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Abstract: One-dimensional symmetric hard-sphere system is considered in
this paper. Non-equilibrium state of this system is described by the configu-
ration distribution function that is the solution of the Cauchy problem to the
equation of the diffusion type (the speed distribution is the Maxwell one and is
unchanged).
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1. Introduction

The mathematical basis of the description of the evolution of dynamical systems
of particles (hard spheres) is the BBGKY hierarchy of equations (see [1], [2], [3],
[4]). However, in some cases, simpler approaches can be applied. In particular,
these approaches are applied to one-dimensional system of hard spheres.

The main feature of such a system is that there are no changes of velocities of
colliding particles, there is exchange of velocities. Thus, there is no change in the
speed distribution function. This function is specified by an initial distribution
which can be arbitrary. For example, as the initial distribution, we choose the
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Maxwell speed distribution:

1 v?
Plv) = <= 37,

kT

where o = /- is a root-mean-square speed.

2. Formulation of the problem

Consider one-dimensional symmetric system of N identical particles (hard spheres)
with the mass m = 1 and the diameter 2d > 0 moving along the straight line
with a length of L. Each particle is characterized by the coordinate of the
centre ¢; of the sphere and by its momentum p;, i.e. (g;, p;) = ;.

By the Gibbs hypothesis, the equilibrium distribution has the form

f(xla cee 7~TN) = EileiﬁH}\})

where f is inversely proportional to the temperature 7', the statistical sum

= / dml...dee_ﬂHf%/,

[1]

(LxR\)N
the Hamiltonian
9  N-1 N
HY =305+ 2 0= qnl) + 3 utan)

the pair hard-core interaction potential

07 |q2 - qi+1| > 2d7

the set of forbidden configurations

Wxn ={(q1,...,qn) € L: |¢; — ¢i+1| < 2d at least for a single pair

(qi) Qi-l-l)) 1= 1> N — 1}7

the set of permissible configurations

L\Wx={(q1,.--,qn) € L: |¢; — qi+1| > 2d, i=1, N — 1},
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the holding potential

L, _ J*0oo, ¢<d,q>L—d,
u(q) =
0, d<qg<L—d.

For this system, we assume that:

e initial velocities v; and coordinates ¢; of particles are independent random
variables;

e speed distributions are not degenerate;

e the mathematical expectation v; = 0 and the function ¢(v;) is even. Near-
est neighbours interaction is typical for this system. However, collisions
lead to the exchange of velocities which, in fact, eliminates mixing of
velocities. Thus, the speed distribution function is unchanged.

Let the particles be located in the interval [—%, %] at the initial moment

of time. Assuming that L — oo, we neglect the influence of the boundaries on
the particle motion. In this case, the distribution function of the system state
at arbitrary moment of time ¢ can unambiguously be expressed in terms of the
distribution function at t = 0:

D(q1,v1;q2,v2;...5t) = Do(q1 — vit,v1; g2 — vat, v25. . .),

where (¢; — vit, v;) is the system state at t = 0, (¢;, v;) is the system state
at arbitrary moment of time ¢. This relation underlines the fact that one-
dimensional symmetric system is the system of non-interacting particles.
Thus, the behaviour of the system can be described by considering the
motion of each particle independently from each other.
We assume that particle sizes tend to zero because

e we can consider particle sizes in the initial distribution function Dy (the
presence of forbidden configurations),

e the coordinates of centers can be redetermined to consider particle sizes.

The concentration can be considered a small fixed value and the average
distance % between particles can be considered significantly larger than particle
sizes, i.e. % > 2d.
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3. The kinetic equation

Let F(q,v,t) is the distribution function of the probability that at the moment
of time t there is a particle moving with the velocity v near the point ¢. Since
particles are identical this probability is equal to the probability that at the
moment of time ¢ = 0 there was a particle with the velocity v near the point
q=vt, i.e.

F(q,v,t)dgdv = F(q — vt,v,0) dqdv.

Let F(q,v,t) = f(q,t)¢(v). Then

flg,t)p(v) dv = fo(q — vt)po(v) dv.

