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Abstract: In this paper, the combination of Elzaki transform and Adomian
polynomial is used to obtain the approximate analytical solutions of nonlin-
ear Klein Gordon equations. The approximate analytical solutions of all these
equations are calculated in series form. In total, four Klein-Gordon equations
from mathematical physics were considered to show the performance and ef-
fectiveness of this method. A three dimensional graph of solutions of some
problems considered were plotted to show the shape of the solutions obtained
and compared with that given in the references and they were found to agree.
By comparing this method with some other known methods, all the problems
considered showed that the Elzaki transform method and Adomian polynomial
are very powerful and effective integral transform methods in solving some non-
linear equations.
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1. Introduction

Klein-Gordon mathematical model is regarded as one of the most essential mod-
els in Quantum Mechanics. It is also applicable in collision plasma for interac-
tion of solution as well as in condensed matter physics, initial state recurrence
and nonlinear wave equation [22]. Moreover, this equation is very important in
mathematical physics such as fluid dynamics, solid state physics and chemical
kinetics [1], [5], [9].

Generally, the Klein-Gordon equation has the form:

Uy — Ugy + Nu(x,t) = a(z,t), (1)
with the initial conditions

u(z,0) = b(x), ue(x,0) = c(z), (2)

where u is a function of x and ¢, Nu(x,t) denotes nonlinear function and a(z,t)
is a known analytic function, [19].

Several methods have been developed to obtain the approximate analyti-
cal solutions of Klein-Gordon equations and some nonlinear differential equa-
tions, some of these methods are Exp function method [10], Reduced differential
transform method, the Homotopy analysis method [23], Adomian decomposi-
tion method [2], [11], [21], [25], Variation iteration method [3], [4], [24], [26] and
Homotopy perturbation method [20].

In this paper, we find the solutions of nonlinear Klein-Gordon equations by
Elzaki transform method (ETM) and Adomian Polynomial. This method gives
the solutions as an approximate analytical solutions in series form and most of
time, it yield exact solutions with few iterations.

The structure of this paper is organized as follows: Section 2 contains the
basic definitions and the properties of the proposed method. Section 3 shows
the theoretical approach of the proposed method on Klein-Gordon equations.
In Section 4, we apply the Elzaki transform method and Adomian polynomial
to solve four problems in order to show its efficiency.

2. Properties of Elzaki transform

The Elzaki transform [7], [8], [11], [12], [13], [14], [15], [16], [17] is defined for
functions of exponential order [13]. Consider the functions in the set A define
below

A= {f(t) :3AM, cr,e0 > 0, |f(1)] < Meg, if t € (—1)7 x [O,oo)}.
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For any given function in the set A defined above, the constants c;, co may be
either finite or infinite, but M must be infinite.
According to Tarig [13], the Elzaki transform is defined as:

E[f(t)] = u? /000 f(ut)eitdt =T (u), t>0, ue(c,c),
E[f(t) = u /O T e tdt=Tw), >0, ue (), ()

where u is used to factor ¢ in the analysis of function f.
Let T'(u) be the Elzaki transform of f(¢) such that E[f(t)] = T'(u). Then,

(i) Bl ()] = T — £(0) — uf'(0),
(iif) B[O ()] = T8 — Sz w0 (0).

E[f(t)] = T'(u) means that T'(u) is the Elzaki transform of f(t), and f(t) is
the inverse Elzaki transform of 7'(u). That is,

In order to obtain the Elzaki transform of a partial derivative, integration by
part is used on the definition of Elzaki transform and the resulting expressions
are (see [18]):

[Of(x,t)] T(x,v)

E ot = v —’Uf(x‘,O),
02f(2,)]  T(w,v) 9f (x,0)
1= }_ R A Ta
[0f(z,t)]  d
E I ox | - %[T(‘TJJ)L
(02 f(x,t d?
E %} = T,
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3. Theoretical Approach: Elzaki transform on
the Klein-Gordon equation

The focus of this paper is to solve the nonlinear partial differential equations
which are Klein-Gordon equations, we considered how Adomian polynomial is
integrated into the Elzaki transform method to obtain the approximate analytic
solutions of the aforementioned equations.
According to [28], consider

"u(z,t)
W+RU($,Y§)+NU(1‘,?§) :f(xvt)v (4)
where w = 1, 2, 3, and the initial conditions is given as

oY~ tu(x,t)

o1 im0 Gu-1(2).

