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Abstract: First, we prove that the Dunkl-type maximal operator M, is
bounded on the generalized Dunkl-type Morrey spaces M, o for 1 < p < oo
and from the spaces M1, o to the weak spaces WM, q.

We prove that the Dunkl-type fractional order integral operator I%%, 0 <
B < 2a + 2 is bounded from the generalized Dunkl-type Morrey spaces M, o
to M, o/a o> Where B/(2a+2) =1/p—1/q, 1 <p < (2a+2)/B.
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1. Introduction

The Hardy—Littlewood maximal function, fractional maximal function and frac-
tional integrals are important technical tools in harmonic analysis, theory of
functions and partial differential equations. On the real line, the Dunkl oper-
ators are differential-difference operators associated with the reflection group
Zs on R. In the works [1, 17, 24, 35] the maximal operator associated with
the Dunkl operator on R were studied. In this work, we study the fractional
maximal function (Dunkl-type fractional maximal function) and the fractional
integral (Dunkl-type fractional integral) associated with the Dunkl operator on
R. We obtain the necessary and sufficient conditions for the boundedness of the
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Dunkl-type fractional maximal operator, and the Dunkl-type fractional integral
operator from the spaces M, o(R) to the spaces M, o(R), 1 <p < q < 00,
and from the spaces M, o(R) to the weak spaces WM, (R), 1 < g < 0.

For x € R™ and r > 0, let B(z,r) denote the open ball centered at = of
radius 7.

Let f € LY(R™). The maximal operator M and the Riesz potential I? are
defined by

M) =sup Bl [ il
xr

t>0

)

fy)dy
Iﬁf(x)—/RnW, 0<B<n,
where |B(x,t)| is the Lebesgue measure of the ball B(x,t).

The operators M and I? play an important role in real and harmonic anal-
ysis (see, for example [36] and [32]).

In the theory of partial differential equations, the Morrey spaces M,, \(R")
play an important role. They were introduced by C. Morrey in 1938 [28] and
defined as follows:

For0 <A <n, 1<p<oo, feMy(R")if fe Lie¢(R™) and

1l a0 = 1 lag, o rmy = xe;}1171)71>07“ P fll Ly (B < 00

If A =0, then M, \(R") = L,(R"), if A = n, then M, \(R") = Loo(R"),
if A < 0or A > mn, then M, (R") = O, where © is the set of all functions
equivalent to 0 on R™.

These spaces appeared to be quite useful in the study of the local behaviour
of the solutions to elliptic partial differential equations, apriori estimates and
other topics in the theory of partial differential equations.

Also by WM, z\(R") we denote the weak Morrey space of all functions
f € WLY4(R™) for which

_2
170wt = 1 iy = 52 72 L ey < 0%,

where W L,(R") denotes the weak Lj,-space.

F. Chiarenza and M. Frasca [8] studied the boundedness of the maximal
operator M in the Morrey spaces M, 5. Their results can be summarized as
follows:

Theorem A. Let 0 <a<nand0 <A <n,1<p<oo.
1) If1 < p < oo, then M is bounded from M, 5 to M, ».
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2) If p=1, then M is bounded from M;  to WM, .

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p<qg<
o0, then I is bounded from L,(R") to L,(R") if and only if f = © — > and
for p =1 < ¢ < oo, I? is bounded from L;(R") to W L,(R") if and only if
f=mn—7. DR. Adams [4] studied the boundedness of the Riesz potential in

Morrey spaces and proved the follows statement (see, also [6]).

Theorem B. Let0<ﬁ<nand0<)\<n 1<p<”Tg>‘.

1) Ifl<p<?® 5 , then cond1t1on = — % = i}\ is necessary and sufficient
for the boundedness I? from M,, A( ) to Mg \(R").
2) Ifp =1, then condition 1 — + = i is necessary and sufficient for the

1
boundedness I° from M x(R") to W/\/l A(R™).

If g = o ﬁ, then A = 0 and the statement of Theorem B reduces to the
p q
above mentioned result by Hardy-Littlewood-Sobolev.

2. Definitions, notation and preliminaries

Let @« > —1/2 be a fixed number and p, be the weighted Lebesgue measure on
R, given by

dpta(z) = (2°T' T (o + 1))71 |22 d.

