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Abstract: In this paper, we have used a streamfunction-vorticity (ψ − ξ)
formulation to investigate the problem of 2-D unsteady viscous incompressible
flow in a driven square cavity with moving top and bottom walls. We used
this formulation to solve the governing equations along with no-slip and slip
wall boundary conditions. A general algorithm was used for this formulation in
order to compute the numerical solutions for the flow variables: streamfunction
ψ, vorticityfunction ξ for low Reynolds numbers Re ≤ 50. We have executed
this with the aid of a computer programme developed and run in C++ com-
piler. We have proved the stability and convergence of the numerical scheme
using matrix method. Following this, the stability conditions obtained for the
time and space steps have been used in numerical computations to arrive at
the numerical solutions with desired accuracy. Also investigated was the vari-
ation of u and v components of velocity at points closed to left side, top and
bottom walls of the square cavity at different time levels for Reynolds num-
ber 50. Based on the numerical computations of u-velocity, we found: (i) the
u-velocity is almost same near the top and bottom wall of the square cavity
above and below the geometric center for Re=15 and 30; (ii) the absolute value
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of the u-velocity first decreases, then increases, and finally decreases, near top
and bottom wall of the square cavity. Based on the numerical computations of
the v-velocity, we found: (i) the absolute value of the v-velocity increases uni-
formly as time level increases’ (ii) the v-velocity at the right wall of the square
cavity attains a maximum value, and then, decreases towards the geometric
center. The numerical solutions of the vorticity vector ξ at Re=50 for different
times along the horizontal line through geometric center of the square cavity
indicate the following: (i) the vorticity contours decreased in between the left
wall boundary to the midpoint of the square domain; (ii) it, then, increased
in between the midpoint to the right wall boundary. Based on the numerical
solutions of streamfunction ψ, we found: (i) the size of streamline contours
decreased when the time increased; (ii) two streamline contours are generated,
one above the geometric center, and the other, below the geometric center in
clockwise direction.
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Key Words: streamfunction-vorticity formulation, unsteady incompressible
flow, numerical solutions, driven square cavity, streamline contours, vorticity
vector, components of velocity, low Reynolds number, no-Slip and Slip bound-
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1. Introduction

The problem of 2-D unsteady viscous incompressible flow in a square cavity
plays an important role in a number of industrial contexts. For example, there
is a direct relevance of cavity flows to coaters and in melt spinning processes
used to manufacture micro-crystalline material. However, in our view the over-
whelming importance of these flows is basic to the study of fluid mechanics. The
eddy structures found in driven-cavity flows give insight into the behaviour of
such structures in diverse applications. We cite the example of drag-reducing
riblets and mixing cavities used to synthesize fine, polymeric composites. The
streamfunction-vorticity (ψ− ξ) formulation is a powerful approach for solving
the two-dimensional viscous incompressible flow. It has been used in several
applications such as the modeling of turbulent flows, analysis of laminar to
turbulent flow transition and studies on free and mixed convection. Since the
primary attractive feature of the streamfunction-vorticity method is that it
does not involve the solution of the pressure field, the advantages in using this
method for 2-D flow computations are manifold. However, this formulation
has its share of drawbacks as well. The main drawback is that it cannot be
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applied to 3-D flow problems. Secondly, it requires the estimation of vorticity
at the boundaries due to lack of boundary condition for the vorticity at no-slip
boundary, for computing the flow solution in the whole domain.

Briefly discussing the related literature: Ghia et al. [1] have used the
vorticity-streamfunction formulation for the two-dimensional incompressible
Naiver-Stokes equations to study the effectiveness of the coupled strongly im-
plicit multi-grid (CSI-MG) method in the determination of high-Re fine-mesh
flow solutions. Schreiber and Keller [2] described a combination of numerical
techniques for solving the steady plane incompressible Navier-Stokes equations
and, as an illustration, used them to compute accurate solutions for the driven
cavity flow problems. Fusegi and Bakhtierfarouk [4] investigated some predic-
tions of fluid flow and heat transfer using the vorticity-velocity formulation.
The problem of steady incompressible Navier-Stokes equations of a 2-D driven
cavity flow with an efficient method has been investigated by Bruneau and
Jouron [6]. Tezduyar et al. [7] have investigated the solution techniques us-
ing streamfunction-vorticity method of an unsteady 2-D incompressible flows.
Aidun et al. [8] have investigated using flow visualization studies the global sta-
bility of a lid-driven cavity flow. Auto-Processing of very fine scale composite
materials by chaotic mixing of melts has been investigated by Zumbrunnen et al.
[9]. Shankar and Deshpande [11] gave an extensive of fluid mechanics in a driven
cavity problem. Kalita et al. [12] have computed the flow in a thermally driven
square cavity with adiabatic top and bottom walls and differentially heated
vertical walls for a wide range of Rayleigh numbers. Kalita et al. [13] have
proposed a higher order compact (HOC) finite difference solution procedure
for the steady two-dimensional convection-diffusion equations on non uniform
orthogonal cartesian grids. Kalita et al. [12, 13] have investigated steady state
natural convection in a square cavity as well as convection-diffusion problem
using fully compact higher order transformation free HOC scheme. Shokouh-
mand and Sayehvand [14] have studied numerically the flow and heat transfer
in a square driven cavity. Erturk et al. [15] have studied the numerical so-
lutions of 2-D steady incompressible driven cavity at high Reynolds numbers.
Numerical simulations of the 2-D lid-driven cavity flow were performed for a
wide range of Reynolds numbers by Bruneau and Saad [16]. Salem [17] inves-
tigated the numerical solutions of the incompressible Navier-Stokes equations
in primitive variables using grid generation techniques. The (9,5) HOC for-
mulation for the transient Navier-Stokes equations in primitive variable was
discussed by Kalita and Sen [18]. Discussion of transition from laminar to tur-
bulent flow at Reynolds number starting from 1000 has been investigated by
Erturk [21]. Hou [22] studied stable fourth-order streamfunction method for
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incompressible flow with boundaries. Two dimensional lid-driven cavity flow
has been dealt numerically using streamfunction formulation by Poochinapan
[24]. Numerical solutions of 2-D driven cavity flow with wavy bottom surface
has been investigated by Uddin and Saha [25].

