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Abstract: We study the composition of F.R. Cohen’s map Pn 7→ P2n with
the Perron and Vannier representation, where Pn is the pure braid group on
n strings. We prove that the obtained representation of Pn has one of its
composition factors the inverse of the Gassner representation of the pure braid
group.
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1. Introduction

The pure braid group, Pn, is a normal subgroup of the braid group, Bn, on n

strings. One of the most important representations of Pn is the Gassner rep-
resentation which comes from embedding Pn 7→ Aut(Fn), by means of Magnus
representation [6]. Here Fn is the free group with n generators. Another type
of representations, introduced by H. A. Haidar and M. N. Abdulrahim, is a
representation of the pure braid group on three strands P3 7→ GL6(C). This
representation turned out to be a direct sum of irreducible subrepresentations
(see [3]). We also have a representation introduced by F.R. Cohen, the map
Bn 7→ Bnk, which is defined on geometric braids by replacing each string with
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k strings. It was proven in [1] that by composing Cohen’s map Bn 7→ B2n

with the representation introduced by M. Wada [7], we obtain a representation
whose one of the composition factors is isomorphic to the Burau representa-
tion. A similar work was done on the pure braid group. In [2], it was proven
that composing Cohen’s map Pn 7→ Pnk with the Gassner representation gives
us a linear representation of Pn whose composition factors are one copy of the
Gassner representation of Pn and k − 1 copies of a diagonal representation,
hence a direct sum of one-dimensional representations.

There are several faithful representations of braids as automorphisms of
free groups. The most popular among them is the Artin representation Bn 7→
Aut(Fn), and similarly the extended Artin representation Bn 7→ Aut(Fn+1).
We also have the Jones-Wenzl representation of the braid group (see [4]). An-
other one is the Perron and Vannier representation Bn 7→ Aut(Fn−1), and its
extensions in Aut(Fn) and Aut(Fn+1), [5]. It was proven that the extended Per-
ron and Vannier representation in Aut(Fn+1) is not equivalent to the extended
Artin representation. On the other hand, the extended Perron and Vannier
representation in Aut(Fn) is shown to be a Wada representation (see [5]).

We consider, in Section 3 of our work, Cohen’s map Pn 7→ P2n and compose
it with the extended Perron and Vannier representation in Aut(Fn). We show
that the obtained linear representation has a composition factor isomorphic to
the inverse of Gassner representation (Theorem 1).

2. Preliminaries

The braid group on n strings, Bn, is the abstract group with generators σ1, ..., σn
and a presentation as follows:

σiσi+1σi = σi+1σiσi+1, i = 1, 2, ..., n − 2,

σiσj = σjσi, |i− j| > 2.

The pure braid group, Pn, is defined as the kernel of the homomorphism Bn 7→
Sn defined by σi 7→ (i i + 1), 1 ≤ i ≤ n − 1, where Sn is the symmetric group
of n elements. It admits a presentation with generators:

Aij = σj−1σj−2...σi+1σ
2
i σ

−1
i+1...σ

−1
j−2σ

−1
j−1, 1 ≤ i < j ≤ n.

Definition 1. The Gassner representation γn : Pn 7→ Aut(Fn), where Fn
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is the free group generated by < x1, . . . , xn >, is defined by

γn(Aij) =















xr 7→ xr, r < i or r > j,

xi 7→ xixjxix
−1
j x−1

i ,

xj 7→ xixjx
−1
i ,

xr 7→ (xixjx
−1
i x−1

j )xr(xixjx
−1
i x−1

j )−1, i < r < j.

Lemma 1. The image of Aij, under the inverse of Gassner representation,
is given by

γ−1
n (Aij) =















xr 7→ xr, r < i or r > j,

xi 7→ x−1
j xixj ,

xj 7→ x−1
j x−1

i xjxixj,

xr 7→ (x−1
j x−1

i xjxi)xr(x
−1
j x−1

i xjxi)
−1, i < r < j.

We now introduce the extension of the representation given by Perron and
Vannier [5]. For simplicity, we call the representation Perron-Vannier represen-
tation.

Definition 2. ([5]) The Perron-Vannier representation is defined as fol-
lows:

Pcp(1) : Bn 7→ Aut(Fn)

σ1 7→ Pcp(1)(σ1) =







y1 7→ y1,

y2 7→ y1
−1y2,

yj 7→ yj, j > 2,

and for i = 2, 3, . . . , n − 1

σi 7→ Pcp(1)(σi) =







yi−1 7→ yi−1yi,

yi+1 7→ yi
−1yi+1,

yj 7→ yj, j 6= i− 1, i + 1,

where Fn =< y1, . . . , yn >.

