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Abstract: In the present paper, the notion of R-complex Finsler space with
special (a, §)-metric o + €5 + )\’%2 (where €, A # 0 are constants ) which is the
generalization of Randers metric and Z. Shen’s square metric is defined. The
fundamental metric tensor fields g;; and g;; and their determinants and inverse
tensor fields are obtained. Some examples of non-Hermitian R-complex Finsler
spaces with the special («, §)-metric are given.
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1. Introduction

The studies of R-complex Finsler spaces are quite new. Munteanu and Purcaru
[14] have extended the notion of a complex Finsler space ([1], [2], [13], [15]) to
a new class of Finsler space called the R-complex Finsler spaces by reducing
the scalars to A € R. The outcome was a new class of Finsler space called the
R-complex Finsler spaces.
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In the present paper, following the ideas from real Finsler space with special
(a, B)-metric a + €5 + )\%2 (where €, A\ # 0 are constants) ([6], [10], [11], [12],
[15]), we introduce the similar notion on R-complex Finsler spaces. In this
section, we keep the general setting from ([13], [14]) and subsequently we recall
only some needed notions.

Let M be a complex manifold with dimcM = n, (2F ) be local complex
coordinates in a chart (U, ¢) and T'M its holomorphic tangent bundle. It has
a natural structure of a complex manifold, dimcT’'M = 2n and the induced
coordinates in a local chart on u € 7'M are denoted by u = (z¥,n¥). The
changes of local coordinates in u are given by the rules:

4 4 a2'%
M=)t =S (1)
The natural frame {8%’6’ %} of T (T"M) transforms with the Jacobi matrix
o'k

0 _ 0L 0% h 0 . 0 _ 9 D
Y Ozk T 9zk 0277

of (1) changes o osh ! BT Bk = ook Gy

A complex nonlinear connection, briefly (c. n. c.), is a supplementary

distribution H(T'M) to the vertical distribution spanned by {%

adapted frame in H(T'M) is 55k = 5 N,g aaj , where NJ are the coefficients
of c. n. c. and they have a certain rule of change at (1) so that 5 k transform
like vectors on the base manifold M (d-tensor in [14] termmology) Next we

use the abbreviations: 0y = sz’ék = M,ak = 3 O and 9, O 0r, for their

conjugates. The dual adapted basis of {5, d)} are {dzk,517 =dn* + N]kdzj }
and {dz*, dén* } theirs conjugates.

and an

We recall that the homogeneity of the metric function of a complex Finsler
space ([1], [2], [13], [15]) is with respect to all complex scalars and the metric
tensor of the space, is a Hermitian one.

An R-complex Finsler metric on M is a continuous function F = T"M — R
satisfying:
(i) L := F? is smooth on 7'M (except the 0 sections);
(ii) F(z,n) > 0, the equality holds if and only if n = 0;
(iii) F(z, An, 2, Ap) = [A[F(z,m, 2,7);

It follows that L is (2,0) homogenous with respect to the real scalars A, and
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in [14] we proved that the following identifies are fulfilled:

oL , oL ;, ;4 0L
" + o = 2L; giin' + 957" = o’ (2)
Ogik_j | O09ik _; , 09 5 O9iF
: ‘il =0 L) ki = () 3
877] 77 8?7]j T) 9 8nj 77 + 877] 77 ) ( )
2L = gign'n’ + g0’ + 291" (4)
where
0*L 0*L 0*L

9ij = W? 9i5 = Wa 95 = W?
are the metric tensors of the space.

. . . . B2
2. R-complex Finsler space with special (a, 3)-metric o + € + A\~

An R-complex Finsler space [14] produces two fundamental tensor fields g;; and
gi;- For a proper Hermitian geometry, the invertibility of g;; is a compulsory
requirement, but for some physicist’s point of view, in which Hermitian con-
dition is an impediment, it seems more appropriate for g;; to be an invertible
metric tensor.

These problems led us to the study of Hermitian R-complex Finsler spaces
(i-e., det(g;5) # 0). The present section applies our results to R-complex Finsler

spaces with special (a, §)-metric a + €8 + )\’%2 (e, A # 0 are constants).

