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Abstract: In this paper, we study the stability of a fractional order SIRS epi-
demic model with nonlinear incidence rate and time delay, where the fractional
derivative is defined in the Caputo sense. The delay is introduced into the
model in order to modeled the incubation period. Using the stability analysis
of delayed fractional order systems, we prove that the disease-free equilibrium
is locally asymptotically stable when the basic reproduction number R0 < 1.
Also, we show that if R0 > 1, the endemic equilibrium is locally asymptotically
stable.
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1. Introduction

Epidemiology is the study of the spread of diseases in human populations and
the factors that are responsible for or contribute to their occurrence. Conse-
quently, it has been investigated by several researchers through study of the
dynamical behavior of infectious diseases by mathematical models (see, e.g.,
[1, 2, 3, 4, 5, 6, 7, 8]).
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Fractional calculus is the field of mathematical analysis aiming at the in-
vestigation of integrals and derivatives of arbitrary (non integer) orders. The
main advantage of fractional order derivative in comparison in integer order
is that fractional order derivative can be describe the memory and hereditary
effects in various substances. Therefore, many applied researchers have treat
many real processes using the fractional derivative such as PIλDµ controller
[9], human root dentin [10], botanical electrical impedances [11], viscoelasticity
of cancellous bone [12], financial processes [13], epidemic model [14], and so on.

Due to the memory effect which is has an important role on the spread of
an infectious disease, many investigators have started to study the epidemic
models using the fractional derivative, see, e.g., [15, 16, 17, 18, 19]. In this
work, we propose the following delayed fractional order SIRS epidemic model
with nonlinear incidence rate



























DθS(t) = Λ− µS(t)− βS(t)I(t)
1+α1S(t)+α2I(t)+α3S(t)I(t)

+ γR(t),

DθI(t) = βS(t−τ)I(t−τ)
1+α1S(t−τ)+α2I(t−τ)+α3S(t−τ)I(t−τ) − (µ+ α+ d) I(t),

DθR(t) = αI (t)− (µ+ γ)R(t),

(1)

where θ ∈ (0, 1] is the order of the fractional derivative. S(t), I(t) and R(t)
are the numbers of susceptible, infective and recovered individuals at time t,
respectively. Λ > 0 is the recruitment rate of susceptibles, µ > 0 is the natural
death rate of the population, d > 0 is the death rate due to disease, α > 0 is the
recovery rate of the infective individuals and γ ≥ 0 is the rate at which recov-
ered individuals lose immunity and return to susceptible class. The incidence
rate of disease is modeled by the specific functional response βSI

1+α1S+α2I+α3SI

presented by hattaf et al. [20], where β > 0 is the contact transmission coeffi-
cient, which measures the infection force of the disease and α1, α2, α3 ≥ 0 are
saturation factors measuring the psychological or inhibitory effect. τ ≥ 0 is the
time delay, and it represents the incubation period, i.e., the time during which
an infected individual will become infectious. When γ = 0, the individuals
recovered acquired permanent immunity, and (1) reduces to an SIR model.

The purpose of this paper is to study the influences of the fractional order
and time delay on the stability of the equilibria of the model (1). So, the paper
is organized as follows. In the next section, some definitions and lemmas are
presented. We discuss the existence and the stability of the equilibria of model
(1) in Section 3. The paper ends with a conclusion in Section 4.
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2. Preliminaries

The fractional order derivative used in model (1) is in the sense of Caputo
definition, which is a modification of the Riemann-Liouville definition, and has
the advantage that the initial values for fractional differential equations with
Caputo derivative take the same form as that for integer order differential equa-
tions. Also, another advantage of this definition is that the Caputo derivative
of a constant is zero.

The Riemann-Liouville fractional integral and Caputo fractional derivative
are defined respectively as follows.

