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Abstract: The Neurospora biorhythm model is based on the negative feed-
back auto regulation of gene expression. This research is about the comparative
mathematical model for Neurospora process which specific effects on light only
and on light with the FRQ protein. The models are analyzed by a differential
equation theory, to find equilibrium points, the stability and the limit cycle
state. The Routh-Hurwitz criterion is used for finding the parameters that
confirm each state. Besides, we can verify all values of the parameters by using
numerical method and solution curves.
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1. Introduction

The abilities of some bacteria are that they can adapt themselves to their envi-
ronment which result of this changing is the circadian rhythm [1]. This depends
on the period of light and dark [2]. The molecular mechanism of circadian
rhythm, especially in Neurospora has been studied by many researchers [3, 4].
The biorhythm model or system has been explained by mathematical models
[5, 6]. The first model was presented by Goodwin [7] where the result came
from negative feedback on the gene expression. The purpose of the present
article is to examine both the biochemical variables and the light /dark cycle in
the settings of differential equation system [8].

In the recent years, the mathematical models for circadian rhythm in Neu-
rospora have been formulated by D. Gonze, J. Leloup and A. Goldbeter. They
considered the transcription of FRQ protein which negatively regulates the ex-
pression of the FRQ gene in the experiment, [9].

In this paper, the mathematical model for Neurospora is modified according
to specific effects on light and on light with the FRQ protein. The equilibrium
points are found and the Routh-Hurwitz criterion is used to confirm the limit
cycle and stability state [17, 18].

2. Model Formula
2.1. Mathematical Model

The results of the previous model studying oscillations Drosophila [5, 10] were
the sole negative regulations. In this, the role of the PER-TIM complex is
done by FRQ in neurospora [11]. A further differential was controlled by TIM
degradation in the fly that is effective by light [12, 13, 14, 15]. Applying the
model in the work of Gonze et. al [16], the modified mathematical model system
of Neurospora biorhythm differential equations with the light effect is:

dM K M

aM _ _ L 1
i K+ Fy "En M (1)

dF,
d—tc — kM — kyFo + ko Fy — kFg, (2)
dFs Fs
85 kFo vyt 3
dt ¢ Ty (3)
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% = leC — ,ICQFN — UdNﬁ. (4)

In this system of equations (1)-(4), if changing the eq. (1) to be eq. (5),

the system produces that eq. (5), eq. (1), eq. (3) and eq. (4), are the modified
Neurospora biorhythm model on light with FRQ protein effectives,

iM KD
it~ KP4y K+ M

+ LFy. (5)

The four variables M, Fgo, Fs and Fy in eq. (1)—(5) denote the con-
centrations of the frg mRNA, the cytosolic, stable and nuclear forms of FRQ
respectively. F; = Fo + Fg + Fy is the total concentration of FRQ protein
which is denoted F;. The parameter denotes the rate of frq transcription, the
constant K related to the threshold of the frq transcription before nuclear FRQ
represses this process. The constant n is the Hill coefficient, v,, is the maximum
rate of frg mRNA degradation and the Michaelis constant K, related to frq
mRNA degradation and eventually L is the illuminance which is its unit is luz
or [z.

In Eq. (2), the constant k; is the rate of FRQ protein synthesis, the constant
k1 and ko denote the transport of FRQ protein into and out of the nucleus of
Neurospora.

In Eq. (3), the constant k is the rate of cytosol FRQ which is turned to be
stable FRQ, the constant vy is the maximum rate of stable FRQ degradation
and Michaelis constant K related to this process.

In Eq. (4), the constant vgy is the maximum rate of nuclear FRQ degra-
dation and Michaelis constant K,y related to this process.

The process is shown in the figure below (Figure 1).

2.2. Model Analysis

We use these functions to find the equilibrium points. The system of eqs. (1)—
(4) has two positive steady state (0,0,0,0) and (Mo, Fe,, Fs,, Fn,), where

K (FR, L+ K"(L +vs))

My = — ,
O TR (L —vm) + K] (L — vy + vy)
v
2 RN b < L [ — E— )
M l ( L—vn KmAfM())

.o ksMo + ko Fn,
e T
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Figure 1: Scheme of the model for circadian oscillations in Neu-
rospora.

and
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And the system of egs. (2)—(5) has two positive steady state (0,0,0,0) and
(M07 FCoa FSO’ FN0)7 where
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The non-vanishing steady state (Mo, F¢,, Fs,, Fiv,) is interesting in solving
by bifurcation analysis. We apply it for studying a linearization of the system
at its steady state, and so we do consider stable and limit cycle analysis.