The literature survey pertinent to 2-D unsteady incompressible flow in a
driven square cavity revealed that, to obtain highly accurate and efficient nu-
merical solutions of the flow, we need to depend on special methods like high
order compact (HOC) scheme, (9,5) HOC formulation, fourth order stream-
function method. All these methods fall under the category of finite difference
methods. However, the finite difference scheme proposed in this work gives more
accurate numerical solutions of the flow variables with consumption of less time
by the CPU. This happens because we always obtain tridiagonal and symmet-
ric matrix after the numerical discretization, whereas in the work presented in
the relevant literature mentioned above, they obtained a non-tridiagonal and
sparse matrix after the numerical discretization performed for the purpose of
the numerical computations of the flow variables.

As described in the beginning of this introduction, 2-D unsteady incom-
pressible viscous flow has enormous scope for industrial applications. Moreover,
due to the advantage of our present numerical method over the other numerical
methods as cited earlier, we have been motivated in undertaking the current
study. Moreover, the importance of these applications can be investigated only
by determining numerical solutions of the unknown flow variables, streamfunc-
tion ψ, vorticityfunction ξ for low Reynolds numbers Re ≤ 50. To achieve
this, we present, numerically, an investigation of the problem of 2-D unsteady
incompressible flow in a driven square cavity using the streamfunction-vorticity
(ψ − ξ) formulation.

The main target of this work is to suitably use streamfunction-vorticity
formulation to investigate the problem of 2-D unsteady viscous incompressible
flow in a driven square cavity with moving top and bottom walls. Alternating-
Direction-Implicit (ADI) scheme has been employed to discretize the vorticity-
transport equation. We have proved the stability and convergence of the nu-
merical scheme using matrix method. A general algorithm was used for this
formulation in order to compute the numerical solutions of the flow variables
for Re ≤ 50.

The design of the current work is as follows: Section 2 provides the phys-
ical description, governing equations of the 2-D unsteady incompressible vis-
cous flow in a driven cavity along with the initial and boundary conditions
for a square cavity and streamfunction vorticity method. Section 3 describes
numerical discretization of governing equations and specification of boundary
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conditions. Section 4 provides proof of the stability and convergence of the
numerical scheme using the matrix method. Section 5 provides numerical com-
putations and general algorithm for computation of numerical solution of the
flow variables. Section 6 discusses the numerical results. Section 8 lays out the
conclusions of the study.

2. Problem Formulation

2.1. Physical description

Figure 1 illustrates the geometry of the problem in this study along with the
boundary conditions. ABCD is a square cavity in which a 2-D unsteady in-
compressible viscous flow is considered. Now, by sliding infinite long plates
lying on top and bottom of the cavity, vorticity along the walls of the cavity
is generated. Suppose that all variables are normalized so that the size of the
cavity is 1×1 and the sliding velocities are 1 and -1 in the positive and negative
x-directions respectively.

X

Y

A

B

D

C

u = 0
v = 0

u = 0
v = 0

u = 1, v = 0

u = -1, v = 0

Figure 1. Square cavity flow caused by moving plates.

The boundary conditions are defined as no slip on the stationary walls (AB
and DC) and as slip on the moving walls (AD and BC). We have assumed that,
at all the four corner points of the square domain, the velocity components
(u, v) vanish.
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2.2. Governing equations

In the present investigation, unsteady 2-D incompressible flow in a driven square
cavity with no-slip and slip wall boundary conditions has been considered. The
governing equations of 2-D unsteady incompressible viscous flow are the con-
tinuity equation, and the two components of the momentum equations. Using
the Boussinesq approximations, the dimensionless governing equations of this
problem are expressed as follows:

continuity equation
∂u

∂x
+
∂v

∂y
= 0 (1)

x-momentum equation
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

= −∂P
∂x

+
1

Re

(

∂2u

∂x2
+
∂2u

∂y2

)

(2)

y-momentum equation
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

= −∂P
∂y

+
1

Re

(

∂2v

∂x2
+
∂2v

∂y2

)

, (3)

where u, v, P and Re are the velocity components along x and y axis, pressure
and Reynolds number respectively. The initial, no-slip and slip wall boundary
conditions are:

for t = 0,

u(x, y, 0) = 0, v(x, y, 0) = 0, (4)

for t > 0,

on plate AB: u = 0, v = 0

on plate DC: u = 0, v = 0

on plate AD: u = 1, v = 0

on plate BC: u = −1, v = 0























. (5)