Definition 1 (R-complex Finsler space). An R-complex Finsler space with
(cv, B)-metric is a pair (M, F), where the fundamental function F'(z,n, z,7) is
R-homogenous by means of functions a(z,n, z,7) and B(z,n, z,7) which are de-
pendent on 2*, 7', 2" and 7*, (i = 1, 2,.n ), i.e.:

F(z,n,2,m) = F(a(z,n,2,7), B(z,1, Z,1)), (6)
where
o (z,m, 2,7) = %(az‘jni’nj + agn' W + 2a5m'7)
= Re{aiyn'’ + agn'i’'}, B(z,n,2,7) = %(bmi +b;i1') = Re{bin'},
with:

aij = aij(2), a; = a;(2), b = bi(2), (7)

where b;(2)dz" is a 1-form on the complex manifold M.
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We denote
Lla(z,1,2,7), B(z,0, 2,1m)) = F*(al(z,m, 2,7), B(z, 1, 2, 77)). (8)
Remark 2. L = F? is R-complex Finsler space with (o, 3)-metric.

Definition 3. An R-complex Finsler space with special (a, §)-metric a +
ef+ )\%2 (e, A # 0 are constants) is given by:

2

L(a, B) = (a—i—eﬁ—i—)\zy. ()

It follows that F'(a, ) = o+ €5 + )\’%2, where €, A # 0 are constants.

Taking into account the 2-homogeneity condition of L:

L(Of(z’ )\’r)7 27 )\’f))’ 6(27 AT]? Z’ )\’f])) = A2L(Of(z’ 777 57 ’f))? 6(27 T)? 27 77))7
AeR;. (10)

We have the following proposition:

Proposition 4. ([5]) In an R-complex Finsler space with (c, 3)-metric
the following equalities hold:

aLa + BLﬁ = 2L7 aLaa + /BLaﬁ = Laa (11)
aLag + BLgs = L, &* Lo + 208Las + B2 Lgg = 2L, (12)
where
oL oL 9L O%L
« aay B 8,8’ af 8(12’ BB 8,82 ( )

Particular case: For an R-complex Finsler space with special («, 3)-metric
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2
L(a,p) = (a +eB+ A%) , we have:

_ YA
La—2<a+€5 6)\? )\ 5),

3eAs? 2X233
L5:2[ea+(2)\+62)5+ Eaﬁ + af]’

aLe + BLg = 2L,

3 204
Laa:2(1_2e)\3ﬁ +3)\45)’
[0 «
3eA32  4N23
Las=2(c= =7 = 5).

() 61232
1 OeAs B}.
(6

Las = 2|2\ +€) -

613

(18)

(19)

In the following, we propose to determine the metric tensors for a R-complex

2
Finsler space with special (o, 8)-metric L(a, 8) = (a +eb+ )\%2) ,le., gij =

O?L(z,n,2,7) _ 9’L(z,1n,%,7)
oo T oo
We consider
Oa 1 , L 1. 06 1
o = %(aiﬁj ‘1‘%‘377]) = %liv 8—77Z = Ebia
15Je" 1 » . 1 op 1
o - %(%577] +agn’) = %lz‘, o = 5@,
where ‘ ‘ ‘ ‘
li = ain’ + a7, 1 = aGn + agi',
and find immediately: ' '
Lin' + L’ = 207
We denote n; = 88—7711-. Consequently, we obtain:
ni = poli + p1bi,
where
1L, . 1 .
PO=5 (0 — homogeneity), p1 = ELQ (1 — homogeneity).

Differentiating (25) by 7’ and 7’ respectively, we obtain:

dpo dpo ) )
o p—a2l; + p—1b;, o p—2l; + p-1bj,
dp1

0
P = pali + oy,

= p_1l; b’iu
p1J+MO 877

on'
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where I I I I
OLigo — Lo aff BB
= =P = PP 28
P—-2 Aa3 y P—1 Ao ;MO A ( )
Proposition 5. The invariants of R-complex Finsler space with special
2
(a, B)-metric a + € + )\’% are given by:

at 4+ ea?f — N2Bt — edaf?