From Egs. (1), (2), (3), (4) and (5), we consider the interval of steady
state points that satisfy the stability. (Mo, Fry, Fs,, Fn,) is the steady state

point, and so we transform the non-linear equations to linearization and use the
KpnFr—t
[0]

i r— N prh . Km oo Kg
Taylor expansion. We get A" = (KZ"JrF}&O)Q’ TEmyaEL (ot o)
and D' = —Hav  which define
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v B — A 0 0 —vA'+ L
ks — (k1 4+ k)= 0 ko _0
0 k —UdC/ - A 0 ’
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Hence M\ +ai A3+ a\? + a3\ + a4 = 0 is the characteristic equation for eqgs.(1)-
(4), where

a1 =k + ki + ko +C'vg — D'vgy + B'oy,

ay = — D,klde + B'klvm + B,kgvm — B/D,’UdN’Um
+ C'vg(ky + ky — D'vgny + B'vy) + k(ka + C'vg — D'vgn + Boy,),

ag = — B'vp(—kka + D'kvgn + D'kyvgn) + C'vg(B' vy, (ka
+ k‘Q) — D,’UdN(kl + B'vm) + k(k‘Q — D/UdN + B/’Um)) + A'klksvs,
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and
ay = C'vg(—B'vy (—kks + D'kvgy + D'kyvgn) + A’k kavs).

We find the stability of steady state points by using the Routh-Hurwitz criterion
that we do not have to find the eigenvalues. The conditions are aq > 0, az > 0,
as > 0 and ajasas > a% + a%a4. If the parameter values satisfy these conditions,
the steady state points will be asymptotically stable.

Moreover, A\* + a1 A% + as A% 4+ az\ + a4 = 0 is the characteristic equation for
eqs. (2)—(5), where

a1 =k+ k1 + ko + Clvd — D,UdN + Blvm,

ag = — D/kl’l)dN + B/klvm + B/k‘Q’Um — B/D/’UdNUm + C/’Ud(k‘l + ko
— D/’UdN + B’vm) + k(k‘Q + C/’Ud — D/UdN + B/Um),

as =Bk (k‘Q — D/’UdN) Um + C/Ud (B/ (k‘Q — D/’UdN) Um + k(kg — D/UdN—i-
B,’UM)) —kq (C,D/UdN — B/C,’Ud]\ﬂ}m + B,D/UdN’Um + kg (L — A/’US)) R

and

ag = Clvd (—B/k‘(—k‘g + D/UdN)Um + k‘l (B/D/UdNUm + :ICS (L - Avs))) .

3. The Parameter Values and
Numerical Simulations

3.1. The Parameter Values for Neurospora Biorhythm on Light

From egs. (1), (2), (3) and (4), we consider the illuminance for two values,
which is:

1. L =400 lux

The steady state point is (1.80224,0.792509,0.0875122, 0.525576), in case
of limit cycle. The parameter values of limit cycle state are vy = 95, v, =
470.0,v4 = 65.0,vgny = 4.5,ks = 5.0,k = 6.6,k; = 5.5,ke = 1.1, K,;, =
0.04, K; = 0.6, Kg = 1.0, Kgn = 0.1,n =4, L = 400.

The steady state point is (1.41521,0.880271,0.199032,0.541681), in case
of stable. The parameter values of stable state are vy = 95, v, =
470,vg = 35.0,vgny = 1.5,ks = 5.0,k = 6.6,k = 1.5,ky = 0.1, K, =
0.04, K; = 0.6, Kg = 1.0, Kgn = 0.1,n =4, L = 400.
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2. L =1000 lux

The steady state point is (1.65897,0.995047,0.0237696, 0.328634), in case
of limit cycle. The parameter values of limit cycle state are vy = 250, vy, =
1200,v4 = 150,v4y = 6.5,ks = 5.5,k = 3.5,k; = 6.0,ke = 1.0, K,,, =
0.04, K; =04, K3 = 1.0, Kgn = 0.05,n =4, L = 1000.

The steady state point is (1.64031,2.11531,0.0519199, 0.497184), in case
of stable. The parameter values of stable state are vy = 250,v,, =
1100, vg = 150.0,vgy = 6.5, ks = 5.5,k = 3.5,k1 = 1.0,k = 1.0, K,,, =
0.04,K; =04,K4 =10, Kgy = 1.5,n =4, L = 1000.