2.3. Streamfunction-Vorticity formulation

To obtain the streamfunction-vorticity (ψ−ξ) equation, pressure P is eliminated
from equation (2) and equation (3) by differentiating equation (2) with respect
to y and equation (3) with respect to x and subtracting one from the other.
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The resulting equation is expressed with vorticity ξ as the dependent variable
which is defined by

ξ =
∂v

∂x
− ∂u

∂y
. (6)

The result is

∂ξ

∂t
+ u

∂ξ

∂x
+ v

∂ξ

∂y
=

1

Re

(

∂2ξ

∂x2
+
∂2ξ

∂y2

)

. (7)

Equation (7) is a parabolic PDE called vorticity-transport equation expressed
in compact form as follows:

Dξ

Dt
=

1

Re
∇2ξ . (8)

Now, define a streamfunction ψ as

∂ψ

∂x
= −v, ∂ψ

∂y
= u . (9)

ψ identically, satisfies the continuity equation (1). Further, use of definition of
ξ leads to

∂2ψ

∂x2
+
∂2ψ

∂y2
= −ξ, (10)

or

∇2ψ = −ξ . (11)

This is an elliptic PDE called Poisson equation.

3. Numerical Discretization

Discretization of the governing equations by finite difference method although
a well-known technique we have adopted this technique in the present study
due to its compatibility with the regularly shaped geometry, flow in a square
cavity caused by moving plates. With the help of streamfunction-vorticity
(ψ − ξ) formulation as discussed above, the governing equations (1) to (3) of
2-D unsteady incompressible viscous flow in dimensionless form are expressed
as:
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∂2ψ

∂x2
+
∂2ψ

∂y2
= −ξ, (12)

∂ξ

∂t
=

1

Re

(

∂2ξ

∂x2
+
∂2ξ

∂y2

)

+

(

∂ψ

∂x

)(

∂ξ

∂y

)

−
(

∂ψ

∂y

)(

∂ξ

∂x

)

, (13)

where Re is the Reynolds number, x and y are the cartesian co-ordinates.
Essentially, the system is composed of the Poisson equation for streamfunction
(12) and the vorticity-transport equation (13).

To obtain the numerical solutions, the coupled equations (12) and (13) need
to be solved in an iterative manner. There is a distinct advantages in using a
scheme that will allow equation (13) to be solved by means of tridiagonal forms
only. Therefore, a fully implicit scheme, namely Alternating-Direction-Implicit
(ADI) scheme is used for solving numerically these coupled partial differential
equations (12) and (13).

Consider a square numerical grid of size 1 × 1 having n horizontal interior
grid lines and an equal number of vertical grid lines as shown in Figure 2.
Using the ADI scheme [5, pp.883] and applying the forward-time and central-
space (FTCS) finite difference quotients for the first and second order partial
derivatives of ψ and ξ with respect to time and space variables in equations
(12) and (13) as given below:

A

B

D

C

(i,n+1)

(i,n)

(i,n-1)

(i+1,n)(i-1,n)

j = n+1

j = 0 i = 0 i = n+1

¶Ψ

¶ y
= 1

¶Ψ

¶ x
= 0

¶Ψ

¶ y
= 0

¶Ψ

¶ y
= 0

¶Ψ

¶ x
= 0

¶Ψ

¶ x
= 0

¶Ψ

¶ x
= 0

¶Ψ

¶ y
= -1

Figure 2. Finite difference grid of a square cavity flow caused by
moving plates.
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∂2ξ

∂x2

∣

∣

∣

∣

t

=
ξti+1,j − 2ξti,j + ξti−1,j

∆x2
,

∂ψ

∂x

∣

∣

∣

∣

t

=
ψti+1,j − ψti−1,j

2∆x
,

∂2ξ

∂y2

∣

∣

∣

∣

t+ 1

2

=
ξ
t+ 1

2

i,j+1 − 2ξ
t+ 1

2

i,j + ξ
t+ 1

2

i,j−1

∆y2
,

∂ψ

∂y

∣

∣

∣

∣

t

=
ψti,j+1 − ψti,j−1

2∆y
,

∂ξ

∂x

∣

∣

∣

∣

t

=
ξti+1,j − ξti−1,j

2∆x
,

∂2ψ

∂x2

∣

∣

∣

∣

t

=
ψti+1,j − 2ψti,j + ψti−1,j

∆x2
,

∂ξ

∂y

∣

∣

∣

∣

t+ 1

2

=
ξ
t+ 1

2

i,j+1 − ξ
t+ 1

2

i,j−1

2∆y
,

∂2ψ

∂y2

∣

∣

∣

∣

t

=
ψti,j+1 − 2ψti,j + ψti,j−1

∆y2
,

∂ξ

∂t

∣

∣

∣

∣

t

=
ξ
t+ 1

2

i,j − ξti,j
∆t
2

.



















































































(14)

The discretized Poisson equation (12) for ψ can be written as

ψt+1
i+1,j − 2ψt+1

i,j + ψt+1
i−1,j

∆x2
+
ψt+1
i,j+1 − 2ψt+1

i,j + ψt+1
i,j−1

∆y2
= −ξt+1

i,j .