The partial derivative of the function wu(zx,t) of w!” order is the one given as

Wgti(f’t), R represents the linear differential operator, IV indicates the nonlinear

terms of differential equations, and f(x,t) is the non-homogeneous/source term.

By applying the Elzaki transform on equation (4) we have:

E [%} + E[Ru(z,t)] + E [Nu(z,t)] = E [f(z,1)], (5)

where

0" u(x,t wik OFu(z,0
S e .

Substituting equation (6) into equation (5) gives:

w—1
Z 2wk 0" u(2,0) + E[Ru(x,t)] + E [Nu(z,t)]

otk
= E[f(z, t)] :
This can be written as
Elu(z,t)] _ “’Zl — TN
VW otk
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—{E[Ru(z,t)] + E [Nu(x,t)]} . (7)

By simplifying equation (7) we get
w—1

— v {E[Ru(x, t)] + E [Nu(z,t)]}. (8)
Applying the inverse Elzaki transform to equation (8)

w—1

u(z,t) =E1 f(z,t) +Z 2+kaU$O)

otk
—E ' {E [Ru(a:,t)] + E[Nu(x,t)]}].
We can rewrite this as
u(z,t) = F(x,t) — B~ [v¥ {F [Ru(z,t)] + E [Nu(z, t)]}], (9)

where F'(z,t) denotes the expression that arises from the given initial condition
and the source terms after simplification.
The solution will be in the form of infinite series as

o0
)= un(z,t). (10)
n=0
We can also decompose the nonlinear term as
o
Nu(z,t) = ZA”’ (11)
n=0

where A,, are defined as the Adomian polynomials which can be calculated by
using the formula ([27])

A, =Ly ix’ : =0,1
n—n!a)\n . ul ) n = ) )
1=0 A=0

Substituting equation (10) and equation (11) into equation (9) yields

Z Up(x,t) =
n=0
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F(z,t)— E~ [o¥ {E Riun(a:,t) +FE iAn } (12)
n=0 n=0

Then from equation (12),
uo(x,t) = F(x,t),
and the recursive relation is given as;
Upy1 = —E 7 [0 {E [Ruy(z,t)] + E [A,]}].

Here w = 1,2,3 and n > 0. The analytical solution u(x,t) can be approximated
by a truncated series

4. Applications

The effectiveness of the Elzaki transform and Adomian polynomials is demon-
strated by solving the following Klein-Gordon equations.

Example 4.1: Consider the inhomogeneous nonlinear Klein-Gordon Equa-
tion [6]

Ugr — Uy + u* = 6xt(z? — %) + 2545, (13)
with initial conditions
u(xz,0) =0, w(x,0)=0.

Applying the Elzaki transform to both sides of equation (13), gives

Elug] — Elugg) = El6at(z® — t*) + 25¢°) — BE[u?), (14)
where
Euy] = U(j;’ v) _ u(x,0) — vug(z,0),
2 2
E[uz,] = %[U(Lv)] = %E[u]
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Equation (14) becomes

x,v 2
% —u(z,0) —vug(x,0) — %E[u]
= El6at(x? — t*) + 25¢°) — B[u?]. (15)

Applying the given initial conditions to equation (15) and simplifying, we obtain

d2
Uz, v) = 62305 — 36207 + 7202510 + ’UQWE[U] — v E[u?]. (16)
T
Applying the inverse Elzaki transform to equation (16) and simplifying, we
have
2

3 1 d
u(z,t) = 233 — —ot® + —258 + B! {v2

10 56 a2 Bl - v2E[u2]}. (17)

From equation (17), let

3 1
ug = 3> — 1—Oa:t5 + %1‘6158. (18)
Now the recursive relation is given as
G 2
Upp1 = B~ {v @E[un] —v E[An]} . (19)