Definition 1. ([21, 22]) The Riemann-Liouville fractional integral of order
θ > 0 for an integrable function f : R+ 7→ R is defined as

Iθf(t) =
1

Γ(θ)

∫ t

0
(t− s)θ−1f(s)ds,

where Γ is the gamma function

Γ(θ) =

∫ ∞

0
tθ−1e−tdt.

Definition 2. ([21, 22]) The Caputo fractional derivative of order θ > 0
for a function f ∈ Cn(R+,R) is defined as

Dθf(t) = In−θ
[

f (n)(t)
]

=
1

Γ(n− θ)

∫ t

0
(t− s)n−θ−1f (n)(s)ds,

where n is a positive integer such that θ ∈ (n − 1, n]. In particular, when
θ ∈ (0, 1], one has

Dθf(t) =
1

Γ(1− θ)

∫ t

0
(t− s)−θf ′(s)ds.

Consider the following linear delayed fractional differential system

Dθx(t) = Ax(t) +Bx(t− τ), t ≥ 0, (2)

where θ ∈ (0, 1], x (t) ∈ R
n, A,B ∈ R

n×n and τ ≥ 0. The characteristic
equation of system (2) is

∆ (s) = det(sθIn −A−Be−sτ ) = 0.
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If τ = 0, system (2) can be expressed as

Dθx(t) = Mx(t),

where the coefficient matrix M = A+B.

In the case of A = 0, Deng et al. in [23] obtained the following two stability
results.

Lemma 3. If all the roots of the characteristic equation ∆(s) = 0 have
negative real parts, then the zero solution of system (2) is Lyapunov globally
asymptotically stable.

Lemma 4. If all the eigenvalues λ of B satisfy |arg(λ)| > θπ
2 and the

characteristic equation ∆(s) = 0 has no purely imaginary roots for any τ > 0,
then the zero solution of system (2) is Lyapunov globally asymptotically stable.

If A 6= 0, according to [24], we have the following result.

Lemma 5. If all the eigenvalues λ of M satisfy |arg(λ)| > π
2 and the

characteristic equation ∆(s) = 0 has no purely imaginary roots for any τ > 0,
then the zero solution of system (2) is Lyapunov globally asymptotically stable.

Remark 6. If A 6= 0, the stability of system (2) is not guaranteed under
conditions that the eigenvalues of M are satisfied |arg(λ)| > θπ

2 . In fact, when

the eigenvalues of M are satisfied θπ
2 < |arg(λ)| ≤ π

2 , and the characteristic
equation ∆ (s) = 0 has no purely imaginary roots for any τ > 0, the zero
solution has unstable situation (see Section 5 in [24]).

Remark 7. To study the local asymptotic stability of equilibria of non-
linear fractional order systems with time delay, we investigate the stability of
the linearized systems of such nonlinear systems around these equilibria based
on the previous lemmas.

3. Stability analysis

In this section, we discuss the existence and the local stability of the equilibria
of system (1). In this sense, we define the basic reproduction number of model
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(1) as follows

R0 =
βΛ

(µ + α1Λ) (µ+ α+ d)
,

which represents the average number of secondary infections produced by one
infected individual in a completely susceptible population [25].

The equilibria of system (1) satisfy the following equations

Λ− µS − βSI

1 + α1S + α2I + α3SI
+ γR = 0,

βSI

1 + α1S + α2I + α3SI
− (µ+ α+ d) I = 0,

αI − (µ+ γ)R = 0.

It is clear that system (1) always has a disease-free equilibrium point E0 =
(Λ
µ
, 0, 0), that is, there is no infection present in the population and all individ-

uals are susceptible. Further, if R0 > 1, then system (1) has a unique endemic
equilibrium E∗ = (S∗, I∗, R∗), where

S∗ =
Λ−̟I∗

µ
,

I∗ =
2ρ(µ + α1Λ)(R0 − 1)

̟(β − α1ρ) + ρ(α2µ+ α3Λ) +
√
∆
,

R∗ =
α

µ+ γ
I∗,

with ̟ = (µ+γ)(µ+d)+αµ
µ+γ

, ρ = µ+ α+ d and

∆ = [̟(β − α1ρ) + ρ(α2µ+ α3Λ)]
2 − 4α3ρ̟ [βΛ− (µ+ α1Λ)ρ]

= [̟(β − α1ρ) + ρ(α2µ− α3Λ)]
2 + 4α3µρ

2(̟ + α2Λ).