We now introduce the fox derivatives as follows.

Definition 3. Let Fn be a free group of rank n with free basis z1, ..., zn.
We define for j = 1, 2, ..., n the free derivatives on the group Z[Fn] by

(i) ∂zi
∂zj

= δij ,
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(ii)
∂z−1

i

∂zj
= −δijz

−1
i ,

(iii) ∂
∂zj

(uv) = ∂u
∂zj

ǫ(v) + u ∂v
∂zj

, u, v ∈ Z[Fn].

Note that ǫ(v) = 1 if v ∈ Fn. Here δij is the Kronecker symbol.

3. Cohen representation

Definition 4. The Cohen representation is the map Bn 7→ Bnk defined as
follows:

σi 7→ 1× σi

= (σkiσki+1...σki+k−1)(σki−1σki...σki+k−2)(σki−k+1σki−k+2...σki).

Here 1× σi is the braid obtained by replacing each string of the geometric
braid, σi, with k parallel strings. Cohen called 1 × σi a tensor product. For
simplicity, we replace 1× σi by τi.

Here, we take the special case k = 2. Our objective is to construct a linear
representation of Pn of degree 2n in the following way: Consider the following
map: Pn 7→ P2n 7→ GL2n(Z[t

±1]), where the first map is the restriction of
the Cohen representation to Pn and the second one is the restriction of the
Perron-Vannier representation to P2n. Next, we find a set of generators of the
group F2n. We determine the action of the automorphism corresponding to
τi on this basis of F2n. Then we find the image of Aij under the Cohen map
and determine the action on the basis of F2n. After applying free differential
calculus to this element of Aut(F2n), we get a linear representation of degree
2n. Given the generators of Fn, namely x1, ..., xn, we choose a certain basis of
elements zi, each of which is a word in these xi’s. More precisely, we have, for
1 ≤ i ≤ n

zi = y2i−1

and
zn+i = y2i−1.y2i...y2n.

Here,

yi = xix
−1
i+1, 1 ≤ i ≤ 2n− 1

and
y2n = x2n.
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Proposition 1. For 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ 2n, the action of τi on the
generators {zj} of F2n, under the Perron-Vannier representation, is given by

(i) zi 7→ zi+1,
(ii) zi+1 7→ z−1

i+1zizi+1,
(iii) zn+i 7→ zn+i+1,
(iv) zn+i+1 7→ z−1

i+1zn+iz
−1
n+i+1z

−1
i+1zn+i+1,

(v) zj 7→ zj for all j 6= i, i+ 1, n + i, n+ i+ 1.

Proof. The action of σ′
is on the generators yi’s is given by Perron-Vannier

(see Definition 2).

(i) We have that τi = σ2iσ2i+1σ2i−1σ2i. So
τi(zi) = σ2iσ2i+1σ2i−1σ2i(y2i−1)

= σ2iσ2i+1σ2i−1(y2i−1y2i)
= σ2iσ2i+1(y2i−1y

−1
2i−1y2i)

= σ2i(y2iy2i+1)
= y2iy

−1
2i y2i+1

= y2i+1

= zi+1.

(ii) τi(zi+1) = σ2iσ2i+1σ2i−1σ2i(y2i+1)
= σ2iσ2i+1σ2i−1(y

−1
2i y2i+1)

= σ2iσ2i+1(y
−1
2i y2i−1y2i+1)

= σ2i(y
−1
2i+1y

−1
2i y2i−1y2i+1)

= y−1
2i+1y2iy

−1
2i y2i−1y2iy

−1
2i y2i+1

= y−1
2i+1y2i−1y2i+1

= z−1
i+1zizi+1.

(iii) τi(zn+i) = σ2iσ2i+1σ2i−1σ2i(y2i−1y2iy2i+1...y2n)
= σ2iσ2i+1σ2i−1(y2i−1y2iy2iy

−1
2i y2i+1...y2n)

= σ2iσ2i+1(y2i−1y
−1
2i−1y2iy2i+1y2i+2...y2n)

= σ2i(y2iy2i+1y2i+1y
−1
2i+1y2i+2...y2n)

= y2iy
−1
2i y2i+1...y2n

= y2i+1...y2n
= zn+i+1.