For every 1 < p < oo, we denote by L, o(R) = Ly(R,dpu,) the spaces of
complex-valued functions f, measurable on R such that

1/p
1l = 151, = ([ 5@ dua) ) <00 it pe [1.00),

and
[flloo.a = I fllL,, = esssup|f(z)] if p=oc.
TER

For 1 < p < oo we denote by WL, ,(R), the weak Ly, (R) spaces defined
as the set of locally integrable functions f with the finite norm

1 hws, = sup 7 (o {z € R < [7(@)] > ).
Note that

Lpo CWL,, and ”fHWLP,a < Hpr@ forall f e Lya(R).
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Let B(z,t) ={y € R: |y| €] max{0,|z| — t},|z| + t[ } and By = B(0,t) =
| —t,t[, t > 0. Then
paBi = ba t2a+27
where b, = [2°T! (a + 1) (o + 1)] -
We denote by BMO,(R) (Dunkl-type BMO space) the set of locally inte-
grable functions f with finite norm (see [14])

172 f (y) — [B,(2)| dpa(y) < oo,

fllsa = sup
1l >0, zeR HaBr JB,
where

(@) = [ s ) diaty)

For all z, y, 2 € R, we put
Wo(z,y,2) = (1 =04y + 0oy + 02 y2)Aa(z,y, 2)

where

24,2 52
o= | H i 2y R0}
e 0 otherwise

and A, is the Bessel kernel given by

dy Wbty =222 —(al D2 e e g

|zyz[2e
0, otherwise,

Aa(xvyv z) - {

where do = (D(a +1))?/(2°7 /7T (o + 3)) and Agy = [||l2] —[yl], |z] + |y]].

Properties 1. (see Rosler [37]) The signed kernel W, is even with respect
to all variables and satisfies the following properties

Wa(xaya Z) = Wa(yaxaz) = Wa(_xvzvy)a
Wa(xayv z) = Wa(—z,y, —.Cl?) = Wa(_xa —-Y, _Z)

and

/ [Walz,y,2)| dua(z) < 4.
R

In the sequel, we consider the signed measure v, ,, on R, given by
Wale,y,2) dpia(2) if @,y € R\ {0},
Vpy = doy(z) if y=0,
ddy(z) it z=0.
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Definition 1. For z, y € R and f a continuous function on R, we put

() = /R F(2) vy (2).

The operator 7,,, x € R, is called Dunkl translation operator on R and it
can be expressed in the following form (see [37])

Tacf(y) = Ca /07T Je ((xvy)é) hl(xvyve)(Sin 0)2@ do

+cq /7r fo ((x,9)0) ha(z,y,0)(sin0)** db,
0

where (z,y)p = /22 + y2 — 2|zy|cos b, f = fo+ fo, fo and fe being respectively
the odd and the even parts of f, with

Ca = </07r(sin0)2a d«9> - = %

hi(x,y,0) =1 — sgn(xy) cos b

and
(r+y) [l —sgn(xy)cosb] .
, if x 0,
h2($,y,0) = (xvy)e 4 #
0, if zy=0.

By the change of variable z = (z,y)g, we have also (see [3])

o f (4) = ca /0 U (@) + £ (—(w)o)

% [f ((x,y)e) —f (_(flf,y)g)] }(1 — CoS 9)(Sin0)20‘ do.

Now we define the Dunkl-type fractional maximal function by

B4
Mg of(x) = Sug(uaBr) ot /B | fI(y) dpa(y), 0<B<2a+2,
> r

and the Dunkl-type fractional integral by
Pp@) = [ bl ) ), 0< 5 <2a+2
R

If 8 =0, then M, = My, is the Hardy-Littlewood maximal operator
associated with the Dunkl operator (see [1, 17, 24, 35]).
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Theorem 2. ([1, 24, 35])
1) If f € L1,o(R), then for every s > 0

ho {2 € R: Mof(z )>s}<—/!f )| dpa(a),

where C > 0 is independent of f.
2) If feLyo(R), 1<p<oo,then M,f € L,(R) and

HMapr,a < C2”f”p70m
where Cy > 0 is independent of f.

Corollary 3. If f € LloC , then
lim —/ !Txf — f(@)| dpaly) =0

r—0 M

for a.e. ¢ € R.

Corollary 4. If f € LlOC °(R), then
!
ti - [ 7 fWdpaly) = (2)

r—=0 g .

for a.e. x € R.

The following theorem is our main result in which we obtain the necessary
and sufficient conditions for the Dunkl-type fractional maximal operator Mg
to be bounded from the spaces Ly o(R) to Lgo(R), 1 < p < ¢ < oo and from
the spaces L1 o(R) to the weak spaces WL, o(R), 1 < g < oo.