Po = ! ’ (29)
3 5 2 252 3
pr=cea+ (20 + 2B+ 0B f,
o o
po = 2f%(46253 —ea® — edaf?), (30)

15 2 45203
p-1= 5 (ea” — 3edaf” — 46°5°),

1
oo =3 [(2)\ +é)a? + 6eda + 60252,
«

Subscripts -2, -1, 0, 1 give us the degree of homogeneity of these invariants.
We have immediately:

Proposition 6. The fundamental tensor fields of an R-complex Finsler
2
space with special («, )- metric o + € + )\% are given by:
(a* +eaB — N2B* — 65&,83) 5

—edaf)lil; + 5 L [(on+ ) +665a5+6A252]b b;

1
—I—ﬂ(ea — 36(50452 — 4(52,33)(ij¢ + bilj),

at + eadf — N2B* — edafp? I3
9i; = ( o )aﬁ + ﬁ(46253 —ea?
—edaB)lil; + i 2\ + €2)a? + 6edaf + 6A252]b b

214(6a —365a52 462 8%) (bl + bils),

or, in the equivalent form:

gij = polai; — pililj 4+ p2bib; + p3nin;), (31)
95 = polag — pilily + pabib; + panin;), (32)
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where
B 4)\355 —eaN2Bt + 48302\ — 53e2o¢2)\ + 26043)\52 — 208 — aPe
b= 202(ead 1 202BX + a2Be2 + 3 af? + 2N2B3) (B2 — a2)
1 27013 04
= 8\
b2 (82X — a?)(—at — ead3B + N2B% + edaf3) [a (BX°6" +

10eaX?B3 — BZA[20%\ + €2a? + 6edaf + 60252 +
3622’ ) — 2ea® A3 + a?[20°\ + €2 + 6ea +
6)\2/82] - 62@4)] )

ps = [—(—ea® + 42233 4 3exaf)al]/[2(—at — ea®B + N5t +
edaf?)?(ea® + 2028\ + a2 Be* + 3edaf? + 2X\26%)].

Proof. Using the relations (30) in Theorem 2.1, [5] by direct calculations
we obtain the results. O

The next objective is to obtain the determinant and the inverse of the tensor
field g;;. The solution is obtained by adapting Proposition 2.2 from [4] for an
arbitrary non singular non-Hermitian matrix (Q;;). The result is given by the
following proposition.

Proposition 7. Suppose
1. (Qij) is a non-singular n x n complex matrix with inverse (Q’%);
2. Cy and C; = C;, i = 1,2,..,n are complex numbers;

3. C" = jSCj and its conjugates C% = C'C; = C'C5; H;; = Q5 = C;C;.
Then det(H;j) = (1 £ C?)det(Qij).

And whenever 1 4+ C? # 0, the matrix (H;;) is invertible and in this case

its inverse is H7* = Q7% lilcg CioI.

Theorem 8. For a non-Hermitian R-complex Finsler space with special
2
(o, B )-metric L(c, B)= (o + €5 + k%)Q, B # 0 with a;;= 0), we have:

1. The contravariant tensor g" of the fundamental tensor field Gij 1s:
g1 = = |:aji ( 2 e2p2po )n’nj B Dbty
Po L=ap1 7(1=7p1)? T
(O + V) PPy + PQY + b)) + Q2 ]
(1 —9p1) 1+ (Py+ Qe)\/p3 )




616 G. Shanker, S.A. Baby

where

l; = az'ﬂ?j, Y= aijnjnk = lkﬁk, €= bﬂ?ja W= bjij
b = a’*b;, by =brag, 6 = ajn’ b =408V = d'l; =0

2. det(gij) = (po)" [1+(P7+Qe)\/p—3} {1—|—w+ 131;;} (1—p17y)det(a;j), where:

at +eap — N2pt — eda5?
po = )

a4
p - 1+[ P *pipa ] _[ DP1p2 }62
L—ap1  7(1—p1)? (1 —p1)
0 = P2, [ pip2€ }
T (1 —p1)d 7

B AN3 3% — eaN?Br + 48302 N2 — 320\ + 2ea’\3? — a8 — e

b= 202 (ead + 2028\ + a2fe? 4+ 3eAaS? + 2X0233) (32N — a2) 7
1 2 3 R4

= 8\

b2 (B — o)l — B ¥ B T oxaph) [¥ BV

10eaX?B® — BZA[20° ) + €20” 4 6edaf + 607 3%] +
362602\ — 2ea®\B 4 ? 202\ + €2a® + 6edaf +
6X26% — %),
ps = [—(—ea® + 42233 + 3exaf?)al)/[2(—at — ea®B + N3t +
edaf®)?(ea? + 202 BN + o2 e + 3edaf? 4 202 63))].
Proof. To prove the claims we apply the above proposition in a recursive
algorithm in three steps. We write g;; from (31) in the form:
gij = polaij — p1lily + p2bib; + panin;l. (33)

