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Abstract: In this note, we will use a compactness type condition in connection
with the weak topology to prove the existence of weakly continuous solutions for
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1. Introduction and preliminaries

In last years the study of the integral equations of Volterra-Stieltjes type in a
Banach space has been developed extensively. However almost all of the work
was done using the strong topology (see [3]-[9]), while the study of our problem
involving the weak topology is lagging behind. The main tools were De Blasi
measure of weak noncompactness and Kubiaczyk’s fixed point theorem.

In this paper we investigate weakly continuous solutions of the integral
equations of Volterra-Stieltjes type

£(t) = plt) + / f(s,2(s)) dag(t,5), t € T = [0.a], (1)

in nonreflexive Banach spaces.
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The result of Szep was extended to nonreflexive Banach spaces by Bound-
ourides [11] and Cramer-Lakshmikantham-Mitchell [12]. Recently, in [14], [15],
the authors studied the existence of weak solution x € C[I, E] in a reflexive Ba-
nach space for the nonlinear Volterra-Stieltjes integral equation (1) where f is
assumed to be weakly-weakly continuous.

Let E be nonreflexive Banach space with norm || . || with its dual E*, and
we will denote by E, = (F,w) = (E,o(E,E")) the space F with its weak
topology. Denote by C[I, E,,| the Banach space of weakly continuous functions
from I = [0, a] to E,, endowed with the topology of weak uniform convergence.

Now, let 7 > 0 be given and define the set

B, ={a(t) € E, : | xlo<r} (2)

Lemma. Let f: I x B, — E be weakly-weakly continuous, then

e For each t € I, f(t,.) is weakly continuous, hence weakly sequentially
continuous (see [10]),

e For each weakly continuous x : I — B,, f(.,z(.)) is weakly continuous
on I (see [20]),

e f is norm bounded, i.e., there exists an M, such that

It 2) < M, 3)

for all (t,x) € I x B, (see [19]).

Assume that a nonnegative function which is continuous function h : [0, c0) —
[0,00) satistfies the following conditions:

(A1) h(0) = 0.

(A2) z(t) = 0 is the unique continuous solution of the integral inequality

u(t) < / h(u(s)) deg(t,s), t€ 1 (4)

satisfying the condition
u(0) = 0. (5)

Further on, denote by mpg the family of nonempty and bounded subsets
of E. In this paper by a measure of weak noncompactness we will understand
a function 8 : mg — [0,00) such that (4, B € mg):

(a1) B(A) =0 < A is relatively weakly compact in F,
(a2) PB(A) = p(convA),
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(a3) AC B = B(4) <p(B),

(as) BAU{z}) = B(A), z € E,
(a5) B(AA) =|Al.B(A), A e R,
()
(a7)

as

a4

B(A+ B) < B(A) + B(B),
B(AUB) =max ( 5(A),B(B) ).

ae
ar

It is necessary to remark that if 8 has these properties, then the following
theorem is true.

Theorem 1. (]2, 13])
Let V C C, be a family of strongly equicontinuous functions. Then the func-
tion t — v(t) = B(V (t)) is continuous and S(V(I)) = sup{B(V(t)) :t € I}.

Now we have the following Kubiaczyk’s fixed point theorem that will be
needed in this paper (see [18]).

Theorem 2. Let (Q be a closed convex and equicontinuous subset of a
metrizable locally convex vector space E and let F' be a weakly sequentially
continuous mapping of () into itself. If for some x € () the implication

V = conv(F(V)U{z}) =V is relatively weakly compact (6)

holds, for every subset V of @), then F has a fixed point.

2. Existence of solutions

Let us denote by J = [0,7] where T'" = min{a, 5}, Cw = C[J,E,]. We
begin this section by using Theorem 2 to establish the existence solutions for
the Volterra-Stieltjes integral equation (1) will be sought in C,. By a weak
solution to (1) we mean a weakly continuous function x which satisfies the
integral equation (1). This is equivalent to finding C,, with

o(x(1)) / f(5,2(5)) deg(t, ), t€ L. (7)

To facilitate our discussion, let us first state the following assumptions:
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(i) p:I — E is weakly continuous function.
(ii) f:I x B, — E is weakly-weakly continuous.
(iii) ¢:1[0,7] x [0,T] — R such that
(iv) The functions ¢t — g¢(t,t) and ¢t — ¢(¢,0) are continuous on J.
(v) For all t1,ty € J such that t; < ty the function s — g(ta,s) — g(t1,s) is

nondecreasing on J.
(vi) ¢(0,s) =0 for any s € J.

