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1. Introduction

Let Rn be n dimensional Euclidean space and λ = (λ1, λ2, ..., λn),

t = (t1, t2, ..., tn), Kλ(t) =
n
∏

l=1

Kl, λl(tl), where Kl, λl(tl) (tl ∈ R1, λl > 0,

1 ≤ l ≤ n) are one-dimensional kernels satisfying the following conditions:

1√
2π

+∞
∫

−∞

Kl, λl(tl)dtl = 1, ‖Kl, λl(tl)‖L(R1)
≤Ml <∞,

lim
λl→∞

∫

|tl|≤δ

|Kl, λl(tl)| dtl = 0 (1)

for every 1 ≤ l ≤ n.
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Consider for every 1 ≤ l ≤ n, the α-singular integral of the general form

Q
(α)
l, λl

(f, x) = 1
(
√
2π)n

∫

Rn

{

∞
∑

s1, ..., sn=1

[

n
∏

l=1

(−1)sl−1

(

α
sl

)]

× f(x1 − s1t1, ..., xn − sntn)}
[

n
∏

l=1

Kl, λl(tl)

]

dt1...dtn,

(2)

where α > 0 is any real number, and one-dimensional kernels satisfy conditions
(1).

Note that if f(x) ∈ Lp(Rn) (1 ≤ p < ∞) and the kernel Kl, λl(tl) satisfies
conditions (1), then singular integral (2) exists almost everywhere on Rn and
the following relations are valid:

a)
∥

∥

∥
Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
≤ C2 ‖f(x)‖Lp(Rn)

·
n
∏

l=1

‖Kl, λl(tl)‖L(R1)
;

b) lim
λ1 → ∞
· · ·

λn → ∞

∥

∥

∥
Q

(α)
l, λl

(f, x)− f(x)
∥

∥

∥

Lp(Rn)
= 0;

c) lim
λµ→∞

∥

∥

∥
Q

(α)
l, λl

(f, x)− f(x)
∥

∥

∥

Lp(Rn)
=
∥

∥

∥
Q

(α)
l, λl

(f, x)− f(x)
∥

∥

∥

Lp(Rn)

for every 1 ≤ µ ≤ n and lim
λµ→∞

means that λµ → ∞ for every 1 ≤ µ ≤ n (µ 6= l);

d)

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
≤

n−1
∑

µ=1

{

∞
∑

S1, ..., Sn=1

[

n
∏

l=µ+1

(

α
sl

)

]

×
[

n
∏

l=µ+1

Kl, λl(tl)

]

L(R1)







+
∥

∥

∥
f(x)−Q

(α)
n, λn

(f, x)
∥

∥

∥

Lp(Rn)
.

In the sequel, we will assume

G
(α)
l, λl

(ul) =

∞
∑

Sl=1

(−1)sl−1

(

α
sl

)

K∧
l, λl

(ulsl)

at λl > 0 for every 1 ≤ l ≤ n, where K∧
l, λl

(ul) is Fourier transformation of the
functions Kl, λl(tl).

Denote by F the set of all infinitely differentiable functions with a compact
support. Introduce the class of functions

M l
F (ψ) ≡

{

ψ(x) ∈ F, ηl(ul)ψ
∧(u)

}

= r∧ψ(u)

for some rψ(x) ∈ F, ηl(ul) 6= 0, 1 ≤ l ≤ n.
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Theorem 1. Let f(x) ∈ Lp(Rn) (1 ≤ p <∞) and one-dimensional kernels
Kl, λl(tl) (tl ∈ R1, λl > 0, l = 1, n) of singular integrals (2) be such that the
function

β
(α)
λl

(ul) =
1−G

(α)
l, λl

(ul)

τl(λl)ηl(ul)
(τl(λl) > 0, lim

λl→0
τl(λl) = 0)

be Fourier-Stieltjes transformation of some function

µ
(α)
λ (t) ∈ NBV (−∞; +∞)

(i.e. 1√
2

∞
∫

−∞
dµ

(α)
λl

(t) = 1 and
δ
∫

−∞
+

+∞
∫

δ

∣

∣

∣
dµ

(α)
λl

(t)
∣

∣

∣
→ 0 as λl → ∞, 1 ≤ l ≤ n).

