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Abstract: The main object of this paper is to define a new sublclass of
univalent holomorphic functions along with the recently defined g-analogue of
Noor operator. We obtained a number of useful properties such as: coefficient
bounds, extreme points, radii of starlikeness, convexity and close-to-convexity
and weighted mean.
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1. Preliminaries

Let A be the class of all functions f(z) which are analyticin U= {z € C: |z| <
1} and have the following Taylor series representation:

flz) = Z—i—Zakzk. (1)
k=2

Let us denote by 7T the subclass of A consisting of functions with negative
coefficients of the form

f(z)=2z— Z apz" (ap = 0). (2)
k=2

For functions f and g which are analytic in U and have the form (2), we define
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the convolution (or Hadamard product) of f and g by:
(f*g)(z _Z—Zakbkz (z € U). (3)
Now, we provide some notations regarding the g—calculus used in this article,

see [1, 3] and [4].
For 0 < g < 1, the g-derivative of f is defined by:

f(zq) — f(2)
D,f(z) = —————= z # 0). 4
We can easily conclude that:
o0
(Zakz ) = Z [k,qla.z*"1 (keN, zel), (5)
k=2
where
1 qk k—1
ka=3—y=1+> ¢ (0.d=0) (6)
t=1
and
1 ) k - 07
[k,q] = (7)
[L4ll2.q]---[k,q] , keN.
Also, the g-generalization of the Pochhammer symbol for y > 0 is defined by:
v.dly+Lal---ly+k—-14q , keN,
[y,q]k:{[l ot ot ®

For > —1 and f(z) € T, we consider the g-analogue of Noor integral operator
as follows:

NEf(z) = qﬂlﬂ( x f(2) :z—i\ﬂk,lakzk (z € U), (9)

where

Ton1(2) * Tg i1 (2) = 2D f(2), (10)
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— [ + 1 q k—
1
7:],u+l = Z k) (11)
=2
and
by = (12
T et Lk
see [2].

f(z) = f(2) and

k!
(u+ 1)1

It is clear that N f(z) = 2Dy f(z),

apz, (13)

M =

lim N f(z) =
q—1- A

I
¥

which is the familiar Noor integral operator, see [5] and [6].
For 0 < a < 1and 0 < 8 < 1, the function f(z) € T is in the class NJ'(«, )
if it satisfies:

LG ol BOGIO) ()

azDy (N7 1(2)) + (1 - a)NF 1 (2)

where Dy and V' are defined in (4) and (9) respectively. Also DZ(N{'f(2))
means Dg[Dgy (N} f(2))].

2. Main results

In this section, we obtain coefficient bounds for functions in the class N§'(a, 3)
and show that this class is a convex set.

Theorem 1. f(z) € T is in the class N}'(«, 8) if and only if:

S Wi ((kal(1+alkg —af) + B0 - a))aw <14, (15)

k=2

where Uy, and [k, q] are given by (12) and (6), respectively.

Proof. By making use of (4) and (5), we obtain:

Dq (N(f(OQﬁ)) =1- Z[kﬂ]]‘yk—lakzki% (16)
k=2
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Dy(Nff(2) = = > [k, al* Uporapz*, (17)

k=2

where [k, q] and ¥j_; are defined in (6) and (12), respectively.
By replacing (16) and (17) in (14) we have:
o0 o0
2= Y [k a]Wrrar2® = 30 alk, ¥y

k=2 k=2
Re 2 >3

where

o0

A=az— Za[k;, q]\I/k,lakzk
k=2

(1 — ) Up_1ap2",

M8

+(1—-a)z—

T

2

or
00

z— > 1k, q¥i-1 (1 + afk, q])akzk
Re ];:2 > .
z— > Ui (a(fk,q) — 1) + 1)ay2¥
k=2

By choosing the values of z on the real axis and then letting z — 1~ through
real values, we get:

o0

1= 5= [Ik W1 (1 +alk.q])

k=2
— B0 (allk ) — 1) +1)|a > 0,
> Wi [k, gl (1+alk,q] - aB) — B(1 - ) |ax <1 - 8.
k=2

Conversely, suppose that (15) holds true. We will show that (14) is satisfies and
so f € N¥'(a, B). Using the fact that Re{W} > B if and only if |[W — (1 — )| <
|W — (1 = j3)|, it is enough to show that:

2Dy (N{'f(2)) + 02> D (NG (%))
azD, (Nq“f(z)) + (11— a)N f(2)

e
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_|#PaWi /() + az* D (N 1 (2))
azD, (Nq“f(z)) + (1 —a)N f(2)

+1- 5‘ — R
But, if azDg (N f(2)) + (1 — )N f(z) = J, then we have:
i [ZD (NEf(2)) + az*D2(NEF(2)) — (1+ﬁ)J]

By (16) and (17) we get:
=t [52 > w1+ ol + (- 5)

+ (1= p)(1 - a)] akzk]

pacl

< mzwkl[kq](wa[kq] (1-8)

+(1 =501 - a)ak\ZIk_ll ;

and

= |—(1]| |2Dg(NEf(2)) + az’DE(NE f(2)) + (1 - B)J]

_ L
|71

(2-8)z =3 W ([kal(1+alk.q) + (1 - 3))
k=2

+(1-p)(1 - a))akzk

when z € 9U = {z € C: |z| = 1}, it is easy to verify that R — L > 0, if (15)
holds and so the proof is complete. O
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Remark. The result (15) is sharp for the function F'(z) given by:

1-p 2
24, (18)
w1 (12, k.0l (1 + alk.g] - aB) +8(1 - o)

F(z)=2z-

where ¥ = [u[iﬂ;h and [2,¢q] = % =1+gq.