Remark. Observe that Assumptions (v) and (vi) imply that the function
s — ¢(t, s) is nondecreasing on the interval J, for any fixed ¢t € J (Remark 1 in
[8]). Indeed, putting to = ¢, t; = 0 in (v) and keeping in mind (vi), we obtain
the desired conclusion. From this observation, it follows immediately that, for
every t € J, the function s — ¢(t, s) is of bounded variation on .J.

Theorem 3. Under the assumptions (i) — (vi), if

Bf(J x X)) < h(B(X)) (8)

for each X C B,, J C I, then there exists at least one weak solution z(.) € C,,.

Proof. We define the integral operator F' : C, — C, associated to the
integral equation (1) by

/fsa: dsg(t,s), t e J. 9)

According to the last lemma for every weakly continuous function z, f(.,z(.)), is
weakly continuous on J, means that ¢(f(.,z(.)))
is continuous, for every ¢ € E*, g is of bounded variation. Hence f(.,z(.)) is
weakly Riemann-Stieltjes integrable on J with respect to s — ¢(t, s). Thus F' makes
sense.

Now, define the closed, convex, bounded, equicontinuous subset of () C
Cw by

Q={x€Cy,, | zlo<randz isnorm continuous}.

For notational purposes || z |lo= sup;cs || z(t) ||. We claim that F : @ —
@ is weakly sequentially continuous and F'Q) is weakly relatively compact. Once
the claim is established, then Theorem 2 with C, guarantees a fixed point of F',
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and hence (1) has a solution in C,,. First we show that F'Q is an equicontinuous
set.
Let t1, ty € J, to > t1, € Q, without loss of generality, assume that Fz(ty)—
Fx(t;) #0:
| Fx(ts) — Fa(ty) |

IN

to
| o(p(t2) —p(t1)) | + | ; O(f(s,2(s))) dsg(ta, s)

t1

-, (f(s,2(s))) dsg(t1,s) |
t1

I p(t2) —p(t) || + | ; O(f(s,2(s))) dsg(ta, s)

IN

to t1
+ O(f(s,2(s))) dsg(ta,s) — | d(f(s,2(s))) dsg(ty,s) |

t1 0

| p(t2) — p(t2) || + | ; 1 ¢(f(s,2(5))) dslg(t2,s) — g(t1, )] |

IN

+ | t 2 ¢(f(s,2(s))) dsg(ta, s) |<[| p(t2) —p(t2) |

t1
b [Tl a) |l 2~ glt1,2)
0 z=0

[ et a) | dl\ gt 2)

t1 z=0

t1
< lp(ta) = pltn) I-ML [ dita.s) = g(t1,9)
to
+ [ dtens)
< |l p(t2) —p(t1) || +Mlg(t2,t1) — g(t1,t1) — [g(t2,0) — g(t1,0)]
+ g(ta, t2) — g(ta, t1)]].
Hence,

| F(te) — Fa(ty) |

< |Ip(t2) —p(t1) [| +M{] g(t2,t2) — g(t1,t1) |
+ | g(t2,0) — g(t1,0) [}

Thus Fx € C, and the operator F' is well defined.
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Let ¢ € J. There exists ¢ € E* such that | ¢ ||= 1, and | Fz(t) ||=
¢(Fx)(t). Then, using the assumptions (i) — (vi), we have

| Fz(t) |= o(Fu(t))

< |o \+\¢/fs:c dag(t,5)) |
< Iplo+ /0 7G5l | (Y ot 2)
< lpllo +M, / ds<z\z/og<t,z>>

t
< lpllo +M, / dug ()

0
< Npllo +Mlg(t.t) — g(t,0)]
< pllo +M ]l gt 1) |+ 9(t.0) |
< lplo +MT[S;1€1§> | g(t,t) | +§1€1§> | 9(t,0) |]
< pllo Mk + kol <,

where k1 = sup | g(¢,t) |; k2 =sup | g(¢,0) |. Then
teJ teJ

| F [lo= sup || Fa(t) || < r. (10)
teJ

From the above equation (10) hence, Fx € @Q and F'QQ C @ which prove that F :
Q — Q. Also ' : Q — Q is weakly sequentially continuous. To see this,
let {x,(t)} be sequence in @ weakly convergent to z(t) in E, since @ is closed
we have x € Q. Fix t € J, since f satisfies (ii), Thus f(¢,x,(t)) converges
weakly to f(t,z(t)). By the Lebesgue dominated convergence theorem (see
assumption (ii)) ([16]), we have for each ¢ € E*, s € J,

/fsxn dsg(t,s)) /¢ (s,2n(s))) dsg(t, s)

—>/<b s, x( dsg(t,s), Vo € E*, t € J,

hence

| ¢(Fan(t) — Fa(t)) \S/O | ¢(f(s,2n(s)) — f(s,2(s))) | dsg(t,s)
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<e (11)

Thus F restricted to @ is a weakly sequentially continuous.
Finally put
V(t):={z(t):z(.) eV}

(FV))(t) :={(Fx)(t) : z(.) € V}.