We choose ∆x = ∆y so that the above discretized equation reduces to

ψt+1
i+1,j + ψt+1

i−1,j + ψt+1
i,j+1 + ψt+1

i,j−1 − 4ψt+1
i,j = −ξt+1

i,j ∆x2 . (15)

The discretized vorticity-transport equation (13) over time step t + 1
2 can be

written as

ξ
t+ 1

2

i,j − ξti,j

∆t
=

1

2Re

(

ξti+1,j − 2ξti,j + ξti−1,j

∆x2

)

− 1

2

(

∂ψ

∂y

)t
[

ξti+1,j − ξti−1,j

2∆x

]

+
1

2

(

∂ψ

∂x

)t





ξ
t+ 1

2

i,j+1 − ξ
t+ 1

2

i,j−1

2∆y





+
1

2Re





ξ
t+ 1

2

i,j+1 − 2ξ
t+ 1

2

i,j + ξ
t+ 1

2

i,j−1

∆y2



 .
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The above equation becomes

[

∆t

4∆y

(

ψti+1,j − ψti−1,j

2∆x

)

− ∆t

2Re∆y2

]

ξ
t+ 1

2

i,j−1 +

(

1 +
∆t

Re∆y2

)

ξ
t+ 1

2

i,j

+

[

− ∆t

4∆y

(

ψti+1,j − ψti−1,j

2∆x

)

− ∆t

2Re∆y2

]

ξ
t+ 1

2

i,j+1

= ξti,j +
∆t

2Re∆x2
[

ξti+1,j − 2ξti,j + ξti−1,j

]

− ∆t

8∆x∆y

[

ξti+1,j − ξti−1,j

] [

ψti,j+1 − ψti,j−1

]

. (16)

This is the final discretized equation of (13) at time step t+ 1
2 . Now, discretizing

the vorticity-transport equation (13) over time step t + 1 by introducing the
finite difference quotients as described below:

∂2ξ

∂x2

∣

∣

∣

∣

t+1

=
ξt+1
i+1,j − 2ξt+1

i,j + ξt+1
i−1,j

∆x2
,

∂2ξ

∂y2

∣

∣

∣

∣

t+ 1

2

=
ξ
t+ 1

2

i,j+1 − 2ξ
t+ 1

2

i,j + ξ
t+ 1

2

i,j−1

∆y2
,

∂ξ

∂x

∣

∣

∣

∣

t+1

=
ξt+1
i+1,j − ξt+1

i−1,j

2∆x
,

∂ξ

∂y

∣

∣

∣

∣

t+ 1

2

=
ξ
t+ 1

2

i,j+1 − ξ
t+ 1

2

i,j−1

2∆y
,

∂ξ

∂t

∣

∣

∣

∣

t+ 1

2

=
ξt+1
i,j − ξ

t+ 1

2

i,j
(

∆t
2

) .























































































(17)
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Using the above equations into equation (13), we get

ξt+1
i,j − ξ

t+ 1

2

i,j =
∆t

2Re

[

ξt+1
i+1,j − 2ξt+1

i,j + ξt+1
i−1,j

∆x2

]

+
∆t

2Re





ξ
t+ 1

2

i,j+1 − 2ξ
t+ 1

2

i,j + ξ
t+ 1

2

i,j−1

∆y2





+
∆t

2

(

∂ψ

∂x

)t





ξ
t+ 1

2

i,j+1 − ξ
t+ 1

2

i,j−1

2∆y





− ∆t

2

(

∂ψ

∂y

)t
[

ξt+1
i+1,j − ξt+1

i−1,j

2∆x

]

.

This implies that
[

− ∆t

2Re∆x2
− ∆t

8∆x∆y

(

ψti,j+1 − ψti,j−1

)

]

ξt+1
i−1,j +

(

1 +
∆t

Re∆x2

)

ξt+1
i,j

+

[

− ∆t

2Re∆x2
+

∆t

8∆x∆y

(

ψti,j+1 − ψti,j−1

)

]

ξt+1
i+1,j

= ξ
t+ 1

2

i,j +
∆t

2Re∆y2

[

ξ
t+ 1

2

i,j+1 − 2ξ
t+ 1

2

i,j + ξ
t+ 1

2

i,j−1

]

+
∆t

8∆y∆x

(

ψti+1,j − ψti−1,j

)

[

ξ
t+ 1

2

i,j+1 − ξ
t+ 1

2

i,j−1

]

. (18)

This is the final discretized equation of (13) at time step t+ 1.

3.1. Specification of boundary conditions

On the left plate AB: ξ0,j =
2
(

ψ0,j − ψ1,j +
∂ψ
∂x

|0,j∆x
)

∆x2
(19)

On the right plate DC: ξn+1,j =
2
(

ψn+1,j − ψn,j − ∂ψ
∂x

|n+1,j∆x
)

∆x2
(20)

On the top plate AD: ξi,n+1 =
2
(

ψi,n+1 − ψi,n − ∂ψ
∂y

|i,n+1∆y
)

∆y2
(21)

On the bottom plate BC: ξi,0 =
2
(

ψi,0 − ψi,1 +
∂ψ
∂y

|i,0∆y
)

∆y2
. (22)
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4. Stability and Convergence of the Numerical Scheme

In this section, we will prove the stability and convergence of the numerical
(ADI) method used in the numerical discretization based on the criteria pro-
posed by Peaceman and Rachford [26]. We now introduce the finite-difference
formulae for first and second-order partial derivatives of ξ with respect to x and
y as proposed in [19, pp. 94], which are given by

D+,x(hx)ξi,j =
ξi+1,j − ξi,j

hx
+O(hx),

D−,x(hx)ξi,j =
ξi,j − ξi−1,j

hx
+O(hx),

D0,x(hx)ξi,j =
ξi+1,j − ξi−1,j

2hx
+O(h2x).