3.1. Stability of the disease-free equilibrium

This subsection is devoted to studying the local stability of the disease-free
equilibrium E0 of system (1). For this, let x(t) = S(t) − Λ

µ
, y(t) = I(t) and

z (t) = R(t). Then the linearized system of (1) around E0 takes the following
form



























Dθx(t) = −µx(t)− βΛ
µ+α1Λ

y(t) + γz(t),

Dθy(t) = βΛ
µ+α1Λ

y(t− τ)− (µ+ α+ d) y(t),

Dθz(t) = αy(t)− (µ+ γ)z(t).

(3)
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The associated characteristic equation of system (3) can be described as

∆ (s) = det







sθ + µ βΛ
µ+α1Λ

−γ

0 sθ − βΛ
µ+α1Λ

e−sτ + µ+ α+ d 0

0 −α sθ + µ+ γ






= 0,

which leads to

∆ (s) = (sθ + µ)
(

sθ + µ+ γ
) [

sθ + (µ+ α+ d) (1−R0e
−sτ )

]

= 0. (4)

Theorem 8. If R0 < 1, then the disease-free equilibrium E0 is locally
asymptotically stable for all τ ≥ 0.

Proof. When τ = 0, the coefficient matrix M of system (3) satisfies

M =







−µ − βΛ
µ+α1Λ

γ

0 βΛ
µ+α1Λ

− (µ+ α+ d) 0

0 α − (µ+ γ)






.

The eigenvalues of the coefficient matrix M are λ1 = −µ < 0, λ2 =
− (µ+ γ) < 0, and λ3 = (µ + α + d)(R0 − 1) < 0 if R0 < 1. Whence
|arg λi| = π > π

2 (i = 1, 2, 3), so that all the eigenvalues λ of M satisfy
|arg(λ)| > π

2 if R0 < 1.
For τ > 0, assume that s = iw = w(cos π

2 + i sin π
2 ) is a root of Eq. (4),

where w > 0. Then

wθ(cos
θπ

2
+ i sin

θπ

2
) + (µ + α+ d) [1−R0(coswτ − i sinwτ)] = 0.

Separating real and imaginary parts gives

{

(µ+ α+ d)R0 coswτ = wθ cos θπ
2 + (µ+ α+ d),

(µ+ α+ d)R0 sinwτ = −wθ sin θπ
2 .

Thus

w2θ + 2wθ(µ + α+ d) cos
θπ

2
+ (µ + α+ d)2(1−R2

0) = 0. (5)

Obviously (µ + α + d) cos θπ
2 ≥ 0 and our assumption that R0 < 1, then

the Eq. (5) has no positive roots. Which ensures that Eq. (4) has no purely
imaginary roots if R0 < 1. According to Lemma 5, the equilibrium E0 is locally
asymptotically stable for any delay τ ≥ 0 if R0 < 1. The proof is completed.
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3.2. Stability of the endemic equilibrium

In this subsection, we focus on the local stability of the endemic equilibrium of
system (1) (assume that R0 > 1). Making the transformation x(t) = S(t)−S∗,
y(t) = I(t) − I∗ and z(t) = R(t)− R∗. Then by linearizing system (1) around
E∗, we get the following system























Dθx(t) = −m1x(t)−m2y(t) + γz(t),

Dθy(t) = m3x(t− τ) +m2y(t− τ)−m4y(t),

Dθz(t) = αy(t)−m5z(t),

(6)

where

m1 = µ+
βI∗ (1 + α2I

∗)

(1 + α1S∗ + α2I∗ + α3S∗I∗)2
> 0,

m2 =
βS∗(1 + α1S

∗)

(1 + α1S∗ + α2I∗ + α3S∗I∗)2
> 0,

m3 =
βI∗ (1 + α2I

∗)

(1 + α1S∗ + α2I∗ + α3S∗I∗)2
> 0,

m4 = µ+ α+ d > 0,

m5 = µ+ γ > 0.