Theorem 5. ([18]) Let 0 < f <2a+2and 1 <p < %

1) If1 <p< %, then the condition + — 1 = 2aﬁ+2 is necessary and

sufficient for the boundedness of Mg ., from Lp7a(R3 to Ly o(R).

2) If p =1, then the condition 1 — % = 3a73 18 necessary and sufficient for
the boundedness of Mg o from L o(R) to W Lgo(R).

3) Ifp= 20“%2, then Mg, is bounded from Ly o(R) to Loo(R).

For 1 < p,0 < oo and 0 < s < 1, the Besov space for the Dunkl operators
on R (Besov-Dunkl space) B, ,(R) consists of all functions f in L« (R) so
that

YRR 1/0
1£1lBs, . = fllpa + ( ; ” xﬁ’lajLQ]:L(S;Hp’adua(x)) < 0. (1)
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Besov spaces in the setting of the Dunkl operators have been studied by C.
Abdelkefi and M. Sifi [2, 3|, R. Bouguila, M.N. Lazhari and M. Assal [5], L
Kamoun [21], Y.Y. Mammadov [25] and V.S. Guliyev, Y.Y. Mammadov [18].
In the following theorem we prove the boundedness of the Dunkl-type fractional
maximal operator Mg, in the Dunkl-type Besov spaces.

Theorem 6. ([18]) For 1 < p < g < o0, %—%: 20[&2, 1 <60 < oo and

0 < s < 1 the Dunkl-type fractional maximal operator Mg , is bounded from
B?, (R) to B, (R). More precisely, there is a constant C' > 0 such that

po,«
IMg.aflBs, ., < Cllfllss

pl,a

q0,«

hold for all f € B}, .(R).

Definition 7. Let 1 <p < o0, 0 < A < 2a+ 2. We denote by M,, \ o(R)
the Dunkl-type Morrey space (= D-Morrey space) as the set of locally integrable
functions f(z), x € R, with the finite norm

1 lngy 0 = _SUP (tA [Bt[fxlf(y)l]pdua(y)>1/p-

t>0,zeR

Theorem 8. ([19])
1LIffe Miyxa(R),0<A<2a+2, then Myf € WM, 5 (R) and

[Mafllwamy s < Craall fllagg s a:

where C ) o depends only on A\« and n.
2. If fe Mpra(R),1 <p<o0,0< A< 2a+2, then Mo f € Mp o (R)
and

1Mo flla, 0 < Coxall Fllat, s o
where C), )  depends only on p,\ and «.

Theorem 9. ([19]) Let 0 < f < 2+ 2, 0 < A < 2« + 2 — 8 and
2a+27)\
1<p< 3
1) If1 <p< 2‘”‘; A then condition + — 1 = % is necessary and

sufficient for the boundedness Mg, from /\/lp A a? R) to Mg a(R).
2) If p =1, then condition 1 — E = M% is necessary and sufficient for
the boundedness Mg o, from M; » o(R) to WM » o(R).

For a real parameter o > —1/2, we consider the Dunkl operator, associated
with the reflection group Z5 on R:
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20+ 1 ( fl@) - f(—:z:)) | )

Mol ) (o) = 2 fa) + 22 .

Note that A_y /o = d/dx.
For o > —1/2 and A € C, the initial value problem:

Ao(f)(x) = Af(z), f(0)=1, z€R,

has a unique solution E,(Az) called Dunkl kernel [9, 33, 38] and given by

o Az
Ea()\x) = ja(z)\:c) + m]aJrl('L)\x), r € R,
where j, is the normalized Bessel function of the first kind and order « [39],
defined by

oo

. (N _ o Ja(2) _ (=1)"(2/2)*"
Ja(2) = 2°T(a + 1)~ _r(a+1)§n!a(n+a+1), zeC.

We can write for x € R and A € C' (see Rosler [37], p. 295)
< I'(a+1) ! 2\a—1/2 i\
Eo(=ida) = ——=——2 [ (1 =) Y2 (1 —t) e dt.
) = T 1) /_1( e
Note that E_;/p(A\r) = e,

The Dunkl transform F, of a function f € Ly o(R), is given by
Fuf() = / Eo(—iMe) f(@)dpa(z), A€ R.
R

Here the integral makes sense since |E, (iz| < 1 for every = € R [37], p. 295.
Note that F_; /5 agrees with the classical Fourier transform F, given by:

FfA) = (27T)1/2/ e~ f(x)dx, N€ER.
R

Proposition 1. (see Soltani [34])

(1) If f is an even positive continuous function, then 7, f is positive.