Similarly, for second-order partial derivatives we will employ the second central
difference,

D2
0,x(hx)ξi,j =

ξi+1,j − 2ξi,j + ξi−1,j

h2x
+O(h2x),

where hx is the grid spacing in x-direction. We adopt similar formulae in y-
direction. Let k = ∆t denotes the grid spacing in time (t)-direction. Further,
we assume A = D2

0,x, B = D2
0,y, C = D0,x and D = D0,y. Now, discretizing the

equation (13) at time step t+ 1
2 we get

ξ
t+ 1

2

i,j − ξti,j =
k

2Re
Aξti,j −

k

2
ui,jCξ

t
i,j +

k

2Re
Bξ

t+ 1

2

i,j − k

2
vi,jDξ

t+ 1

2

i,j ,

which gives

[

I +
k

2
vi,jD − k

2Re
B

]

ξ
t+ 1

2

i,j =

[

I − k

2
ui,jC +

k

2Re
A

]

ξti,j . (23)

Now, discretizing the equation (13) at time step t+ 1 we get

ξt+1
i,j − ξ

t+ 1

2

i,j =
k

2Re
Aξt+1

i,j − k

2
ui,jCξ

t+1
i,j +

k

2Re
Bξ

t+ 1

2

i,j − k

2
vi,jDξ

t+ 1

2

i,j ,

which gives

[

I +
k

2
ui,jC − k

2Re
A

]

ξt+1
i,j =

[

I − k

2
vi,jD +

k

2Re
B

]

ξ
t+ 1

2

i,j . (24)

Now, equations (23) and (24) together give
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[

I +
k

2
ui,jC − k

2Re
A

]

ξt+1
i,j =

[

I − k

2
vi,jD +

k

2Re
B

]

×
[

I +
k

2
vi,jD − k

2Re
B

]−1

×
[

I − k

2
ui,jC +

k

2Re
A

]

ξti,j. (25)

Rewriting the equations (23), (24) and (25) we obtain the following form:

ξ
t+ 1

2

i,j = Eξti,j ,

ξt+1
i,j = Fξ

t+ 1

2

i,j ,

ξt+1
i,j = FEξti,j,

where

E =

[

I +
k

2
vi,jD − k

2Re
B

]−1 [

I − k

2
ui,jC +

k

2Re
A

]

, (26)

F =

[

I +
k

2
ui,jC − k

2Re
A

]−1 [

I − k

2
vi,jD +

k

2Re
B

]

. (27)

In terms of a matrix stability analysis, it is required that the spectral radius of
E be less than or equal to unity, i.e. ρ(E) ≤ 1, for the first time split step to
be stable [19, pp.94]. Similarly, we require ρ(F ) ≤ 1, for the second time split
step to be stable.

Now recall that for any matrix M , ρ(M) ≤ ‖M‖ for all matrix norms ‖·‖.
Also recall that if we define

zto ≡ vto − uto,

where vto is the exact solution of the differential equation and uto is the computed
one, we have

zt+1
o = FEzto .

Thus,

∥

∥zt+1
o

∥

∥ =
∥

∥FEzto
∥

∥ ≤ ‖F‖ ‖E‖
∥

∥zto
∥

∥ .

If we now take ‖·‖ to be the spectral norm for the matrices (and 2-norm for
vectors) so ‖·‖ = ρ(·), which is valid provided E and F are diagonalizable with
real eigenvalues, we have
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∥

∥zt+1
o

∥

∥ ≤ ρ(F )ρ(E)
∥

∥zto
∥

∥ .

Thus, our task reduces to show that ρ(E) ≤ 1 and ρ(F ) ≤ 1 to achieve
∥

∥zt+1
o

∥

∥ ≤
∥

∥zto
∥

∥ ,

which proves the unconditional stability of the method. Consider equations (26)
and (27) with A = B and C = D. We note that this occurs for the vorticity
transport equation if the same spatial step size is used in both directions. Now,
writing the discretized equation of (26), we get

[

∆t

4∆y
vi,j −

∆t

2Re∆y2

]

ξ
t+ 1

2

i,j+1 +

(

1 +
∆t

Re∆y2

)

ξ
t+ 1

2

i,j

+

[

− ∆t

4∆y
vi,j −

∆t

2Re∆y2

]

ξ
t+ 1

2

i,j−1

=

[

− ∆t

4∆x
ui,j +

∆t

2Re∆x2

]

ξti,j+1 +

(

1− ∆t

Re∆x2

)

ξti,j

+

[

∆t

4∆x
ui,j +

∆t

2Re∆x2

]

ξti,j−1 .

Now, varying the values for nodes in a domain consisting of n× n interior grid
points, we obtain a system of equations. Writing these system of equations in
matrix form, we obtained the following form:













a b

c a b

. . .

c a b

c a



























ξ
t+1

2

i,j1

ξ
t+1

2

i,j2
...