A,, is the Adomian polynomial to decompose the nonlinear terms by using
the relation

1 d" =
Ap=——m [Z/\ u] . (20)
1=0 A=0
Let the nonlinear term be represented by
Flu) = . (21)

Using equation (21) in equation (20), we obtain
Ao =up, A1 =2ugur, Ay =2uguy+ uj,

From equation (19), when n = 0, we have

d
_ 1 2
uyp = E {’U @

i E[UO] - UZE[A()]} .
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For simplicity let us use ug = 2%t3, then Ay = u3 = 25¢%, which yields:

d? g X
u = E71 {0 — E[23t3] — v?E[25t%] § . (22)
dz?
By simplifying equation (22) we get
3 5 1 63
= —at’ — —=x’t". 23
ur = 752 r5% (23)

The approximate series solution is
u(z,t) =uo+uy + -
Therefore,
u(z,t) = 2363 (24)

Figure 1 below shows the 3D graph of the solution of equation (13), [6].

120 1

0 00

Figure 1: The solution of the first Klein-Gordon equation by ETM
in equation (13)

Example 4.2: Consider the inhomogeneous nonlinear Klein-Gordon equa-
tion [6], [19]

U — Ugy + 2 = —z cost + 22 cos® t, (25)
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with initial conditions
u(z,0) =z, w(z,0)=0.

Applying the Elzaki transform to both sides of equation (25) gives

Elug] — Elugs) = E[—x cost + 22 cos® t] — E[u?], (26)
where
U(z,v
Eluy) = (v2 ) _ u(x,0) — vue(z,0),
d? d?

Eluge] = 73Uz, v)] = -5 Blu].
Equation (26) becomes

U(zx,v) d?

— u(z,0) — vug(z,0) — @E[u]

= E[-zcost + z* cos* t] — E[u?]. (27)

Applying the given initial conditions to equation (27) and simplifying, we obtain
2

d
U(x,v) = 20> + v’ E[~xcost + 2° cos® 1] + ’UQWE[U] — v2E[u?). (28)
T

Applying the inverse Elzaki transform to equation (28) and simplifying yields

(w.8) =weost+ 22— Tty g1 L2 L g 2Ep) (29)
u(x,t) = x cos 5 15 v Elul — v B
From equation (29), let
2 2
"2 T4
= b4 =2 — ¢
ug = x cost + 5 12t (30)
and the recursive relation is given as
1 2 & 2
Up+1 = E~ {’U @E[’U,n] — E[An]} y (31)

where A, is the Adomian polynomial to decompose the nonlinear terms by
using the relation

1 d" | &
Ap =~ [Z/\ u] . (32)
1=0 A=0
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Let the nonlinear term be represented by
fu) = u? (33)
Substituting equation (33) in equation (32), we obtain
Ay = u%, Ay = 2uguq, As = 2ugus + u%,

From equation (31), when n=0, we have

d2
-1),2 2
u =F {v deE[uo]—v E[AO]}.

2

For simplicity ug = x cost is used, then Ay = u(% = 22 cos®t, and this yields

2

Uy = E~! {v2 d

WE[J: cost] — v’ E[z? cos? t]} . (34)

By simplifying equation (34) we obtain

2 4
up = —%E‘l [v4 + ! ] .

1+ 4v?
2 2
Lo | T4
=——1"+ —t". 35
uy 5 + 19 (35)
The approximate series solution is
u(x,t) =ug+up+---
2 2 2 2
u@ﬁzxmw+%ﬁ—%#—%ﬁ+%ﬁ
Therefore,
u(x,t) = xcost. (36)

Figure 2 below shows the 3D graph of the solution of equation (25), [6].
Example 4.3: Consider the nonlinear Klein-Gordon equation [19]
3 3

3
Ut — Ugpy + Z’LL - §U = 0, (37)



ADOMIAN POLYNOMIAL AND ELZAKI TRANSFORM... 461

Figure 2: The solution of the second Klein-Gordon equation by ETM
in equation (25)
with initial conditions
1
u(x,0) = —sechx, wu(x,0) = §sech:):tanh:r.

