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Abstract: In this paper, we define new generalized difference sequence spaces
AT u) and 03 (AT, u), where M = (M) and N = (N}) are sequences of
Orlicz functions such that M and Nj are mutually complementary for each
k. We also examine some topological properties and establish some inclusion
relations between these spaces.
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1. Introduction

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous, non-
decreasing and convex with M (0) = 0, M (z) > 0 for z > 0 and M (z) — oo
as r — 00.

Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to define the
Orlicz sequence space

Oy = {:c: (xg) : ZM <M> < o0, for some p > O}

k=1 P

which is a Banach space with the norm
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el _inf{p>o;§jM(@) 31}.

k=1 P

It is well known that if M is a convex function and M (0) = 0, then M (Ax) <
AM (z) for all A with 0 < X < 1.
Any Orlicz function M}, always has the integral representation

T

M (x) = / pr(t)dt,

0

where pi, known as the kernel of My, is non-decreasing, is right continuous for
t >0, pr(0) =0, pp(t) > 0 for t > 0 and pg(t) — oo as t — oo.
Given an Orlicz function My, with kernel pg(t), define

qr(s) =sup{t: pr(t) <s, s>0}.

Then g (s) possesses the same properties as py(t) and the function Ny, defined

as
T

Ni(z) = / ax(s)ds,
0

is an Orlicz function. The functions My and Nj are called mutually comple-
mentary Orlicz functions [1].

The difference sequence spaces were introduced by Kizmaz [2] and the con-
cept was generalized by Et and Colak [7]. Later, Et and Esi [6] extended the
difference sequence spaces to the sequence spaces

X(AY) = A{z = (w) : (Aax) € X}

for X = lo, c or ¢y, where v = (vi) be any fixed sequence of non-zero complex
m .

numbers and (Aj'ay) = (A 'z, — AP ), Ae = 30 (=1)" (7)) vkt ik
i=0

for all kK € N.

The sequence spaces Al ({s), Al

" (¢) and A} (co) are Banach spaces normed
by

m
lzlla =D lvizal + A7 2]l -
=1

Definition 1. Let A be a sequence space. Then A is called
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(i) Solid (or normal), if (agxr) € X whenever (x) € A for all sequences
(ag) of scalars with |ag| < 1.

(ii) Monotone, if provided A\ contains the canonical preimages of all its
stepspaces.

(iii) Perfect, if X = A\*“, see [9)].

Proposition 2. \ is perfect = X is normal = X\ is monotone, see [9)].

A Banach sequence space (A, S) is called a BK-space, if the topology S
of A is finer than the co-ordinatewise convergence topology, or equivalently,
the projection maps P, : A — K, P/(x) = z;, i > 1 are continuous, where
K is the scalar field R (the set of all reals) or C (the complex plane). For
x = (T1,...,Tpn,...) and n € N (the set of natural numbers), we write the n'”
section of z as (™ = (21, ...,2,,0,0,...). If {z(™} tends to z in (), S) for each
x € A, we say that ()\,S) is an AK—space. The norm ||.||, generating the
topology S of A is said to be monotone if ||z||, < ||y||, for z = {z;}, vy = {y}
€ A with |z;| < |ys|, for all i > 1, see [8].

Definition 3. Any two Orlicz functions My and My are said to be equiv-
alent, if there are positive constant « and (3, and z( such that M (azx) <
My (z) < M (B) for all z with 0 < z <z, see [9].

2. Main Results

Definition 4. Let M, and N be mutually complementary functions for
each k and let A = {\;} be a sequence of strictly positive real numbers. Then
we define the following sequence spaces:

AT
Eﬁ\w(Avm,u) = {x=(xy) ZUkM <‘ xk‘) < o0, for some p > 0}
k>1

and

A AT
(AT u) = {z=(z4) ZukN < k| xk|> < oo, for some p > 0}.
k>1

Throughout the paper, we write My (1) = 1 and Ng(1) =1 for all k£ € N.



154 G.A. Turan

Theorem 5. Let M = (M) and N = (Nj) be two sequences of Orlicz
functions. Then (41(AT,u) and (), (AT,u) are linear spaces over the field of
complex numbers.

Proof. Let x,y € Ej\\’l(Avm,u) and a,b € C. Then there exist positive num-
bers p; and ps such that

and

Define ps = max (2|a|p1,2|b| p2). Since M} are non-decreasing and convex
functions and A™ is linear, we have

S el (’Avm (azy + byk)\)

1 Akp3
ATz | AT Yrl
< ZukMk < )\kpl Z Tpg < o0
k>1 k>1

This proves that ¢({'(A™ u) is a linear space. The proof for ﬁj)‘v(Avm,u) is
similar. O

The proofs of the following theorems are easy and thus omitted.