1. In the first step, we set Q);; = a;; and ¢; = /p1l;. By applying the
proposition 7, we obtain Q¢ = a’?, ¢*> = yp;. So, the matrix H;; = a;; — p1lil;
is invertible with

y y ind
H” :a“—l—ilpﬂﬂ7 (34)
— Py

and det(aij — pilily) = (1 — pry)det(ai;).
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2. Now, we consider Q;; = a;; — pil;l; and ¢; = /p2b;. By applying

Proposition 7, we obtain this time: Q7% = @/ 4 P 2 = P2 (w 4ome )

1-p1vy’ 1-p1v )7’
1+ ¢ = 1+wt 2 £ 0and ¢ = p (b + {221 ).
So, the matrlx HZ] = a;j — p1l;lj + p2b;b; is invertible with
i = gdiy [ n pip } ini pab'bl
L—qyp1 7(1—9p1)? T

_eplpg(binj + binh)
(1 —=7p1)

(35)

where 7 = 14+ w + 1p1€ and det(aij — p1lil; —i—pgbibj) |:1 +w+ 1171;”} (1-—
p1y)det(ag;).

3. Now, we consider Q;; = a;; — p1l;l; +p2b;b; and ¢; = |/p3n;. By applying

- tion 7 btain this time: Qi — qfi 4+ |21 _ pipa j_ pzbzbj
oposition 7, we obta S e: =a 1—yp1  7(1—7p1)2 77?7

epp2 (b’ +n") _ e>pip2 pzb € €pip2 bW—i—en D) -
7(1—~p1) 5 c |:77 + (1 —vp1 T(l_’;pl) )"77 (1—7p1) i|\/

2
P + QU', where P = 1+ |2 — —o0iP2, |y [T(fﬁig}ﬁ Q= et

[T(z{mi;l)],y and ¢ = (Py + Qe)\/p3, 1+ =1+ (Py+ Qe)\/p3 # 0, where
dc = Pl + PQUY + b + Q2
So, the matrix H;; = a;; — p1l;lj + p2b;b; + p3nin; is invertible with

i aji+|: P Epipy } i bV epipa (b + V)
L—qp1 7(1—9p1)? T (1 —p1)
PP’y + PQUIY +1b) + Qb0 (36)
L+ (Py+Qe)\/p3
and det(a;; — p1lilj +pabib; +panim;) = |:1+(P’)/+Q€)\/—] [1+w—|— 1111;” (1—

p17)det(a;;). But gij = poH,j, with H,j from Step 3. Thus, g¥ = %Hﬁ' and
det(gij) = (po)" [1 + (Py + Qe)\/_} [1 +w+ lple ](1 — p1y)det(a;j). Hence

P17y
the statement holds. Ol

Proposition 9. In a non-Hermitian R-complex Finsler space with special
2
(a, B)-metric a + € + k:%, we have the following properties:

YA =l + P = g’ + agny = 207, (37)
040 = by + bjp = 28,5 =0, (38)
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where:

L= agn’s, v = aig/n® = L, 0= b, w =biv/,
b = ¥, by = Vrar, 6 = apn’b* = 18,1 = adll; =)

Example 10. We set « as

(14+6]2) 3 Re()? — ORe < 2,1 >2
k=1

- L+ 0P | o

n n
where |22 = 3 2F2F < 2,n >= 3 2FiF, defined over the disk A? = {z €
k=1 k=1
C |zl <rr = ‘7}'} if @ = 0 and on the complex projective space P"(C) if

¢ > 0. By computation, we obtain a;; = W(élj — %) and a;; = 0

and so, a?(z,7n) = %(aijnjni —i—a;,;ninj). Now, taking 3(z,n) = Re%, where
b, = ﬁ, we obtain some examples of non- Hermitian R-complex special
; B2.
(o, B)-metric o+ 08 + k7
n .
(1+0]z) > Re(n?)? —0Re < z,m >2
F, = k=1 +€R€<Z,’l7>
o (1+6]22)? 1+ 6]z
2
(Re <z,n> )
1+0]z]2
+k 7 . (40)
(140)z) > Re(ni)2—0Re<z,n>2
k=1
(1+6]2]%)

Similarly, one can obtain the inverse for g;;.
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