Applying the Elzaki transform to both sides of equation (37), this gives
3 3

Blu] = Bluge] = =7 Elu] + §E[U3]- (38)
Recall that
Euy) = U(Z”Q’ %) _ w(e,0) — vz, 0),
B ltse] = 3 U,0)] = o3 ]
Equation (38) becomes
@ = u(,0) — vz, 0) — dd—;E[u] _ —ZE[U] + gE[u?’]. (39)

Applying the given initial conditions to equation (39) and simplifying, we obtain
3 2

d
U(zx,v) = —v’sechz + %sech:z: tanh z + UQEE[U]
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30?2 30?2
— —E[U] + 7

1 E[u?). (40)

Applying the inverse Elzaki transform to equation (40)

t
u(x,t) = —sechx + §sechx tanh

d? 302 302
-1),2 3
+FE {v ) [u]—TE[u]—I—TE[u ]} (41)
From equation (41), let
t
ug = —sechx + §sech:1: tanh z.
We can express ug as
1 sinh x
up = —
0 coshz ~ 2cosh®z
and the recursive relation is given as
_ d? 302 3v?
wn =5 P Bl - 2 pw + S mla ) @

where A, is the Adomian polynomial to decompose the nonlinear terms by
using the relation

L d" =
An= oo [Z /\u] . (43)
1=0 A=0
Let the nonlinear term be represented by
fu) =ud. (44)
Substituting equation (44) into equation (43), we obtain
AO = u%, A1 = 3u1u(2), A2 = BUOU% + 3u2u(2),
When n = 0, we have

d? 3v? 3v?
-1 2
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uy = B! {v2dd—;E[u0]} — gt {3412E[u0]} +E7! {%UQE[AO]} . (46)

Ap is computed as:
3 3 3
Ay = — sech’z + §tsech z tanh

3 1
— Zt2sech3:1: tanh? z + gt?’sech?’x tanh? .

Therefore,
v = 12 [cosh2 a:3— 2} 5 [cosh? 2 — 6}1 sinh (47)
8 cosh” 48 cosh™ x
The approximate series solution is
u(z,t) =up+uy +--- .
w(z,t) = — 1 sinh;c B [cosh? a:g— 2] 5
coshx  2cosh”x 8 cosh” x
[cosh? z — 6] sinhz 5
o 48
48 cosh? (48)

Figure 3 below shows the 3D graph of the solution of equation (37), [19].

Example 4.4: Consider the homogeneous nonlinear Klein-Gordon equation [6]
Ugt — 2.5Upy + u + 1.5u> =0, (49)
with initial conditions

u(z,0) = Btan(kz), wuy(z,0) = Beksec?(kx),

where B = \/§ and K = 5

v 2+ )
Equation (49) could be rewritten as

Up — 25Uy = —u — 1505, (50)
Applying the Elzaki transform to both sides of equation (50)

Eluy) — 2.5Eugy] = —Elu] — 1L.5E[u?], (51)
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Figure 3: The solution of the third Klein-Gordon equation by ETM
in equation (37)

where
U(z,v
Euy] = % — u(z,0) — vuy(z,0),
d? d?
Eug,] = @[U(fﬁav)] = @E[U]a
equation (51) becomes
U(x,v) d? 3
2 u(z,0) — vuy(z,0) — 2.5WE[U] = —Eu] — 1.5E[u’]. (52)

Applying the given initial conditions to equation (52) and simplifying, we obtain

U(x,v) =v?Btan(kz) + v’ Bcksec? (kx) — v’ E[u]
d? .
2 2, 3
+ 2.5v wE[u] — 1L.5v" Eu’]. (53)
Applying the inverse Elzaki transform to both side of equation (53) and sim-
plifying, we have

u(z,t) =Btan(kx) + t Bek sec? (kx)+
2

E~1 {—UZE[un] + 2.51}2%E[un] - 1.5v2E[An]} : (54)
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From equation (54), let

ug = Btan(kz) + tBcksec? (k). (55)
Now the recursive relation is given as
d2
U1 = E71 {—UQE[un] + 2.52}2WE[un] - 1.5v2E[An]} . (56)
x
A, is the Adomian polynomial to decompose the nonlinear terms by using the
relation
Ld" =
An - wa Lz; /\Zui] L . (57)