(i7) For all x € R the operator 7, extends to Ly ,(R), p > 1 and we have
for f € L, «(R),

172 fllp.a < 4l f lIp.a- (3)
(t4i) For all x, A € R and f € Ly o(R), we have
Fa (T:vf) ()‘) = Ea(i)‘x) ]:af()‘)
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Let f and g be two continuous functions on R with compact support. We
define the generalized convolution *, of f and g by

frag@) = [ mf-pa)dua). R

The generalized convolution #,, is associative and commutative, [37]. Note that
*_1/o agrees with the standard convolution *.

Proposition 2. (see Soltani [34])

(1) If f is an even positive function and g a positive function with compact
support, then f %, g is positive.

(13) Assume that p, q, r € [1,+o0] satisfying 1/p + 1/q = 1 + 1/r (the
Young condition). Then the map (f,g) — f *q g, defined on &, x &, extends
to a continuous map from Ly o(R) X Lq o(R) to L, o(R), and we have

1 *a gllra < 4[| fllpa l9llga-
(t4i) For all f € L1 o(R) and g € Ly o(R), we have

Fo (f *a 9) = (Fof) (Fag) -
We need the following lemma.

Lemma 1. ([18])
Let 0 < 8 < 2+ 2. Then for 2|x| < |y| the following inequality is valid

Ty|a| 72T — Jy|P AR < QPP e g, (4)

3. Generalized Dunkl-type Morrey spaces

If in place of the power function r* in the definition of M,, » we consider any
positive measurable weight function ¢(z, ), then it becomes generalized Morrey
space M, .

Definition 10. Let ¢(x,r) positive measurable weight function on R™ X
(0,00) and 1 < p < co. We denote by M,, ,,(R") the generalized Morrey spaces,
the spaces of all functions f € LfDOC(R") with finite quasinorm

P

I fllrmyo(rRry = sup I £11 2, (B

zeR™ r>0 w(x, T)
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T. Mizuhara [27], E. Nakai [30] and V.S. Guliyev [10] (see also [11]) obtained
sufficient conditions on weights w and w ensuring the boundedness of 1" from
My, to M,, .. In [30] the following statement was proved, containing the result
in [27].

In [10], [11], [27] and [30] there were obtained sufficient conditions on weights
wi and wy for the boundedness of the singular operator T' from M, ,, (R") to
My, o (R™). In [30] the following conditions was imposed on w(x,):

crw(z,r) <w(z,t) < cw(z,r) (5)

whenever r <t < 2r, where ¢(> 1) does not depend on ¢,r and z € R", jointly
with the condition:

o dt
w(z, t)pT < Cw(zx,r)P. (6)
,
for the maximal or singular operator and the condition

=p dt p
trw(z, t)p7 < Crtw(z,r)P. (7)
.
for potential and fractional maximal operators, where C'(> 0) does not depend
on r and z € R™.

In [30] the following statements were proved.

Theorem 11. ([30]) Let 1 < p < oo and w(x,r) satisfy conditions (5)-(6).
Then the operators M and T are bounded in My, ,(R").

Theorem 12. ([30]) Let 1 < p < 00,0 < 8 < %, and w(x,1) satisly
conditions (5) and (7). Then the operators M? and I® are bounded from

P n

The following statement, containing the results in [27], [30] was proved in
[10] (see also [11]). Note that Theorems 13 and 14 do not impose the condition

().

Theorem 13. ([10]) Let 1 < p < oo and wi(z,r), we(z,r) be positive
measurable functions satisfying the condition

/00 wl(x,t)% < crwa(x,r), (8)

with ¢; > 0 not dependingon x € R™ andt > 0. Then for p > 1 the operators M
and T are bounded from M, (R") to M, .,,(R") and for p =1 the operators
M and T are bounded from M, (R") to WM, ., (R").
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A Spanne type result follows.

Theorem 14. ([10]) Let 0 < S <n, 1 < p < o0, % = % - g and w1 (z, 1),
wa(x,r) be positive measurable functions satisfying the condition

o dt
/ tﬁwl(x,t)T < crwo(x,r). 9)

Then for p > 1 the operators M? and I? are bounded from My (R™) to
My, (R™) and for p = 1 the operators M and I? are bounded from M ,,, (R™)
to WMg ., (R").