Characteristic equation which is associated with system (6) is given by

∆ (s) = det





sθ +m1 m2 −γ

−m3e
−sτ sθ −m2e

−sτ +m4 0
0 −α sθ +m5



 = 0,

which is equivalent to

∆ (s) = s3θ + p2s
2θ + p1s

θ + p0 − (q2s
2θ + q1s

θ + q0)e
−sτ = 0, (7)

where

p2 = m1 +m4 +m5 > 0,

p1 = m1(m4 +m5) +m4m5 > 0,

p0 = m1m4m5 > 0,

q2 = m2 > 0,

q1 = m2(m1 −m3 +m5) = m2(µ+m5) > 0,

q0 = m2m5(m1 −m3) + αγm3 = µm2m5 + αγm3 > 0.
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Theorem 9. If R0 > 1, then the endemic equilibrium E∗ is locally asymp-
totically stable for all τ ≥ 0.

Proof. When τ = 0, the characteristic equation of the coefficient matrix M

of system (6) is

λ3 + (p2 − q2)λ
2 + (p1 − q1)λ+ p0 − q0 = 0, (8)

where

p2 − q2 = m1 +m5 + (m4 −m2),

p1 − q1 = (m1 +m5)(m4 −m2) +m1m5 +m2m3,

and

p0 − q0 = m1m5(m4 −m2) +m2m3m5 − αγm3

= m1m4m5 − µm2m5 − αγm3

= µ(m4 −m2)m5 + (m4m5 − αγ)m3

= µ(m4 −m2)m5 + [(µ+ γ) (µ+ d) + αµ]m3.

Note that

m4 −m2 =
βS∗I∗ (α2 + α3S

∗)

(1 + α1S∗ + α2I∗ + α3S∗I∗)2
≥ 0, (9)

then it is easy to show that p2−q2 > 0, p1−q1 > 0, p0−q0 > 0 and (p2−q2)(p1−
q1) > p0 − q0. Thus by the Routh-Hurwitz criterion, all roots λi(i = 1, 2, 3)
of (8) have negative real part, so that all the eigenvalues of M of system (6)
satisfy |arg(λ)| > π

2 if R0 > 1.
For τ > 0, let s = iw be a root of Eq. (7), with w > 0. Then







A2 coswτ +B2 sinwτ = A1,

B2 coswτ −A2 sinwτ = B1,

(10)

where

A1 = w3θ cos
3θπ

2
+ p2w

2θ cos θπ + p1w
θ cos

θπ

2
+ p0,

B1 = w3θ sin
3θπ

2
+ p2w

2θ sin θπ + p1w
θ sin

θπ

2
,

A2 = q2w
2θ cos θπ + q1w

θ cos
θπ

2
+ q0,
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B2 = q2w
2θ sin θπ + q1w

θ sin
θπ

2
.

Eliminating τ by squaring and adding the two equations in (10), we obtain

w6θ + η5w
5θ + η4w

4θ + η3w
3θ + η2w

2θ + η1w
θ + η0 = 0, (11)

where

η5 = 2p2 cos
θπ

2
,

η4 = p22 − q22 + 2p1 cos θπ,

η3 = 2

[

(p2p1 − q2q1) cos
θπ

2
+ q0 cos

3θπ

2

]

,

η2 = p21 − q21 + 2(p2p0 − q2q0) cos θπ,

η1 = 2(p1p0 − q1q0) cos
θπ

2
,

η0 = p20 − q20 .

