. However, location of the node is critical so it should
be calculated by considering the boundary layer which determined by the values
of ǫK and βK .

In 1-dimension, the location of the subgrid point call it xp, for element
K = [xK , xK+1] is given in [4] as

xp =















xK − 2ǫK
β

K

if ǫK ≤
hβ

K

6

xK − h
3 if ǫK >

hβ
K

6

(8)

where h is length of the element.

Once the location of subgrid point is calculated, the bubble function bK is
defined explicitly and so after simple calculations, the stabilization parameter
τK is calculated exactly as

τSSMK =
(xp − xK)(xK+1 − xp)

4ǫK
. (9)

However, in 2-dimensional case, calculating the bubble function bK from
Eq. (7) is not an easy task. Therefore, the value of bK and so the value of
stabilization parameter can be calculated approximately and used in stabilized
formulation.
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It is also possible to use standard Galerkin finite element formulation over
the new mesh which is obtained by partitioning each element to triangles us-
ing the subgrid node inside the element as considered in SSM. In 2-dimension,
generally, the domain is discretized in to triangular or rectangular elements. De-
tails of how the location of subgrid point is determined are given for triangular
elements in [4] and for rectangular elements in [5].

3. Results and Discussion

In this section, we present some numerical results with SUPG and SSMmethods
in order to show the efficiency of stabilization compared to standard Galerkin
FEM.

3.1. Test Problem in 1-D

Consider the variable coefficient convection-diffusion equation with Dirichlet
type boundary conditions as,

−x2u′′ + wxu′ = 0 , 0 < x < 1,
u(0) = 1 , u(1) = 0

(10)

where w is positive constant and the exact solution of the equation is

u(x) = 1− xw+1. (11)

Figure 1: Exact solution of the problem 10 for different values of w
(left) and solutions of the problem 10 for w = 100

Notice that, for small values of w, standard Galerkin finite element method
will yield good results. However, as w getting large there is a boundary layer



STABILIZED FEM SOLUTION OF VARIABLE... 377

around x = 1 as displayed in Figure 1 which shows exact solutions for different
values of w. It is seen from the figure that, standard Galerkin FEM produces
oscillations which is not exist in physical configuration of the problem. The
problem is also solved by using both SUPG and SSM methods and obtained
solutions are compared with the exact one. We will concentrate on the solutions
near the boundary layer in which the difference between the SUPG and SSM
can be seen more clearly. The comparison is performed on coarse mesh (5
linear elements, 6 nodes). Additionally, the SSM produces accurate results
compared to the SUPG method although the stabilization is pronounced in
both of the methods (no oscillations and disturbances in the solutions). The
accuracy of SSM is based on the location of the subgrid point and the value of
the stabilization parameter which are displayed in Table 1.

Table 1: Location of the Mid point, subgrid point and values of
stabilization parameter for SUPG and SSM

Interval Mid Point Subgrid Point τSUPG
K τSSMK

[0.0, 0.2] 0.1 0.196 0.01 0.0098
[0.2, 0.4] 0.3 0.3933 0.0033 0.0032
[0.4, 0.6] 0.5 0.5896 0.002 0.001896
[0.6, 0.8] 0.7 0.7857 0.0014 0.001326
[0.8, 1.0] 0.9 0.9817 0.0011 0.001009

3.2. Test Problem in 2-D

As a second test problem, we consider the 2-dimensional L-Shape flow problem
which is the variable diffusion coefficient version of the problem considered in
[9] with Dirichlet type boundary conditions

−ε(x2 + y2)∆u+ (−y, x) · ∇u = 0 (12)

where ε is very small positive number in the range 10−2 ≤ ε ≤ 10−4. The
difficulty of the problem source from the interaction between a boundary layer
and corner singularity. Domain of the problem with the boundary conditions
and uniformly discretized both triangular and rectangular meshes are displayed
in Figure 2.

The change of subgrid point in SSM is displayed in Figure 3. In diffusion
dominated case (ε = 10−2), stabilization is not needed. Therefore, subgrid point
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Figure 2: Definition of L-shape flow problem and sample uniform
global mesh for both triangular and rectangular elements

(a) ǫ = 0.01 (b) ǫ = 0.0025 (c) ǫ = 0.001

Figure 3: Location of subgrid point for the triangular mesh

is stays in gravitational center of the element (Figure 3(a)). But, as ε getting
smaller, problem turns to advection dominated case. In this case, arrangement
of the subgrid point is firstly seen upper left boundary and re-entrant L-corner
(Figure 3(b)), then for very small values ε(= 10−3), stabilization becomes ef-
fective in all of the domain (Figure 3(c)).

Similar observation is also seen for rectangular elements (Figure 4). In
Figure 4(a), subgrid point for all elements stays at the center of rectangle.
Then, for ǫ = 0.0025 location of subgrid point is arranged especially near the
boundary layers (Figure 4(b)), and for ǫ = 0.001 it is almost at the left upper
corner of rectangular elements.

Solutions with standard Galerkin and stabilized finite element method for
ǫ = 0.01, 0.001 and 0.0001 are displayed in Figures 5-6. As stated above, for
diffusion dominated case, both solutions are almost same. But, convection dom-
inated case, standard Galerkin FEM exhibits oscillations whereas the stabilized
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(a) ǫ = 0.01 (b) ǫ = 0.0025 (c) ǫ = 0.001

Figure 4: Location of subgrid point for the rectangular mesh
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Figure 5: Standard Galerkin FEM solutions
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Figure 6: Stabilized FEM solutions

FEM eliminates these disturbances.

4. Conclusion

A stabilized finite element method for the approximate solution of the vari-
able coefficient convection-diffusion equations is considered in the framework of
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SUPG type stabilization. Numerical results indicate that, proposed method is
convergent and obtained solutions are in a good agreement with the exact or
results given in previous studies by other methods.
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