Let w(x,r) be positive measurable weight function on R x (0, 00). The norm

in the space My, o(R) may be introduced in two forms,
_ 20+2
p

t
[ lMpwa = sup —— 7l flllL, .80
pyw, 2€R, 150 w(:z:,t) r p,a(Bt)

_ 2042 A—2a+2

If wz,t) =7 7 then My, o(R) = Lyo(R), fw(z,t) =t » ,0<
A < 20+ 2, then M, o(R) = M\ q(R).

4. The Dunkl-type fractional integral operator in
the spaces M, +(R)

Theorem 15. Let 1 < p < oo and the w(x,r) positive measurable weight
function on R x (0, 00) satisfying the condition

/Oow(:r,t)% < Cw(z,r). (10)

Then for p > 1 the maximal operator M is bounded from M, (R) to
My w.o(R) and for p =1 the maximal operator M is bounded from M, o(R)
to WMLMQ(R).

Proof. The maximal function M, f(x) may be interpreted as a maximal
function defined on a space of homogeneous type. By this we mean a topological
space X equipped with a continuous pseudometric p and a positive measure p
satisfying

vE(x,2r) < CovE(z,r) (11)
with a constant Cy being independent of x and r > 0. Here E(x,r) = {y € X :
plx,y) <r}, plx,y) = |r —y|. Let (X, p, ) be a space of homogeneous type,
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where X = R, p(x,y) = |z — y|, dv(z) = dpa(x). It is clear that this measure
satisfies the doubling condition (11).
Define

M, f(z) = sup (vB(z, )~ /B )

r>0

It is well known that the maximal operator M, is bounded from L;(X,v)
to WLy (X,v) and is bounded on L,(X,v) for 1 < p < oo (see [7]).
The following inequality was proved in [24]

Mo f(x) < CM, f(x), (12)

where C' > 0 is independent of f.
Using inequality (12) we have

([ 1 s P "

T

= (/R[Tac (Maf(y))]pXBr(y)dua(y)> 1/p

<C < /Y (Mo, f(9))” XB(ar) (Y) dV(y)>l/p-

In [20] there was proved that the analogue of the Fefferman-Stein theorem
for the maximal operator defined on a space of homogeneous type is valid, if
condition (11) is satisfied. Therefore,

| ey vy < ¢, [ P dh).  03)
Y Y

Then taking o(y) = f(y) and ¥(y) = XB(x,r)(y) We obtain from inequality
(13) that

1/p
<C / (M, f (W) XBar)(y) dv(y)

<Gy ( /Y F W) MyX @ (y) dV(y)>1/p

-6, ([ mlroir, (y)dﬂa@))l/p
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<c, ( / el )] P )

(72| fF (P M x B, (y)dpia(y)

1/p

c, /
Z Byjt1, \szr

< (/ Trlf ) gy "
7“2a+2

z S, O e

(o]
2a+
<y If My * N+ G +1 772 (
]:1

e (w(:c,r) + C/Too w(x,t)%)

2042
<Cyr e w(xar)”f”/\/lp,w,a'
O

1/p

2042 .
(29+1y) % w(z, 29t 1r)

< Cs (| FlMp e

Thus, Theorem 15 is proved.
For the Dunkl-type fractional integral operator the following Hardy-Littlewood-
Sobolev type theorem in the generalized Dunkl-type Morrey spaces is valid.
Theorem 16. Let 0 < S < 2a+2,and 1 < p < %, w satisfy the
conditions (10) and
(14)

/w z, )P dr < Cw(x,r)rP,
t

then 1% is bounded from M, o(R) to

242 1 _ 1 _
1)If1<p< aﬁ 'p g 2a+2’
Mq,wQ/p,a(R)‘
2) Ifp =1, 1— % = 2;%, then 1% is bounded from M, +(R) to

WM uaa(R).

