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1. Introduction

Let R, be n dimensional Euclidean space and A = (A1, Aa, ..., An),
n

t = (t1, ta, ..oy tn), Kn(t) = [[ Ki, Mi(ty), where K 5 (t) (b € Ri, A > 0,
=1

1 <1 < n) are one-dimensional kernels satisfying the following conditions:

o0
1
T / Ky (t)dty =1, (1K (8) g,y < Mi < 00,
—0c0

lim / ‘Klv)\l (tl)’ dtl =0 (1)

)\l~>oo
[t1]<0

for every 1 <[ <mn.
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Consider for every 1 <[ < n, the a-singular integral of the general form

@MU)=“%WI{ > LﬁPW”<Z)]

Sl,...,Snzl =1

X f(.il?l — 81751, ceey Ty — Sntn)} [H Kl,)\l (tl):| dtl...dtn,
=1

(2)

where o > 0 is any real number, and one-dimensional kernels satisfy conditions
(1).

Note that if f(z) € LP(R,) (1 < p < oo) and the kernel K y,(t;) satisfies
conditions (1), then singular integral (2) exists almost everywhere on R, and
the following relations are valid:

) @ 9,y < oM@y - T @]
I CH TR R ST

Ap — 00
) hm HQl z) - f(:r)‘ LP(Rn) HQZ x @) = f(x)‘ LP(Ry)

for every 1 <p<nand lim meansthat \, = oo forevery 1 < pu<mn (u#1);

Ap—00

Hf QS H Zg {51,..in=1 [lljl+l ( Z )]

d) :
X[HKnﬁ4 + @) - @, (7, o)
L(R1)

l=p+1

LP(Rn)
In the sequel, we will assume
0o
G5 = 20 () s
=

at A; > 0 for every 1 <1 < n, where K}, (u;) is Fourier transformation of the
functions Ky, ().

Denote by F' the set of all infinitely differentiable functions with a compact
support. Introduce the class of functions

W) = {v(@) € F, m(w)y"(u)} = r)(u)

for some ry(x) € F, m(w) #0, 1 <1 <n.
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Theorem 1. Let f(z) € LP(R,) (1 < p < o0) and one-dimensional kernels
K\ (t1) (t1 € Ri, A\ >0, I =1, n) of singular integrals (2) be such that the
function

5“"@)M (n(\) >0, lim () = 0)
M T O m () e a0 T

be Fourier-Stieltjes transformation of some function

8 () € NBV (—o0; +00)

0o 4 +o00
(e 2 [ dpP(®)=1and [ + | ‘du(;;)(t)‘ L 0as A\ oo, 1<I<n).
—00 5

Then: -
L if

| £@) = Qi (7 o)

D O (Z Tz()\z)> (3)

I=1
as A — oo, then f(x) =0 almost everywhere on Ry;
II. The following relations are equivalent:

A)
o (B) o

=1

|7@) - Q% (s, )]

as A — oo (this means that \; — oo for every 1 <1 < n separately);

B) there exist a bounded measure v on R, and the function
I(x) € LP(R,) such that for every ¢(z) € MbL() the following relation is
valid

[ Y(z)dv(z) for p=1,
R

/w(w)f(x)dx = f Y(x)l(z)  for 1<p< oo (5)
Fn

Ry

Proof. Let us consider the case 1 < p < .
I. According to ¢) we have

|f@ - @), =0 @) a<i<n), (6)

LP(Ry)

as \; = 0o. Then for any function ¢(z) € F we have
@) - ()
lim

A\ —00 Tl()\l)

Ry

Y(x)de =0 (1 <1<n). (7)
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As the singular integral (2) is a convolution type integral, we find

Fl@) = Q1 (f. o) o) - QI (W, @)
/ 7 (\) Vie)de = / (A1) fle)de ®)

Ry

for every ¢ (x) € F.
Furthermore, from 1 (x) € ML (1) and theorem on convolution of Fourier
transformation, we have

{ﬂ@@&@w1A 1- Q) (w)

) V= "mng

= [ w0] " () = {\/127 / rw(xtl)du(;;’(tl)] ().