Integrating the last equality with respect to v, we obtain
o0
fat) = [ fola = vtreo(o) dv,
—00

i.e. the distribution at the moment of time ¢ is determined by the initial distri-
bution.
Let the speed distribution function have Maxwell’s form at the initial mo-

ment of time, i.e.
1 2

v) = e ,
wo(v) 5

and particles be located in some region at the initial moment of time, i.e. we

assume that
1 a2

- \/2%56 ’

where ¢ is the size of the region of localization. Then

fo(q)

f(g.t) = / fola — vt)po(v) du

oo
1 1 _ (q—;;)Q _ u_22d
= —— (& 2 (& 20 v
V2w V210

—00
o0 2 202qt 0'2q2
1 U T o252 vt o2Z 2 9,9 9
=55 e 26252 (c°t* + %) dv
TOoo

—0o0
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1 &

_ e 2(02t2+62)

V2V o2t2 4 §2

is the Gauss distribution with increasing variance. Putting 6 = 0, we get the
Green function

1 _ (a—a0)?
e 2022
\2mot

which is the fundamental solution of the equation of the diffusion type:

of _ »,0°f
ot = 7 o ()

G(qv q0, t) =

kT

where o = /%% is a root-mean-square speed.
m

Statistics of the description of non-equilibrium state of the system is given
by the following theorem.

Theorem 1. Non-equilibrium state of one-dimensional symmetric hard-
sphere system is described by the configuration distribution function that is the
solution of the Cauchy problem to the equation of the diffusion type (1) (the
speed distribution is the Maxwell one and is unchanged).

Proof. Let us find the solution of the Cauchy problem

{% = 02752%5,
f(0,9) = fo(q).

The solution can be represented in the form of factorized product:

f(t,q) =2()Q(g) # 0,
then
' (1)Q(q) = ot (£)Q" (q),

¥ Qg)

_ _\2
20 - Qg

where A\ = const. Then

{@/(t) + X202t (t) = 0,
Q"(q) +X*Q(g) = 0,
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whence we obtain the differential equation

d®(t) = N2t dt
D(t) '

Integrating this equation, we obtain

_ (ot)?

D)\(t) =C1(N)e™ 2
Similarly, we get
Qr(q) = Ca(A) cos A\g + C3(A) sin Ag.

The particular solution has the form

(Aot)?

t,q) =e 2 (A(N) cos A\g + B(A) sin Aq).

Then the general solution has the form

(Aot)?

ft,q) = / e 2 (A(X)cos Ag + B(A)sin \q) dA,

whence for ¢t = 0, we obtain

e}

Jolq) = / (A(N) cos Aq + B(\) sin \q) dA.

—00

The Fourier integral for fy(g) can be written in the form

folw) = 5= [ an [ foao)cos 2 a - a) dag

oo o0

2

then

H.M. Hubal

1 T .
= 5= / (cos A\q / Jo(qo) cos Ago dqo + sin Aq / Jo(qo) sin Ago dqo)dA,
— o —00 — o

[ee] [ee]
1 1 .
A(N) = o / fo(qo) cos Ago dgo, B(X) = o / fo(qo) sin Ago dqo.
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Therefore,
f(t ! 7od)\7 (qo) cos AM(g — qo) d
,q) 27T q — qo) aqo
o
1 (ot)?
= fo qo)dqo [ e~ 2 cosA(q — qo)dA
—00 0

o0
(g—a0)?
folqo)e™ 20%2 dqo
o0

0 5
since [ e=*a% cos BANd\ = ge_ 12, In particular, the fundamental solution is

0
the Green function G(q, qo,t) considered above. The theorem is proved. O

Remark 1. If fy(qo) = ¢, then

L/2
1 i N (a— go% d N
_— — 204t
ot/ 21 LI—I};() L ¢ 9% = L
—L/2

ft,q) =

:’n’

i.e. f(t,q) has the sense of concentration.
In general, if fo(qo) — const, then f(t,q) — const, i.e. f(t,q) is the uniform
distribution which is equilibrium one. An estimation of relaxation time has the

form t ~ L‘/kﬂT‘

4. Conclusions

We proved that non-equilibrium state of one-dimensional symmetric hard-sphere
system is described by the configuration distribution function that is the solu-
tion of the Cauchy problem to the equation of the diffusion type (1) (the speed
distribution is the Maxwell one and is unchanged).
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