3.2. Numerical Simulations

We can verify all parameter values by using a numerical method, the fourth-
order Runge-Kutta method, and solution curves as follows.
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Figure 2: In case of limit cycle state, frq mRNA and total FRQ
protein vs time in 5 hours with L = 1000 luz.

3.3. The Parameter Values for Neurospora
Biorhythm on Light with FRQ Protein

From egs. (5), (2), (3) and (4), we consider the illuminance L for two values,
which is:

1. L =400 lux

The equilibrium point is (3.00438,0.628211,0.478054, 0.0183893), in case
of limit cycle. The parameter values of limit cycle state are vy = 470.5, v,,, =
300.5,v4 = 5.0,v4ny = 3.2,ks = 0.5,k = 1.6,k = 0.8,ko = 0.3, K, =
0.2,K; =0.02, Kg =19, Kgn =0.1,n =4, L = 400.
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Figure 3: In case of limit cycle state, frg mRNA vs. nuclear FRQ in
2-dimension and fr¢ mRNA vs. nuclear FRQ vs. total FRQ protein
in 3-dimension with L = 1000 [uz.
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Figure 4: In case of stable state, frg mRNA and total FRQ protein
vs. time in 5 hours with L = 1000 luz.

The equilibrium point is (1.34309,0.311199, 0.0204605, 0.0192226), in case
of stable. The parameter values of stable state are vy = 470.5,v,, =
300.0,vg = 7.0,vgqny = 3.2,ks = 0.5,k = 0.5,k1 = 1.8, ko = 2.3, K,, =
0.2,K; =0.02, K; =0.9, Kgy =0.1,n = 4, L = 400.

. L =1000 lux

The equilibrium point is (3.56273, 0.63821, 0.651308,0.0187361), in case of
limit cycle. The parameter values of limit cycle state are vy = 470.5, v, =
300.5,v4 = 5.0,vgny = 3.2,ks = 0.5,k = 2.0,k; = 0.8,k = 0.3, K,, =
0.2,K; =002, K4 =19,Kynv =0.1,n =4, L = 1000.

The equilibrium point is (8.57433,1.60625, 0.104969, 0.0142019), in case



COMPARATIVE NEUROSPORA BIORHYTHM... 67

Figure 5: In case of stable state, fr¢ mRNA vs. nuclear FRQ in
2-dimension and frg mRNA vs. nuclear FRQ vs. total FRQ protein
in 3-dimension with L = 1000 [ux.

of stable. The parameter values of stable state are vy = 350.5,v,, =
300.5,vg = 7.0,vgqny = 3.2,ks = 0.5,k = 1.5,k = 1.2,ky = 3.5, K, =
0.2,K; =0.02, K =0.2, Kgy = 0.01,n =4, L = 1000.

3.4. Numerical Simulations

We can verify all parameter values by using numerical method, the fourth-order
Runge-Kutta method, and solution curves as follows.

o R

u_ w

Tkl FEAD 1Y
P

LTI ]

| L | L
' T T R o [ z B P
T

Tima o

Figure 6: In case of limit cycle state, fr¢ mRNA and total FRQ
protein vs. time in 10 hours with L = 1000 luz.
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Figure 7: In case of limit cycle state, frg mRNA vs. nuclear FRQ in
2-dimension and frg mRNA vs. nuclear FRQ vs. total FRQ protein
in 3-dimension with L = 1000 lux.
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Figure 8: In case of stable state, fr¢ mRNA and total FRQ protein
vs. time in 10 hours with L = 1000 [ux.

4. Conclusions

We consider the model for Neurospora and Drosophila, and we modify the new
Neurospora model on light and the new Neurospora model on light with FRQ
protein. These are the incentive which is the system (egs. (1), (2), (3) and (4))

and the system (egs. (5), (2), (3) and (4)), respectively. More importantly, we
consider the illuminance as follows:

(i) L =400 luz, for example, is sunrise or sunset on a clear day.
(ii) L = 1000 luz, for example, overcast day or typical TV studio lighting.

From the system, we can find the steady state points and parameters which
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Figure 9: In case of stable state, frg mRNA vs. nuclear FRQ in
2-dimension and fr¢ mRNA vs. nuclear FRQ vs. total FRQ protein
in 3-dimension with L = 1000 [uz.

satisfy limit cycle state and stable state as follow in Section 3. These values
can be verified by using the fourth-order Runge-Kutta method and solution
curves that show in previous section. Moreover, all parameters will be very
useful for scientists or researchers who would like to restrain the growth of
Neurospora because it always grows in their laboratory and experiments.
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