Let the nonlinear term be represented by
flu) =, (58)
By using equation (58) in equation (57), we obtain
Ay = ug, Al = 3u1u(2), Ay = 3UOU% + 3u2u(2),

From equation (56), when n = 0, we have

d2
u = E1 {—UZE[U()] + 2.51}2wE[u0] - 1.5v2E[A0]} . (59)
By simplifying equation (59) we obtain
_ —BceKt?
T

[1+4.5B% — 20K + cos(2K ) — 4.5B% cos(2Kz) + 10K cos(2K x)] x
Bt?
sec*(Kz) — - [1+1.5B* — 10K + cos(2Kx) — 1.5B% cos(2Kz)] x

1.5B3c3 K3¢t5
20

sec*(Kx) tan(Kx). (60)

sec?(Kx) tan(Kx) — sec®(Kx)—
1.5B32K?t!
4

The approximate series solution is
u(x,t) =ug +ug + -+ .
This series form can be expressed in a closed form as

u(x,t) = Btan(K(z + ct)). (61)
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5. Conclusion

The approximate analytical solutions of several Klein-Gordon equations have been
obtained using the combination of the Elzaki transform method and Adomian poly-
nomials which was meant for linearizing the nonlinear terms. The solutions obtained
agree with the solutions obtained by Reduced differential transform method and radial
basis functions as provided in the references. The three dimensional graphs were also
plotted to demonstrate the solutions of Klein-Gordon equations considered. Moreover,
the problems considered showed that the Elzaki transform method and Adomian poly-
nomials can be very powerful tools in solving Klein-Gordon equations. This method is
a promising method for solving other nonlinear partial differential equations.

Furthermore, the Elzaki transform just like other linear integral transform such
as Laplace and Sumudu transform, which combined with the Adomian polynomials
are useful for solving nonlinear differential equations. These linear integral transforms
provide results in form of series which avoids discretization error. However, the trans-
formation definitions of these methods differ from one to another.

References

[1] M.J. Ablowitz, M.A. Ablowitz, and P.A. Clarkson, Solitons, Nonlinear Evolu-
tion Equations and Inverse Scattering, Volume 149, Cambridge University Press,
Cambridge (1991).

[2] K.C. Basak, P.C. Ray, and R.K. Bera, Solution of nonlinear Klein-Gordon equa-
tion with a quadratic nonlinear term by Adomian decomposition method, Com-
munications in Nonlinear Science and Numerical Simulation, 14, No 3 (2009),
718-723.

[3] J. Biazar and H. Ghazvini, He’s variational iteration method for solving hyperbolic
differential equations, International Journal of Nonlinear Sciences and Numerical
Simulation, 8, No 3 (2007), 311-314.

[4] N. Bildik and A. Konuralp, The use of variational iteration method, differential
transform method and Adomian decomposition method for solving different types
of nonlinear partial differential equations, International Journal of Nonlinear Sci-
ences and Numerical Simulation, 7, No 1 (2006), 65-70.

[5] L. Debnath, Nonlinear Partial Differential Equations for Scientists and Engineers,
Springer Science & Business Media (2011).

[6] M. Dehghan and A. Shokri, Numerical solution of the nonlinear Klein-Gordon
equation using radial basis functions, Journal of Computational and Applied Math-
ematics, 230, No 2 (2009), 400-410.

[7] O.E. Ige, M. Heilio, R.A. Oderinu and T.M. Elzaki, Adomian polynomial and
Elzaki transform method of solving third order Korteweg-De Vries equations,
Global Journal of Pure and Applied Mathematics, 15, No 3 (2019), 261-277.