Theorem 6. The sequence space éf\"‘(AL”, u) is a normed space with norm

N , AN
= i f : My | — | <1}
ol = 3l (o> 05 S ueds (15E241) <y

i—1 k>1 kP

Theorem 7. The sequence space BJ)Q/(Avm, u) is a normed space with norm

S . Ak |A™
I2[IA = fa| + inf{p > 0: > " upNy (w) <1}

i=1 k>1

Theorem 8. The spaces (fﬁ\\/‘(Aym,u), HHf) and (Ej‘\/(Avm,u), ||Hg> are

Banach spaces.
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Theorem 9. The sequence spaces EQA(Avm,u) equipped with the norm
HHf and (3, (A, u) equipped with the norm HHZ are BK -spaces.

Proof. The space (fﬁ\”(AT,u), ||||f> is a Banach space by Theorem 8.
Now let
n A
Ja" — z[|y — 0

as n — oco. Then
|2 — xk] =0

as n — oo for each k < m and

Azt — Ay
inf{p>0:> wM <‘ v kA v ’“’) <1} =0
k=1 kP
maen_ A™m AMgn_AM
as n — oo for all k € N. If u, M, w §1,thenM§l
Aellz s el
for all k. Therefore we also obtain
AT} — Afag| < N fla" — a5
Since ||z" — fo — 0, then |[A}'2} — A'xy| — 0 and
Z (—1)1 (U>Uk+i (CCZ_H - xk—i—i) — 0
i=0
as n — oo for all £ € N. On the other hand, we may write
m
n m n
‘Uker ($k+m - karm)‘ < (— (v)vk+i (kari - xkﬂ')
i=0

1)
+ ‘ (?)vk (@ — zx)| + ...

+ e (zf —z )
m—1 k+m—1 k4+m—1 k4+m—1

Then |z} — x| — 0 as n — oo for all & € N. Hence (Ef\w(AT,u), HHf) is a
BK-space.
The proof is similar for £3(AT, u). O
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Theorem 10. Let M = (M) be a sequence of Orlicz functions. Then
AT u) ¢ AT u). In general (N (ALLu) € YA™ W), for i =
1,2,...,m — 1.

Proof. Let z € (A1 u). Then
Am 1xk|
ZukMk VG < o0
k>1 k&p

Since M}, are non-decreasing and convex functions,

| AT @y AT g — AT g
ZUkMk ( N ) ZukMk N2

k>1 k>1
{L‘k‘ v 137k+1‘
<zukMk( v >+zuM(7 <o
k>1 k>1 Akp
Thus (41 (A1 u) C ¢44(A™, u). This completes the proof. O

Theorem 11. Let N = (Ng) be a sequence of Orlicz functions. Then
(AT w) C (AT u).  In general (3 (AL u) C (AT, ), for i =
1,2,..,m — 1.

Proof. Let z € {3-(AT" %, u). Then

3w (‘Am 1xk|> < 0.

k>1 Akp

Since N} are non-decreasing and convex functions

ZUk;N ()\k‘A {L‘k‘> Zu Nk <)\k ‘A xk — ATlle‘kJrl‘)

k>1 k>1 2p
by Amfl by Amfl
<3 w; (M) + 5wy (M) < 50
k>1 P k>1 p
Thus (3 (AT~ w) C £3(AT, u). This completes the proof. O

Theorem 12. Let M = (My) and T=(1}) be any two sequence of Orlicz
functions. Then we have:
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(1) AT w) N (AT ) € T (AT ),
(ii) If M and T are equivalent, then ({1 (AT u) = €1 (AT, u).

Proof. (i) Let x € ({1(A™, u) N ¢] (AT, u). Then

k>1
and Am
Zuka (’ - xk’) < o0
Ak
k>1
We have

o (3520 i (5] [ (35)]

Applying >~ and multiplying uj both side of this inequality, we get,

1
Az
> un (Mg, +T) (%)
k>1 kP
A A
< UkMk<| ;xk|>+zuka<| ;:ck|>
k>1 kP k>1 kP

This completes the proof.
(ii) The proof follows from Definition 3. O

Theorem 13. Let N' = (Ny) and T= (T) be any two sequence of Orlicz
functions. Then we have:

(i) (AT, u) N AR, u) € BT (AR w),

(ii) If M and T are equivalent, then {5 (AT, u) = (3-(AT, u).

Proof. (i) Let x € (44 (A™, u) N ¢] (A™, u). Then

A |AT
Zuka <7kz| pv xk|> < 00

k>1

Ak |AT

k>1

and
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We have

(Ng + Tp) (M) < [Nk (M)} + [Tk (M)} .