ξ
t+1

2

i,jn















=













a′ b′

c′ a′ b′

. . .

c′ a′ b′

c′ a′























ξti,j1
ξti,j2
...

ξti,jn











+bj,

where

a =

[

1 +
△t

Re△ y2

]

, b =

[ △t
4△ y

vi,j −
△t

2Re△ y2

]

,

c =

[

− △t
4△ y

vi,j −
△t

2Re△ y2

]

,

a′ =

[

1− △t
Re△ x2

]

, b′ =

[

− △t
4△ x

ui,j +
△t

2Re△ x2

]

,

c′ =

[ △t
4△ x

ui,j +
△t

2Re△ x2

]

,
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and bj is a column vector of known boundary values of ξ
t+ 1

2

i,j0
, ξ

t+ 1

2

i,jn+1
at time

t+ 1
2 , and zeros. Rewriting the above system as follows

P1ζ
t+ 1

2 = Q1ζ
t +Rt+ 1

2

1 ,

where the matrices P1, Q1 are of order n as shown above, ζt+
1

2 and ζt denote
the column vectors with components

ξ
t+1

2

i,j1
, ξ
t+1

2

i,j2
, . . . ξ

t+1

2

i,jn
, and ξti,j1 , ξ

t
i,j2
, . . . ξti,jn

respectively, Rt+ 1

2

1 denotes the column vector of ξ
t+ 1

2

i,j0
, ξ

t+ 1

2

i,jn+1
at time t+ 1

2 , and
zeros. Now, calculating the eigenvalues of matrix P1 in the above matrix form,

bc =

[ △t
4△ y

vi,j −
△t

2Re△ y2

] [

− △t
4△ y

vi,j −
△t

2Re△ y2

]

=
∆t2

4Re2∆y4

[

1−
v2i,j∆y

2Re2

4

]

.

So, the eigenvalues of matrix P1 are

λps =

(

1 +
△t

Re△ y2

)

+
∆t

Re∆y2





√

1−
v2i,j∆y

2Re2

4





× cos

(

sπ

n+ 1

)

, where s = 1, 2, . . . , n.

Now, calculating the eigenvalues of matrix Q1 in above system,

b′c′ =

[

− △t
4△ x

ui,j +
△t

2Re△ x2

] [ △t
4△ x

ui,j +
△t

2Re△ x2

]

=
∆t2

4Re2∆x4

[

1−
u2i,j∆x

2Re2

4

]

.

Therefore, the eigenvalues of matrix Q1 are

λqs =

(

1− △t
Re△ x2

)

+
∆t

Re∆x2





√

1−
u2i,j∆x

2Re2

4





× cos

(

sπ

n+ 1

)

, where s = 1, 2, . . . , n.
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Thus, for the stability we must have

∥

∥P−1
1 Q1

∥

∥

2
= ρ(P−1

1 Q1) = max
s

∣

∣

∣

∣

λqs

λps

∣

∣

∣

∣

≤ 1, s = 1, 2, . . . , n.

∥

∥P−1
1 Q1

∥

∥

2
= max

s

∣

∣

∣

∣

∣

∣

∣

∣

(

1− ∆t
Re∆x2

)

+ ∆t
Re∆x2

(√

1− u2
i,j

∆x2Re2

4

)

cos
(

sπ
n+1

)

(

1 + ∆t
Re∆y2

)

+ ∆t
Re∆y2

(√

1− v2
i,j

∆y2Re2

4

)

cos
(

sπ
n+1

)

∣

∣

∣

∣

∣

∣

∣

∣

≤ 1.

(28)

We have chosen

∆x = ∆y, r =
∆t

Re∆x2
=

∆t

Re∆y2
,

M =
u2i,j∆x

2Re2

4
and M ′ =

v2i,j∆y
2Re2

4
.

Then the equation (28) can be expressed in the form

∥

∥P−1
1 Q1

∥

∥

2
= max

s

∣

∣

∣

∣

∣

∣

1− r + r
√
1−M cos

(

sπ
n+1

)

1 + r + r
√
1−M ′ cos

(

sπ
n+1

)

∣

∣

∣

∣

∣

∣

≤ 1, s = 1, 2, . . . , n. (29)

It is easy to observe that

|M | ≤ 1,
∣

∣M ′
∣

∣ ≤ 1

or,
∣

∣

∣

∣

∣

u2i,j∆x
2Re2

4

∣

∣

∣

∣

∣

≤ 1,

∣

∣

∣

∣

∣

v2i,j∆y
2Re2

4

∣

∣

∣

∣

∣

≤ 1 .

Thus, we have

|ui,j∆xRe| ≤ 2

and
|vi,j∆yRe| ≤ 2 .

Also letting

f =
1− r + r

√
1−M cos

(

sπ
n+1

)

1 + r + r
√
1−M ′ cos

(

sπ
n+1

) , we see that
df

ds
= 0 gives s = n+ 1 .

For this value of s,
∥

∥P−1
1 Q1

∥

∥

2
has maximum value, therefore equation (29)

reduces to
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∣

∣

∣

∣

1− r − r
√
1−M

1 + r − r
√
1−M ′

∣

∣

∣

∣

≤ 1 .