Suppose that V' C @ such that V C cono(F(V)U{0}). We will show that V is
weakly relatively compact. Since (@ is bounded and equicontinuous it follows
that V' is also bounded and equicontinuous. Put v(t) = B(V(t)) for ¢t € J.
Obviously

V(t) C eono(F(V)(t) | J{0}), te T (12)
Using the properties of 5, we have
u(t) < BEWV))[J{0}) = BEWV)@), te .

As V' C @ is equicontinuous, by Theorem 1 the function ¢ — v(t) is continuous
on J. Fix ¢t € J, divide the interval [0, ¢] into n parts

OD=th<ti<..<tph=t, t;—t;1<0,1=1,2,3,...,n.

Put T; = [t;—1,t;]. In view of Theorem 1 it follows that for each i € [1,2,...,n]
there exists 7; € T; such that

BV(T;)) =v(r), i=1,..,n.

By the mean value theorem we have

Fa(t) = p(t)+ [ f(s,2(s)) dsg(t,s)

p(t) + X7y pu(g(t, Ti)) Conv{f(s,x(s)) : s € T;}
p(t) + i1 [g(t,t;) — g(t,tim1)] Convf(T; x V(T3))
p(t) + S [g(t, t;) — g(t, ti1)] Convf(J x V(T;)).

Hence

FV(t) C p(t) + i [g(t, i) — g(t,ti1)] Convf(J x V(T)),
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by using the properties of the measure of weak noncompactness 5 we obtain

BEV (1)) im1lg(t,ti) — g(t,tim1)] B(f(J x V(T7)))
i=1lg(t,ti) — g(t,tio1)] M(B(V(T7)))

= Ylg(t ti) —g(t, tio1)] h(v(m)).

IN A

Letting n — oo we deduce that

BFV(t) < / h(v(s) duglt,s), te .

Finally,
u(t) </0 h(o(s)) dag(t, s), t € J

the condition (Ay) implies that the integral inequality above has only trivial
solution, i.e. B(FV(t)) = 0, t € J. Thus, V(t) is weakly relatively compact
in E. Consequently, Ascoli’s theorem proves that V is relatively compact in C,,.

Since all conditions of Theorem 2 are satisfied, then the operator F' has at
least one fixed point € @ and the nonlinear Stieltjes integral equation (1) has
at least one weak solution x € C,,. O

Now, we show that the Volterra integral equation

t
x(t) = g —l—/o f(s,z(s)) ds, t el (13)

can be considered as a special case of the Volterra-Stieltjes integral equation
(1), where the integral is in the sense of weakly Riemann. By consider that the
functions g(t,s) = s, p(t) = xg.

Finally, we can formulate the following existence result concerning the
Volterra integral equation (13).

Corollary 4. Under the assumption (ii), if

B(f(J x X)) < h(B(X))

for each X C B,, J C I, then the Volterra integral equation (13) has at least
one weak solution z(.) € C,,.
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3. Cauchy problem

As an application for the existence of weak solutions for Cauchy proplem

Z—f — (t,2(8)), 2(0) = 70, t € (0,a] (14)
in Banach spaces.

Since, a Riemann-Pettis integrable function is sometime called a weakly Rie-
mann integrable function. Also every weakly continuous function from [ into
FE is Riemann pettis integrable on I (see [1]). It is easy to see that every
Riemann-Pettis integrable function is Pettis integrable (see [17]).

A function z(.) € C, is a weak solution of the Volterra integral equation
(13) if and only if x is a solution of the Cauchy problem (14). By the equivalent
between them.

Corollary 5. [13] Under the assumption (ii), if

B(f(J x X)) < h(B(X))

for each X C B,, J C I, then the problem (14) has at least one weak solu-
tion x(.) € C, in the nonreflexive Banach space E.

Corollary 6. [19] If E is a reflexive Banach space, and [ is weakly-weakly
continuous, then there exists at least one weak solution x(.) € C,, of (14) on J.
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