ADOMIAN POLYNOMIAL AND ELZAKI TRANSFORM... 467

8]

[9]

[10]

[16]

[17]

[18]

[19]

O.E. Ige, R.A. Oderinu and T.M. Elzaki, Adomian polynomial and Elzaki trans-
form method of solving fifth order Korteweg-De Vries equation, Caspian Journal
of Mathematical Sciences, (2018), In press.

P.G. Drazin and R.S. Johnson, Solitons: An Introduction, Volume 2, Cambridge
University Press, Cambridge (1989).

A. Ebaid, Exact solutions for the generalized Klein-Gordon equation via a transfor-
mation and exp-function method and comparison with Adomian’s method, Jour-
nal of Computational and Applied Mathematics, 223, No 1 (2009), 278-290.

S.M. El-Sayed, The decomposition method for studying the Klein-Gordon equa-
tion, Chaos, Solitons & Fractals, 18, No 5 (2003), 1025-1030.

T.M. Elzaki, Application of new transform “Elzaki transform” to partial differen-
tial equations, Global Journal of Pure and Applied Mathematics, 7, No 1 (2011),
65-70.

T.M. Elzaki, The new integral transform “Elzaki transform”, Global Journal of
Pure and Applied Mathematics, 7, No 1 (2011), 57-64.

T.M. Elzaki, On the connections between Laplace and Elzaki transforms, Advances
in Theoretical and Applied Mathematics, 6, No 1 (2011), 1-11.

T.M. Elzaki, On the Elzaki transform and ordinary differential equation with
variable coefficients, Advances in Theoretical and Applied Mathematics, 6, No 1
(2011), 13-18.

T.M. Elzaki, A solution for nonlinear systems of differential equations using a
mixture of Elzaki transform and differential transform method, In International
Mathematical Forum, 7 (2012), 625-630.

T.M. Elzaki and S.A. Alkhateeb, Modification of Sumudu transform “Elzaki trans-
form” and Adomian decomposition method, Applied Mathematical Sciences, 9, No
13 (2015), 603-611.

T.M. Elzaki and E.M. Hilal, Homotopy perturbation and Elzaki transform for
solving nonlinear partial differential equations, Mathematical Theory and Model-
ing, 2, No 3 (2012), 33-42.

Y. Keskin, S. Servi, and G. Oturanc, Reduced differential transform method for
solving Klein Gordon equations, In: Proc. of the World Congress on Engineering,
1 (2011), page 2011.

Z. Odibat and S. Momani, A reliable treatment of Homotopy perturbation method
for Klein-Gordon equations, Physics Letters A, 365, No 5-6 (2007), 351-357.

S.S. Ray, An application of the modified decomposition method for the solution of
the coupled Klein-Gordon-Schr odinger equation, Communications in Nonlinear
Science and Numerical Simulation, 13, No 7 (2008), 1311-1317.



468 0O.E. Ige, R.A. Oderinu, T.M. Elzaki

[22] M. Suleman and Q. Wu, Transformed Homotopy Perturbation Method for Approx-
imate Analytical Solution of Klein-Gordon and Sine-Gordon Equation (2015).

[23] Q. Sun, Solving the Klein-Gordon equation by means of the Homotopy analysis
method, Applied Mathematics and Computation, 169, No 1 (2005), 355-365.

[24] Q. Wang and D. Cheng, Numerical solution of damped nonlinear Klein-Gordon
equations using variational method and finite element approach, Applied Mathe-
matics and Computation, 162, No 1 (2005), 381-401.

[25] A. Wazwaz, Partial Differential Equations, CRC Press (2002).

[26] E. Yusufuglu, The variational iteration method for studying the Klein-Gordon
equation, Applied Mathematics Letters, 21, No 7 (2008), 669-674.

[27] Y. Zhu, Q. Chang, and S. Wu, A new algorithm for calculating Adomian polyno-
mials, Appl. Math. Comput., 169 (2005), 402-416.

[28] D. Ziane and M.H. Cherif, Resolution of nonlinear partial differential equations by
Elzaki transform decomposition method, J. Appro. Theo. Appl. Math, 5 (2015),
17-30.