Hence by the uniqueness of the Fourier transformation, we find:

Y(z) — Ql(?l)l(fa 1 ) (a )( b).
T1(A) Y 2 i
From the last equality it follows that
ww—@&wwyw(@
T1(A) v
LP(Rn)

< Vg%|ww«x<—to ro@)l o, A (0) = 0

as Ny » oo (1<1<n).
Hence we have

Jim / vl = ;;l V) () = / ro (@) f () da )

)\ZHOO

for f(x) € LP(R,,).
Therefore by (7) and (8),
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for ry(x) € F. Hence we conclude, that f(z) = 0 almost everywhere on R,,.
II. A)=-B). Taking into account c), from (4) we get

[r@ - o), . =0 @) (=)

Then by the theorem on weak compactness (see [4], p.16) there exist the
function  I(z) € LP(R,) and sequence of numbers [

( lim A;, = oo | such that
li—o0

-
lﬁoo/ p )\l Y(z)d(z) —R/w(:r)l(x)dx (10)

for any function w(a:) € F.
As the singular integral (2) is a convolution type integral, then taking ac-
count (9), we find

@) - QY (. )
lim

Al—><>o Tl()\l)

P(x)d(x)

~ lim /w — Qi = )f(x)dx—/rw(x)f(x)dx. (11)

Aj—o0 Tl )\l

n

Comparing (10) and (11), we have

i.e. B) is valid.
Now prove B)=A). As

Zp(@)de = Q) (1),

n

then as in the proof of relation b)=-c) of the theorem in [7], we have

f@ - (fe) 1 T "
7N ‘v@ﬂ/“x+mmm<m (1<i<n),
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or
f(z) — Ql(ya,\)l(fa ) ()
(M) Y o)
1 r a
< s WManiay [ [ 0] < o

That is, independently of \; (1 <1 < n),

[f@-Q o), =0 @) o).

LP(Ry)

Taking into account d) from the last equality we find

|r@ -0, =0 (Z n(A»)

=1

as A — 0o, i.e. A) is valid.
The theorem has been proved for 1 < p < co. For p = 1, it is proved in the
same way.

Apply this theorem to Fejer’s specific linear operator,
2
sin 5 )\ t
ox(f, x /fx—t < 2 ”) dt (12)
27r)\l 3l

in the case 1 < p < 2. In this case « =1 and

1 " [ sin 2 )\ltl
K,\_7H< - ) HKMltl
l

[T\ 121\ 2

2

=1
Since
_1 ]
Ko () (o) = A (L 5E) o <,
0 for |u| > N,
then
Gy = 4 1A for Ju| <A

Therefore, the functions 7;(A\;) = )\— and n;(u;) = |u| satisfy the relations
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1 —Gl(i\)l(uz) [ for |uy| < A,
) w2 for Ju| >N

U
It is known [6] that
sin t; ' 1 for |w| < A,
al / \/>( Cztl> e Ndt = { Z\_i for u| > A, (14)

[o@)
where Cjt; = — [ Ly,

(13)

1
Introduce the function

2 [/sint A\
() = Az\/%( tll Lo Ci(tl)\z)> :

Since
r 2 7 [sint\
/ Iy, (t)] dty —)\1\/;/ L Cy(tyn) | dty
2 T |sint
—\/i/ Sl — City| dt; < My < oo,
us t

then [y, (t;) € L(R,).
On the other hand, if by

17}

it = [ Dyl <120

—0o0
we denote the uniformly bounded measure on Rp, then by

o0

t
/ sin ldtl =7 and / Ctldtl = 0
l

— 00

we get py,(—00) =0, wpy,(+o00) = \/277 for all values of \; and

Varu, (t)] / i, (w)| duy < My < .

The comparison of (13) and (14) shows that the function
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1) (w)
(A ()

is Fourier-Stieltes transformation of normalized function with bounded varia-
tion.

Consequently, the conditions of the theorem are satisfied for Fejer’s singular
integral.

Therefore we have the following

Corollary 2. Let f(x) € LP(R,,) (1 <p <2). Then for the relation
loa(f, ) = f(@)l[» = O <Z l)
=1

to hold as \; — o0, it is necessary and sufficient that almost everywhere f(z) =
0on R,.

>’|)—A

Corollary 3. Let f(x) € LP(R,) (1 <p < 2). For the relation

n

loa(F. @) = F@)l 2o,y = O (Z %)

=1
to hold as \; — oo, it is necessary and sufficient that f(x) € ny(f), where
CC) € BU(Rn)7 for p=1,

f(
[f(z) € ACioe(R1), with respect to x;,
J@) ¢ 1p(R,), (1<p<2 1<1<n).
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