The left side inequality implies

−1− r + r
√
1−M ′ ≤ 1− r − r

√
1−M,

which gives

r ≤ 2
[√

1−M ′ +
√
1−M

] < 1 . (30)

Since

|M | ≤ 1,
∣

∣M ′
∣

∣ ≤ 1 .

Also

r =
∆t

Re∆x2
=

∆t

Re∆y2
≥ 0 . (31)

Thus, from equations (30) and (31) we have

0 ≤ r < 1,

i.e.

∆t < Re∆x2.

It is notable that the same result is obtained when we apply the above procedure
to finite difference equation (27) to show ρ(D) ≤ 1. It should be clear from this
development that since all that really is needed is ρ(C) ·ρ(D) ≤ 1, it is possible
for one or the other (but not both) individual split steps to be unstable while
still maintaining overall stability of the complete method. Hence, the numerical
scheme we have used is unconditionally stable. The scheme is consistent as the
limiting value of the local truncation is zero as ∆t, ∆x and ∆y −→ 0. So, by
Lax’s equivalence theorem [3, pp. 72], the given scheme is convergent.

5. Numerical Computations

We obtained the numerical computation of the unknown flow variables ψ, ξ,
u, v for the present problem with the aid of a computer programme developed
and run in C++ compiler. The input data for the relevant parameters in
the governing equations like Reynolds number (Re) has been properly chosen
incompatible with the present problem considered.
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5.1. Algorithm for obtaining numerical solutions by

streamfunction-vorticity formulation

The algorithm for obtaining the numerical solutions by streamfunction-vorticity
formulation consists of the following steps:

Step 1. Specify the initial values for ξ and ψ at time t = 0.

Step 2. Solve the vorticity transport equation (8) for ξ at each interior grid
point at time t+∆t.

Step 3. Iterate for new ψ values at all points by solving the Poisson equation
(10) using new ξ values at interior points.

Step 4. Find the velocity components u = ∂ψ
∂y

and v = −∂ψ
∂x
.

Step 5. Determine the values of ξ on the boundaries using ψ and ξ values at
interior points.

Step 6. Return to step 2 if the solution does not converge.

6. Results and Discussion

We used the Alternating-Direction-Implicit (ADI) scheme to carry out the nu-
merical computations of the unknown flow variables u, v, ψ, ξ for the present
problem. We summarized this method under an algorithm for streamfunction-
vorticity formulation as described under Section 5.1 above. We used a computer
code developed and run in C++ compiler to execute this. To verify our com-
puter code, the numerical results obtained by the present method were com-
pared with the benchmark results reported in [1]. It is seen that the results
obtained in the present work are in good agreement with those reported in [1]
at low Reynolds number Re=100. This indicates the validity of the numerical
code that we developed.
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(b) Re=30
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(c) Re=50

Figure 3. u-velocity profiles along the vertical line through geometric
center of the square cavity for: (i) Re=15, (ii) Re=30, (iii) Re=50,
at different time levels.

Figure 3 illustrates the variation of u-velocity along the vertical line through
geometric center of the square cavity at different time levels for different Reynolds
numbers Re=15, 30 and 50. We observed that, the u-velocity is almost same
near the top and bottom wall of the square cavity above and below the geomet-
ric center respectively for Re=15 and 30. We also observed that, the absolute
value of u-velocity first decrease, then increases, and finally, decreases in the
vicinity of the top wall and the same behaviour is observed below the geometric
center.
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(a) Re=15

t = 0.25 Sec

t = 0.50 Sec

t = 0.75 Sec

t = 1.00 Sec

0.2 0.4 0.6 0.8 1.0
x

-0.4

-0.2

0.0

0.2

0.4
v

(b) Re=30
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(c) Re=50

Figure 4. v-velocity profiles along the horizontal line through geo-
metric center of the square cavity for: (i) Re=15 (ii) Re=30 (iii)
Re=50, at different time levels.

Figure 4 illustrates the variation of v-velocity along the horizontal line
through geometric center of the square cavity at different time levels for differ-
ent Reynolds numbers Re=15, 30 and 50. We observed that, the absolute value
of v-velocity first increases uniformly, and finally, converges to the boundary of
the right wall. The behaviour of v-velocity from the left side wall towards the
geometric center of the cavity is that it increases uniformly, and converges at
the geometric center of the cavity. We also observed that the absolute value
of v-velocity increases uniformly as time increases, and converges at the geo-
metric center, and the same behaviour is also observed to the right side of the
geometric center for Reynolds numbers Re=15, 30 and 50.
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Figure 5. v-velocity profiles in the
vicinity of moving top wall of the
square cavity for Re=50 at different
time levels.
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Figure 6. v-velocity profiles in the
vicinity of moving bottom wall of
the square cavity for Re=50 at dif-
ferent time levels.

Figures 5 and 6 illustrate the v-velocity profiles in the vicinity of moving top
and bottom walls of the square cavity for Re=50 at different time levels. We
observed that, the v-velocity in the vicinity of moving top wall of the square
cavity attains a maximum value, and then, decreases toward the geometric
center. It, then, increases. Moreover, for the moving bottom wall as well, we
observed the same behaviour.

t = 0.25 Sec.

t = 0.50 Sec.

t = 0.75 Sec.

t = 1.00 Sec.