Corollary 2. If f(z) € N}(«, ), then for k =1,2,..., we have:

1-5
Wi ([k,q) (1 + alk,q) - aB) + B(1 - a))

ap <

Theorem 3. N} (a, ) is a convex set.

Proof. We must show that, if the functions fi(z), t =1,2,...,m, be in the
class NJ'(e, ), then the function h(z) = Y /" A\ fi(2) for Ay and Y% A\ = 1,
is also in N}'(a, B).

By definition of h(z), we conclude:

i)\t<z iaktz )

t=1 k=2
[o.¢] m
=3 (D)
k=2 t=1

But from Theorem 1, we have:

nyk 1(k gl(1+ alk, gl — aB) + B( 1—a)<z/\takt)
Z)\t{Z‘I’k 1([k, 4] (1 + afk, q]—aﬂ)%—ﬂ(l—a))ak,t}
<D M1-8)=1-5,

which completes the proof. O
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3. Extereme points and some properties of V}'(«, )

In the last section, we obtain extreme points of N}'(a, 3) and investigate some
properties of the some class.

Theorem 4. Let fi(z) = z and
(1- )2t
Ui [k, q) (1 + ofk, ¢] — aB) + B(1 —a))’
where k = 2,3,.... Then f € N¥(a, B) if and only if it can be expressed in the

form f(z) = Y 32 tpfi(2z), where ty > 0 and >}ty = 1. In particular, the
extreme points of N/ (v, 8) are functions f1(z) and fi(z), where k =2,3,. ...

fe(z) =2 -

Proof. Let f be expressed as in the above. This means that we can write:

(e e}

=Y tkfrl(z) = L fi(z +Ztkfk
=

:tlz—i—Ztkz

> (1 - Btk e
Z\Ilk 1 [k q(l—i—a[k: q]—aﬁ)—i—ﬂ(l—a))

k=2

—zZtk—dez
k=

1

where
d— (1 - Btk
\Ijkfl([kv q](l + a[k>Q] - Oéﬂ) + /3(1 - Oé))
Therefor f € N (a, B) since by Theorem 1, we have:

i ‘Ilk—l([k7Q](1 + a[k7Q] B O‘ﬁ) + 16(1 — a))

dy;
k=2 1-5
o
:Ztkzl—t1<1.
k=2
Conversely, suppose that f € N§'(a,3). Theny by (19), for k = 2,3,..., we
have:
1-p
ay

S \Ilk._l([k,q](l + alk,q] — Otﬂ) +B(1 - a)) ‘
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By putting
‘Ilk—l ([k7 Q] (1 + Oé[k, Q] - Oéﬁ) + ﬁ(l - Oé))
b = ) (k Z 2)7
1-p
we have ¢, > 0 and if t; = 1 — )77 otx, we get the required result. So the proof
is complete. ]

Theorem 5. Let the function f(z) by (2) be in the class N (a, 3), then:

1. f(z) is starlike of order 61 for 0 < 61 < 1 in |z| < Ry,

1

B E—1

(k—01)(1—=B)
where
B = (1 601 (k. q)(1 + alk, ] — aB) + B(1 - a)).

2. f(z) is convex of order 62 for 0 < 62 < 1 in |z| < Ra, where:

) C k—1
o =iyt [k(k —2)(1 6)] ’ 2y

where

C= (1 - 52)\Pk—1([k7Q](1 + Oé[k, Q] - a/B) + ﬁ(l - Oé))

3. f(z) is close-to-convex of order d3 for 0 < d3 < 1 in |z| < Rs, where:

. D |77
Rg = lI]%f [m] y (22)
where

D =(1-03)¥p-1([k, ql(1+ alk,q] — aB) + B(1 - a)).

Proof. To establish the required result, it is sufficient to prove that:

2f'(2)
f(z)

—1' <1-6, (<R
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But
i k
z— kaz
ST =
f(2) . io: anzk
%4
k=2
=Sk Dat| 3k — Dag |+
= k=2 = < k=2 = <1-4.
z2— > a2k 11— ag|zF?
k=2 k=2
Thus Y 72, 1 )ak|z| <1
Since f(z) € N¥'(a, B), the last inequality holds, if:
D
k—1
z < |l
# [(k—m(l—/s)]
where

D= (1-8)%1(ka(1+alk.g] - aB) + 5(1 - ).

In the last theorem, we investigate the weighted mean concept.

Theorem 6. If f and g belong to Ni'(a, B), then the weighted mean of f
and g is also in the some class.

Proof. We have to prove that hi(z) = [(l_t)f(z);(lﬂ)g(z)} is in the class
N (o, B).
Since f(2) =z — > peqarz® and g(z) = Y 52 ,bx2*, so:

o0

(I —t)ar + (1 + )bk 4
hi(z) =z — Z { 5 }z
k=2
To prove hy(z) € N¥(a, B), by (15) we need to show that:

ad E
2 ai—p <!

k=2

where

E = \Ijk—l([k7Q](1 + Oé[k, Q] - a/B) + 5(1 - Oé))
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< [(1 = Bag + (1 — £)by.

For this, we have:

= E
F = Z A
(1 - t) i ‘Ilkfl[kvq](l + a[k>Q] - Oéﬂ) + /3(1 - Oé)
2 1-3
k=2
(1+1) = Wy [k, q](l + alk,q] — aﬂ) +4(1 — )
+ > T3 b
k=2
and by (15), we have:
(1—-¢t) (141
F = 1.
< 2 + 2
Hence the result follows. O
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