Since θ ∈ (0, 1] and p2 > 0, then η5 ≥ 0. In addition, we have

p20 − q20 = (p0 − q0) (p0 + q0) > 0

and
p1p0 − q1q0 = p1 (p0 − q0) + q0 (p1 − q1) > 0,

since p0 − q0 > 0, p1 − q1 > 0 and p1, p0, q0 > 0. Then η0 > 0 and η1 ≥ 0.
Further, we have

p2p0 − q2q0 = p2 (p0 − q0) + q0 (p2 − q2) > 0,

since p0 − q0 > 0, p2 − q2 > 0 and p2, q0 > 0, then

η2 = p21 − q21 + 2(p2p0 − q2q0) cos θπ

≥ p21 − q21 − 2(p2p0 − q2q0)

= [m1(m4 +m5) +m4m5]
2 − [m2(µ +m5)]

2

−2 (m1 +m4 +m5)m1m4m5 + 2m2 (µm2m5 + αγm3)

= m2
1m

2
4 − µ2m2

2 +m2
1m

2
5 + (m2

4 −m2
2)m

2
5 + 2αγm2m3

=
(

µ2 +m2
5

)

(m2
4 −m2

2) + (m3 + 2µ)m3m
2
4 +m2

1m
2
5 + 2αγm2m3,

and since p1 > 0, we have

η4 = p22 − q22 + 2p1 cos θπ
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≥ p22 − q22 − 2p1

= (m1 +m4 +m5)
2 −m2

2 − 2m1 (m4 +m5)− 2m4m5

= m2
1 +m2

5 +m2
4 −m2

2.

From (9), we have m2
4−m2

2 ≥ 0 since m4+m2 > 0, then η2 > 0 and η4 > 0.
On the other hand, we have

p2p1 − q2q1 − 3q0

= (m1 +m4 +m5) (m1m4 +m1m5 +m4m5)−m2
2(µ+m5)

−3µm2m5 − 3αγm3

= m2
1(m4 +m5) +m2

4(m1 +m5) +m2
5(m1 +m4) + 3m1m4m5

−m2
2(µ+m5)− 3µm2m5 − 3αγm3

= m2
1(m4 +m5) +m2

5(m1 +m4) + (µ+m5)
(

m2
4 −m2

2

)

+m3m
2
4

+3µm5 (m4 −m2) + 3 [(µ+ γ) (µ+ d) + αµ]m3.

Thus p2p1 − q2q1 > 3q0, and consequently η3 ≥ 2q0
(

3 cos θπ
2 + cos 3θπ

2

)

.

The function ϕ : θ ∈ (0, 1] 7→ 3 cos θπ
2 + cos 3θπ

2 is decreasing since for all
θ ∈ (0, 1], we have

ϕ′ (θ) = −3π

2

(

sin
θπ

2
+ sin

3θπ

2

)

= −3π

2

[

(1 + cos θπ) sin
θπ

2
+ sin θπ cos

θπ

2

]

≤ 0.

Then ϕ (θ) ≥ ϕ (1) = 0, thus η3 ≥ 0.
Therefore the Eq. (11) has no positive real roots, which ensures that Eq. (7)

has no purely imaginary roots. According to Lemma 5, the equilibrium E∗ is
asymptotically stable for any delay τ ≥ 0 if R0 > 1. The proof is completed.

4. Conclusion

In this paper, we have presented a delayed fractional order SIRS epidemic model
with the Caputo fractional derivative and a specific functional response given
by βSI

1+α1S+α2I+α3SI
. We have shown that if the basic reproduction number R0,

is less than one, the disease-free equilibrium is locally asymptotically stable,
which means that the disease will go to extinction. Moreover, we have proved
that if R0 > 1, the endemic equilibrium is locally asymptotically stable for all
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τ ≥ 0 and θ ∈ (0, 1], so the disease will be persistent at the unique endemic
equilibrium. From our theoretical results, we deduce that the different values
of θ and τ have no effect on the stability of both equilibria. However, we don’t
consider the global stabilities of the two equilibria. In our future work, we
investigate the global stability of fractional mathematical model (1).
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