-0.2 -0.1 0.0 0.1 0.2
u

0.2
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0.6

0.8

1.0

y

Figure 7. u-velocity profiles in the vicinity of left stationary wall of the
square cavity for Re=50 at different time levels.

Figure 7 illustrates the u-velocity profiles in the vicinity of left stationary
wall of the square cavity at different time levels for Re=50. We observed that,
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the u-velocity profiles near the left wall first increases uniformly, and finally,
converges to the top boundary.

t = 0.25 Sec.

t = 0.50 Sec.

t = 0.75 Sec.

t = 1.00 Sec.

0.2 0.4 0.6 0.8 1.0
x

-2

-1

0
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Ξ

Figure 8. vorticity contours for Re=50 at different time levels.

Figure 8 illustrates the vorticity contours along the horizontal line through
geometric center of the square cavity at different time levels for Re=50. We
observed that, the vorticity contours decreased in between the left wall bound-
ary to the midpoint of the square domain. It, then, increases in between the
midpoint to the right wall boundary.

The streamline contours for different Reynolds numbers Re=15, 30 and 50
for different time levels (t = 0.25 sec, 0.50 sec, 0.75 sec, 1.00 sec) have been
depicted in Figures 9, 10 and 11 respectively. We observed that, when the
top wall is moving in the positive direction and the bottom wall is moving
in the negative direction, two streamline contours are generated, one above
the geometric center and the other below the geometric center in clock wise
direction. We also observed that, the size of the streamline contours decreases
with an increase of time.
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Figure 9. Streamline contours for Re=15 at different time levels:(a) t
= 0.25 sec; (b) t = 0.50 sec; (c) t = 0.75 sec; (d) t = 1.00 sec.
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Figure 10. Streamline contours for Re=30 at different time levels:(a) t
= 0.25 sec; (b) t = 0.50 sec; (c) t = 0.75 sec; (d) t = 1.00 sec.
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Figure 11. Streamline contours for Re=50 at different time levels:(a) t
= 0.25 sec; (b) t = 0.50 sec; (c) t = 0.75 sec; (d) t = 1.00 sec.

7. Code Validation

To check the validity of our present computer code used to obtain the numerical
results of u-velocity and v-velocity, we have compared our present results with
those benchmark results given by Ghia et al. [1] and it has been found that
they are in good agreement.
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8. Conclusions

In this study, we have obtained the numerical solutions for 2-D unsteady incom-
pressible flow in a driven square cavity, along with no-slip and slip boundary
conditions, using streamfunction-vorticity formulation. Using a general algo-
rithm for this formulation, we carried out the numerical computations of the
flow variables, streamfunction ψ and vorticityfunction ξ for low Reynolds num-
bers Re ≤ 50. With the aid of numerical computations, we illustrate the varia-
tion of the u-velocity along the vertical line and v-velocity along the horizontal
line through the geometric center of the square cavity. We observed that the
u-velocity is almost same near the top and bottom wall of the square cavity
above and below the geometric center respectively for Re=15 and 30. We also
observed that the absolute value of u-velocity first decreases, then increases,
and finally, decreases in the vicinity of the top wall and the same behaviour is
observed below the geometric center. We observed that the absolute value of
the v-velocity increases uniformly as time level increases. However, as we move
towards right of the geometric center, we observed the same behaviour at both
Reynolds numbers Re=30 and 50. Furthermore, we found that the v-velocity
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at the right wall of the square cavity attains a maximum value, and then de-
creases towards the geometric center. It, then, increases. Figure 11 illustrates
the u-velocity profiles at the left stationary wall of the square cavity.

Furthermore, we employed the current numerical computations to show
that vorticity contours decreases in between left wall boundary to the midpoint
of the domain. It, then, increases in between the midpoint to the right wall
boundary. The numerical computations of the streamfunction for different low
Reynolds numbers at different time levels, showed that two streamline contours
are generated, one above the geometric center, and the other below the geo-
metric center, in clockwise direction. We also observed that the size of the
streamline contours decreased when the time level increased.

Nomenclature

Re Reynolds number

x, y cartesian co-ordinates

∆x grid spacing along x-axis

∆y grid spacing along y-axis

∆t time spacing

u x-component of velocity

v y-component of velocity

uti,j x-component of velocity at (i, j) node at time t

vti,j y-component of velocity at (i, j) node at time t
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ψti,j streamfunction at (i, j) node at time t

ψ
t+ 1

2

i,j streamfunction at (i, j) node at time t+ 1
2

ψt+1
i,j streamfunction at (i, j) node at time t+ 1

ξti,j vorticity vector at (i, j) node at time t

ξ
t+ 1

2

i,j vorticity vector at (i, j) node at time t+ 1
2

ξt+1
i,j vorticity vector at (i, j) node at time t+ 1

vto exact solution of the differential equation

uto computed solution of the differential equation

zto difference between exact solution and computed
solution

∥

∥P−1
1 Q1

∥

∥

2
two-norm of matrix P−1

1 Q1

P Dimensionless pressure

t time level

▽
2 Laplacin operator

Greek symbols

λps eigenvalues of matrix P1

λqs eigenvalues of matrix Q1

ψ streamfunction

ξ vorticityfunction

ρ(A) spectral radius of A, which is the maximum of the
moduli of its eigenvalues λi, i = 1, 2, . . . , n
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