Proof. 1) Let f € Mp .o (R).
Then,
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7% f () (/Bt /R\Bt> 7o f (W)Y dpa(y)

Let 12" f be the fractional integral operator on the space of homogeneous
type (X, d,v):

7@ = [ @y )
Also, in the work [22], [23] it was proved:
Proposition 3. Let0<pg<1,1<p< %, %—% = . Then the following

two conditions are equivalent:

1) There is a constant C > 0 such that for any f € L, ,(Y) the inequality

1% (Fo9) | 2g < Cllf Ly,
holds.
2) p € A5 (Y), sty =1

By Proposition 3 and ¢(y) = (M XxB(z,r) (¥))? € A,(Y), 0 < 6 < 1, we have

</Bt 7 | F1(y)|? dﬂa(y)) 1/a

< (/RTIIFl( ) (Maxs, (y ))edua(y)>1/q

s([}ﬂwwwﬂwfwwdwwfm

s&(éww%mWwNm@QW
:@(Ammnwamwamﬁw

< Cy (/Bt Tx\f(y)\pdua(y))l/p

1/p
p 0
+02 (]Zl /]321+1t\E2jt Tx‘f( )‘ ( O‘XBt( )) dﬂa(y))
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< Cy (/Bt Tx\f(y)\pdua(y))l/p

o0 t(2a+2)9

Tl f W = gaga Way)
Z /2J+1t\327t (lyl + t)(2a+2)6

1/p

1/p
o0
2042 . 2042 .
< Cs 1flMpun [ 777 wlat)+ ) m(Qth) vw(e, 21
j=1
2a+2 0 dr
< o lflatyeat™? (wlet) € [ wten)®)
t
2042
S 04 t P w(x7t)HfHMp,w,oz'
Hence,
1
_2at2 4 a
||F1HMq,w,o¢ = Sup t 7w (:C7t) TZE |F1(y)| dHa(y) S C4||f||Mp,w,a'
z€eR, t>0 Bt

Now we estimate |F5(x)|. By the Holder inequality we have

Fy(a)] < /R )

:Z/B . 91”22 1| £ () | dpta (y)
j=1""2i+14\Pajy

1
00 o P
< ( / |y|(B=2e=2p dua(y)> ( / Tl f (y)lpdua(y)>
j=1 Byjt1,\Eyj, Byi+1,\Baj

00 oo

< Oty D@0 (@, 28) < Cflpa,.,. / w(a, r)rPLdr
Jj=1 f
< CtPuw(@, ) |l g, ..
Hence
_ 20+2 _1 . E
1Ballptyee = sup ¢ @ (@) | [ 7l Fa(y)l” dhaly)
z€eR, t>0 By

<C swp w0 fllu @ t)lxslig. < Ol
zeR, t>0
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Therefore 15 f € M, arr

(R) and
S C||f||Mp,w,a'

q,wl/P o

, QL

2) Let f € My,a(R). By the (15), we get

IR < /E o | F )] 017222 dpaly)

< i (2’%)572&72 /B i 72 | f ()] dpta(y).

|Fi(2)] < CtP M, f(x). (16)

o ({y €EB T (Iﬁ’“f(y)‘ > 28})
<ua([{y € By + wl|Fi(y)] > s}) + pnal[{y € B : 7a|Fa(y)| > s}).

Taking into account inequality (16) and Theorem 8, we have
na{y € B : mo|Fi(y)| > s})

<o ({ye Bt 0Lt @) > 25)) < o w@ ) 1,

and thus if Ct_gz_gw(x,t) [fllag, . = s then [Fa(z)] < B and consequently,
ta{y € By @ 13|Fa(y)| > s}) =0.
Finally,

« C «
nal{y € Bi + malIPF ()| > 25 }) < (@, 08 | fllpa, ..,

q
= Cwi(z,t) <HJ£H$> :

Thus Theorem 16 is proved. U

11
Theorem 17. For1<p<q<oo,1—o—a: 2a€r2,1§0§ooand
0 < s < 1 the Dunkl-type fractional integral operator I is bounded from

Bl wallR) to Bge,wq/P,a(R)' More precisely, there is a constant C' > 0 such that
1P fle < Clifls
q0,w1/P o

po,w,
(R).

p
>

holds for all f € B,

0,w,a
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Proof. For x € R, let 7, be the generalized translation by x. By definition

of the generalized Dunkl-Besov-Morrey type spaces it suffices to show that

7 I?f = I7° fllpa < CliTaf = fllpa-

It is easy to see that 7, commutes with I%% ie. 7,I%f = I%°(7,f). Hence
we have

(ol = 170 f] = [P f) = 122 | < 172 (17 f = 1)

Taking L, o(R) norm on both ends of the above inequality, by the boundedness
of I% from Mp.w.a(R) to M, v o (R), we obtain the desired result. Theorem
17 is proved. O

1]
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