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Abstract: This paper deals with the initial-boundary value problem for linear
pseudo-parabolic equation. Using the method of energy estimates the stabil-
ity bounds obtained for the considered problem. Illustrative example is also
presented.
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In the domain Q = Q x [0,T]; Q = [0,1], Q = Q x (0,7], Q = (0,1) we
consider the following initial-boundary value problem for a pseudo-parabolic
equation with delay
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ulet) g Zuln )y P Pulnnl )
+d(t)u(x,t) + f(z,t), (z,t)€Q, (1)
u(x,t) = ¢(x,t), z€Q, —r<t<O0, (2)
w(0,t) =u(l,t) =0, te0,T], a(t)<a<o0, (3)

where r > 0 represents the delay parameter, a > a > 0, b, ¢, d, f and ¢ are
given sufficiently smooth functions satisfying certain regularity conditions to
be specified. The above equations are usually called Sobolev type or pseudo-
parabolic equations, which appear in engineering fields, such as, for instance,
flows of fluids through fissured rock, heat condition involving a thermodynamic
temperature and a conductive temperature, and quasistationary processes in
semiconductors (see, e.g. [1]-[6]). This existence and uniqueness result for
pseudo-parabolic equations without delay can be found, e.g., in [7]-[11]. In
the present study, using the method of energy estimates we have obtained the
stability bounds for the problem (1)—(3). Illustrative example is also given.

Lemma 1. Let §(t) > 0 be the continuous function such that
t
o(t) <4, —I—/ {cod(s) + c10(s —r)}ds, t >0,
0

o(t) =¢(t), —r<t<0,
with nonnegative constants 0, co,c1 and ¢ € C' [—r,0]. Then
0

0(t) < dy.exp (co + cl/

-

go(s)ds) .

Proof. After replacing s — r = n we observe that

N A 0 ey, 0<t<w,
/0 5(s — r)ds = /_ T 5(n)dn—{ 1 S s [ spn, ¢

Therefore we have

5(t) < 8, + <c0 +o / 0 go(t)dt) /0 t 5(s)ds,

which by using the Gronwall inequality completes the proof. O
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Theorem 2. Fora,b,c,d € C[0,T], feC (@) and g%f eC (ﬁ X [—r, 0]),

k = 0,1 the solution of the delay boundary-value problem (1) — (3) satisfies the
following stability bound:

0
0
A—I—C1/ (qubH? + Ha—f

[ [
e X T X 2: 2.’E X
<g,h>—/0 g(@)h(x)dz, gl /Og< )z,

2

ou
2 |l <
alllP + | 52| <

2dt>], 0<t<T, (4)

where

2, |99 T
A=2alolf +| 32+ aat [ 1s1R as
33 0
cp = T max (462, 252> , = 407232T, g= 1[101271%( lg(t)].

Proof. Consider the identity

Ou du\ (t) 0%u Ou — b(t) @@
ot ot ) "\ ooz o) T 022" Ot

Fe(t) <762“((;);_ r. %) +d(t) (u %) + ( £, %) . (5)

Next we will use the following relations

2

ou guy _||ou
ot’ot) |ot|
Pu g\ [ Pu Pu | 0%’
otox2’ ot ) \otdxr’ otdx )  ||otdx || ’
0*u Ou ou  0%u o2u ||? D2(t) ||Oul?
- — _ < _
‘b(t)<8x2’8t>‘ ‘b(t)<8x’8t8x)‘_m otox 4, ||ox

0 (L2 20| o (220 2

2u ||* () ||ou(-t —r)|?
S,U'Q 3
otox 4dpo Oz
ou oull> &
a0 (1.50)] < s + 5L 1ol
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(70.5 )| <

Then from (5) we have

ou ||?

1 2
o +M‘|f“ .

ou|? u || v | oul)?
1— g — ) — g — < ||I==
(1 — p3 — pa) T + (a(t) — p1 — p2) ozl = 1 || oz
& |ou(-,t —r) |
— = —H I + Hfll
4dpn Ox
Choosing
=Y = L
Hl_ﬂ2_47 M3_H4_47
we get
2 2 2 79 2 2
b
Oul" o 2 < |2 4 g+ 22| 2
ot otox o || 0z ox
+2| £ (6)
After integrating (6) on (0,t) and using the inequality
t
() < 24°0) 27 [ 1o (9.
we obtain . )
8’LL 1 2 1 2
T ods > — _ =
L \Z] @5 = g5 1 = F e,
Ou L ou)® _ 1| 09|
otox ox T || 0x
Therefore the inequality (6) reduces to
2 t t 2
allul® + Gu §4aTd2/ |ul|® ds 4 2T Ou ds
8.’E 0 0 81‘
t o 2
+4T02/ Qul =) 4o 1 4.
0 ox

Denote

ou||?

3(0) = aful® + | 32

)
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then

o(t) < A+co /Oté(s)ds +a /Oté(s —r)ds

From here by fLemmal we have

0 b 2
sty < |A+a / (a o] + Ha—i dt | exp (coT + c1 exp(coT)t)
which immediately leads to (4). O
Example
ou 9 O 8 u(x t — 1) .
E—(l—l—t) 502 —i-\/ + tu + tsin ez,

0<t<1, O<x<l,
wz,t)=te™!, 0<zx<l, —-1<t<O0.

Using the inequality (4) with

0 0t o2z 1—e 22
[ eitae= [ 50—y de =

%2
ox

1—e 2z
dt = ——,
6

gives us the following stability estimate for the solution of our particular prob-
lem:

v(t) >0,
9 w||? 1—e 2z
llul” + g < |2+12 —% exp(47" + 12 exp(4T)t).
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