Applying > and multiplying ux both side of this inequality, we get,

k>1
A | AT
Z“k‘ (Ny + T (M)

k>1 p
Ak |AT A |AT
SZUkN < k| $k|>+z ( k| vak|>'
k>1 k>1 P

This completes the proof.
(ii) The proof follows from Definition 3. O

Theorem 14. Ify is a normal sequence space containing A, then (31 (AT, u)
is a proper subspace of p. In addition, if u is equipped with the monotone norm
(quasi-norm) ||.|| ,, the inclusion map I : BYA™ u) — p(AT, u) is continuous
with [[I] < [[{Ax}] -

Proof. Let x € (AT, u). Since Y upM <ﬂ> < oo for some p > 0,
k=1

then there exists a constant X > 0 such that M < K for all k¥ € N. Since
1 is a normal sequence space containing A, we have (Al'xr) € p and so that
x € p(AT). Hence (1AM, u) C p(AT, u).

Further, since My (1) =1 for all k£ € N, then

AT
> ukM, (’ xk’) <1
k>1 )‘kzuﬂﬁH,\

and so that
ATz < Mg ||2[|S for all k € N.
. A
As |||, is monotone, [Tz, = [[(A7'zk)ll, < [{Ae}l, [=]X and hence [I]| <
{ARH - O

Theorem 15. If n is a normal sequence space containing {A—lk} =\
then ¢4,(A™) is a proper subspace of . If the norm (quasi-norm) [[-1l,, on m

is monotone, then the inclusion map J : A(AT, u) — n(AT, u) is continuous
with ||| < [{AgH],-
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The proof is similar to Theorem 10 and therefore we omit it.

3. Interrelationship between the Spaces (41(AT,u) and £} (AT, u)

If A, = 1 for all k € N, then the sequence space ¢),(A7, u) reduces to the
sequence space

(AT u) = {z = (z) : ZukM( 5 ‘><oo, for some p > 0}.

k>1

Theorem 16. If A\ = {\;} is a bounded sequence such that inf A\, > 0,
then Ef‘\,l(Avm,u) = fﬁ\w(Avm,u) = U (A, u).

Proof. Let x € {p(A}',u). Then > upMy (‘A” k') < oo for some p > 0.
k>1

Since A = {A;} is bounded, we can write a < A; < b for some b > a > 0.

Define p; = pb. Since M}, is increasing, it follows that > wug My (%) <
E>1

> up My, (‘ L x’“') < oo. Hence {pq(A™, u) C 3, (AT, u). The other inclusion
k>1

2 MAT, u) C (A, u) follows from the inequality

S u M, <\A xk\) S M, <>\k\A xk’)

k>1 pla k>1
Therefore, £, (A™, u) = Ly (AT, u).
Similarly, one can prove H{1(A™, u) = Lp(A™, ). O

Theorem 17. If {\i} € lo With a = supg>; A\, > 1 and {1 s un-
bounded, then ({1 (A™, u) is properly contained in £3,(A™,u) and the inclusion
map T : (AT, u) — €3 (AT, u) is continuous with ||T|| < a®.

Proof. For any p > 0 and p’ = pa?, we have
Ak |AT A
Zuksz< k| ;}xkz|>§zw€M <| )\$kz|>
k>1 P k>1 P

for x = {x}}. Hence (1 (A™, u) C 63 (AT, u).
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We now show that the containment ((A™ u) C ¢}, (AT, u) is proper.
From the unboundedness of the sequence {)\; '}, choose a sequence {k,} of
positive integers such that )\];1 > n. Define AJ'x = {A'z} as follows:

1/n, k=k, n=12..
m o ) mn 5 4y
Ay'ep = { 0, otherwise

Then x € (3, (AT, u); but x ¢ (AT, u).
To prove the continuity of the inclusion map 7', let us first consider the case
obtained for a = 1. For z € /1(AT), we write

Al'zy|
A A" w)=Lp>0:) M (' )_1
3 p é "

and
AT
BY(A™ u)={p>0: ZM (A’“‘ xk‘>§1

Since My, are increasing and a = 1, we get A (AT, u) C By, (AT, ).
Hence

2|3 = inf B (A}, u) < inf AL (AT, u) = |23, (1)

ie., |T(x)|x < |lz|5. Thus T is continuous with ||T]| < 1 = a2.
If a # 1, define By = 2, k € N. Then 8, < 1 and from (1), it follows that

lzl|X < llzll§ for x € (AT ). (2)

Hence from (2)
A A A
IT@) A = lzla < a2l
i.e., T is continuous with ||7|| < a?. This completes the proof. U
Theorem 18. If {\;} is unbounded with sup;4 Ay =d > 1, Ay > 0

for all k, then ), (A, u) is properly contained in ¢{'(AT, u) and the inclusion
map U : 0 (AT, u) — (44(A™, u) is continuous with ||U]| < d2.

Proof. The proof of this theorem is similar to that of Theorem 17 and so is
omitted. O
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