Then:
I. if

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
= O

(

n
∑

l=1

τl(λl)

)

(3)

as λ→ ∞, then f(x) = 0 almost everywhere on Rn;
II. The following relations are equivalent:
A)

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
= O

(

n
∑

l=1

τl(λl)

)

(4)

as λ→ ∞ (this means that λl → ∞ for every 1 ≤ l ≤ n separately);
B) there exist a bounded measure υ on Rn and the function

l(x) ∈ Lp(Rn) such that for every ψ(x) ∈ M l
F (ψ) the following relation is

valid

∫

Rn

rψ(x)f(x)dx =











∫

Rn

ψ(x)dυ(x) for p = 1,
∫

Rn

ψ(x)l(x) for 1 < p <∞.
(5)

Proof. Let us consider the case 1 < p <∞.
I. According to c) we have

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
= O (τl(λl)) (1 ≤ l ≤ n), (6)

as λl → ∞. Then for any function ψ(x) ∈ F we have

lim
λl→∞

∫

Rn

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
ψ(x)dx = O (1 ≤ l ≤ n). (7)
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As the singular integral (2) is a convolution type integral, we find

∫

Rn

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
ψ(x)dx =

∫

Rn

ϕ(x) −Q
(α)
l, λl

(ψ, x)

τl(λl)
f(x)dx (8)

for every ψ(x) ∈ F .
Furthermore, from ψ(x) ∈ M l

F (ψ) and theorem on convolution of Fourier
transformation, we have





f(x)−Q
(α)
l, λl

(f, x)

τl(λl)





∧

(u) =
1−Q

(α)
l, λl

(ul)

τl(λl)
ψ∧(u)

=
[

µ
(α)
λl

(tl)
]∨

(ul)r
∧
ψ(u) =





1√
2π

∞
∫

−∞

rψ(x− tl)dµ
(α)
λl

(tl)





∧

(u).

Hence by the uniqueness of the Fourier transformation, we find:

ψ(x)−Q
(α)
l, λl

(f, x)

τl(λl)
=

1√
2π

∞
∫

−∞

rψ(x− tl)dµ
(α)
λl

(tl).

From the last equality it follows that
∥

∥

∥

∥

∥

∥

ψ(x)−Q
(α)
l, λl

(f, x)

τl(λl)
− rψ(x)

∥

∥

∥

∥

∥

∥

Lp(Rn)

≤ 1√
2π

‖rψ(x− tl)− rψ(x)‖Lp(Rn)
dµ

(α)
λl

(tl) → 0

as λl → ∞ (1 ≤ l ≤ n).
Hence we have

lim
λl→∞

∫

Rn

ψ(x)−Q
(α)
l, λl

(ψ, x)

τl(λl)
f(x)d(x) =

∫

Rn

rψ(x)f(x)dx (9)

for f(x) ∈ Lp(Rn).
Therefore by (7) and (8),

∫

Rn

rψ(x)f(x)dx = 0
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for rψ(x) ∈ F . Hence we conclude, that f(x) = 0 almost everywhere on Rn.
II. A)⇒B). Taking into account c), from (4) we get

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
= O (τl(λl)) (λl → ∞).

Then by the theorem on weak compactness (see [4], p.16) there exist the
function l(x) ∈ Lp(Rn) and sequence of numbers li
(

lim
li→∞

λli = ∞
)

such that

lim
li→∞

∫

Rn

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
ψ(x)d(x) =

∫

Rn

ψ(x)l(x)dx (10)

for any function ψ(x) ∈ F .
As the singular integral (2) is a convolution type integral, then taking ac-

count (9), we find

lim
λl→∞

∫

Rn

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
ψ(x)d(x)

= lim
λl→∞

∫

Rn

ψ(x) −Q
(α)
l, λl

(ψ, x)

τl(λl)
f(x)dx =

∫

Rn

rψ(x)f(x)dx. (11)

Comparing (10) and (11), we have
∫

Rn

rψ(x)f(x)dx =

∫

Rn

ψ(x)l(x)dx,

i.e. B) is valid.
Now prove B)⇒A). As

Q
(α)
l,λl

(f) =

∫

Rn

ψ(x)−Q
(α)
l, λl

(ψ, x)

τl(λl)
f(x)dx

=

∫

Rn

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
ψ(x)dx = Q

(α)
l,λl

(ψ),

then as in the proof of relation b)⇒c) of the theorem in [7], we have

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
=

1√
2π

∞
∫

−∞

l(x+ tl)dµ
(α)
λl

(tl) (1 ≤ l ≤ n),
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or
∥

∥

∥

∥

∥

∥

f(x)−Q
(α)
l, λl

(f, x)

τl(λl)
− rψ(x)

∥

∥

∥

∥

∥

∥

Lp(Rn)

≤ 1√
2π

‖l(x)‖Lp(Rn)

∞
∫

−∞

∣

∣

∣
dµ

(α)
λl

(tl)
∣

∣

∣
≤M.

That is, independently of λl (1 ≤ l ≤ n),

∥

∥

∥
f(x)−Q

(α)
l, λl

(f, x)
∥

∥

∥

Lp(Rn)
= O (τl(λl)) (λl → ∞).

Taking into account d) from the last equality we find
∥

∥

∥
f(x)−Q

(α)
λ (f, x)

∥

∥

∥

Lp(Rn)
= O

(

n
∑

l=1

τl(λl)

)

as λ→ ∞, i.e. A) is valid.

The theorem has been proved for 1 < p <∞. For p = 1, it is proved in the
same way.

Apply this theorem to Fejer’s specific linear operator,

σλ(f, x) =
1

n
∏

l=1

(2πλl)

∫

Rn

f(x− t)
n
∏

l=1

(

sin 1
2λltl
1
2 tl

)2

dt (12)

in the case 1 ≤ p ≤ 2. In this case α = 1 and

Kλ =
1

n
∏

l=1

(2πλl)

n
∏

l=1

(

sin 1
2λltl
1
2tl

)2

=
n
∏

l=1

Kl, λl(tl).

Since

[Kl, λl(tl)]
∧ (ul) =

{

1√
2π

(

1− |ul|
λl

)

for |ul| < λl ,

0 for |ul| ≥ λl,

then

G
(α)
l, λl

(ul) =

{

1− |ul|
λl

for |ul| < λl ,

0 for |ul| ≥ λl.

Therefore, the functions τl(λl) =
1
λl

and ηl(ul) = |ul| satisfy the relations
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1−G
(α)
l, λl

(ul)

τl(λl) |ul|
=

{

1 for |ul| < λl ,
λl
ul

for |ul| ≥ λl.
(13)

It is known [6] that

1√
2π

∞
∫

−∞

√

2

π

(

sin tl
tl

− Citl

)

e
−tl

ul
λl dtl =

{

1 for |ul| < λl ,
λl
ul

for |ul| ≥ λl,
(14)

where Citl = −
∞
∫

tl

cosu
u
du.

Introduce the function

lλl(tl) = λl

√

2

π

(

sin tlλl
tl

− Ci(tlλl)

)

.

Since
∞
∫

−∞

|lλl(tl)| dtl = λl

√

2

π

∞
∫

−∞

∣

∣

∣

∣

sin tlλl
tl

− Ci(tlλl)

∣

∣

∣

∣

dtl

=

√

2

π

∞
∫

−∞

∣

∣

∣

∣

sin tl
tl

−Citl

∣

∣

∣

∣

dtl ≤M1 <∞,

then lλl(tl) ∈ L(Rn).

On the other hand, if by

µλl(tl) =

tl
∫

−∞

lλl(ul)dul (1 ≤ l ≤ u)

we denote the uniformly bounded measure on R1, then by

∞
∫

−∞

sin tl
tl

dtl = π and

∞
∫

−∞

Citldtl = 0,

we get µλl(−∞) = 0, µλl(+∞) =
√
2π for all values of λl and

[V arµλl(tl)]
∞
−∞ =

∞
∫

−∞

|lλl(ul)| dul ≤M2 <∞.

The comparison of (13) and (14) shows that the function
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1− C
(α)
l, λl

(ul)

τl(λl)ηl(ul)

is Fourier-Stieltes transformation of normalized function with bounded varia-
tion.

Consequently, the conditions of the theorem are satisfied for Fejer’s singular
integral.

Therefore we have the following

Corollary 2. Let f(x) ∈ Lp(Rn) (1 ≤ p ≤ 2). Then for the relation

‖σλ(f, x)− f(x)‖Lp = O

(

n
∑

l=1

1

λl

)

to hold as λl → ∞, it is necessary and sufficient that almost everywhere f(x) =
0 on Rn.

Corollary 3. Let f(x) ∈ Lp(Rn) (1 ≤ p ≤ 2). For the relation

‖σλ(f, x)− f(x)‖Lp(Rn)
= O

(

n
∑

l=1

1

λl

)

to hold as λl → ∞, it is necessary and sufficient that f(x) ∈ np(f), where

np(f) =











f(x) ∈ L(Rn)/f(x) ∈ B
⋃

(Rn), for p = 1,
f(x) ∈ Lp(Rn)/f(x) ∈ ACloc(R1), with respect to xl,

u∂f(x)
∂xl

∈ Lp(Rn), (1 ≤ p ≤ 2, 1 ≤ l ≤ n).
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