(iv) τi(zn+i+1) = σ2iσ2i+1σ2i−1σ2i(y2i+1y2i+2...y2n)
= σ2iσ2i+1σ2i−1(y

−1
2i y2i+1...y2n)

= σ2iσ2i+1(y
−1
2i y2i−1y2i+1y2i+2...y2n)



130 M.N. Nasser, M.N. Abdulrahim

= σ2i(y
−1
2i+1y

−1
2i y2i−1y2i+1y

−1
2i+1y2i+2...y2n)

= y−1
2i+1y2iy

−1
2i y2i−1y2iy2i+2...y2n

= y−1
2i+1y2i−1y2iy2i+2...y2n

= z−1
i+1zn+iz

−1
n+i+1z

−1
i+1zn+i+1.

(v) if 1 ≤ j ≤ n with j 6= i, i + 1, then 2j − 1 ≤ 2i − 3 or 2j − 1 ≥ 2i + 3
and in both cases zj is fixed under the action of τi.
if n + 1 ≤ j ≤ 2n with j 6= n+ i, n + i+ 1, then j = n + s for some 1 ≤ s ≤ n

with s 6= i, i+1, and we can see that 2s− 1 is not 2i− 1, 2i, 2i+1, 2i+2 which
implies that zn+s 7→ zn+s under τi.

We can see that for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ 2n, the action of τ−1
i on the

generators {zj} of F2n is given by

(i) zi 7→ zizi+1z
−1
i ,

(ii) zi+1 7→ zi,
(iii) zn+i 7→ zizn+i+1z

−1
n+izizn+i,

(iv) zn+i+1 7→ zn+i,
(v) zj 7→ zj for all j 6= i, i+ 1, n + i, n+ i+ 1.

Lemma 2. The image of Aij under Cohen’s map acts on the generators
{zs} as follows:

(i) zi 7→ z−1
j zizj,

(ii) zj 7→ z−1
j z−1

i zjzizj,
(iii) zr 7→ zr if r < i or r > j,
(iv) zr 7→ (z−1

j z−1
i zjzi)zr(z

−1
j z−1

i zjzi)
−1 if i < r < j,

(v) zn+i 7→ z−1
j zn+iz

−1
n+jz

−1
j zn+j,

(vi) zn+j 7→ z−1
n+jzjzn+jz

−1
n+izj,

(vii) zn+r 7→ zn+r if r < i or r > j,
(viii) zn+r 7→ (z−1

j z−1
i zjzi)zn+r(z

−1
n+izizn+i)(z

−1
n+jzjzn+j)

(z−1
n+izizn+i)

−1(z−1
n+jzjzn+j)

−1 if i < r < j.

Proof. We consider the image of the generators of the pure braid group
under Cohen’s map and still call it Aij ,

Aij = τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2τ

−1
j−1, 1 ≤ i ≤ j ≤ n.

That is, we need to consider Aij as right automorphisms acting on the genera-
tors of F2n from the right.
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(i) Aij(zi) = τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2τ

−1
j−1(zi)

= τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2(zi)

...

= τj−1τj−2...τi+1τ
2
i (zi)

= τj−1τj−2...τi+1τi(zi+1)

= τj−1τj−2...τi+1(z
−1
i+1zizi+1)

...

= τj−1(z
−1
j−1zizj−1)

= z−1
j zizj.

(ii) Aij(zj) = τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2τ

−1
j−1(zj)

= τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2(zj−1)

...

= τj−1τj−2...τi+1τ
2
i (zi+1)

= τj−1τj−2...τi+1τi(z
−1
i+1zizi+1)

= τj−1τj−2...τi+1(z
−1
i+1z

−1
i zi+1zi+1z

−1
i+1zizi+1)

= τj−1τj−2...τi+2(z
−1
i+2z

−1
i zi+2zizi+2)

...

= τj−1(z
−1
j−1z

−1
i zj−1zizj−1)

= z−1
j z−1

i zjzizj.

(iii) Suppose r < i or r > j. Then τs fixes zr for all i ≤ s ≤ j − 1 and
therefore, Aij fixes zr.

(iv) Suppose i < r < j. Then,

Aij(zr) = τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1τ

−1
r τ−1

r+1...τ
−1
j−2τ

−1
j−1(zr)

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1τ

−1
r τ−1

r+1...τ
−1
j−2(zr)

...

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1τ

−1
r (zr)

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1(zrzr+1z

−1
r )

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−2(zr−1zr+1z

−1
r−1)

...

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i (zi+1zr+1z

−1
i+1)

= τj−1τj−2...τr+1τrτr−1...τi+1τi(z
−1
i+1zizi+1zr+1z

−1
i+1z

−1
i zi+1)
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= τj−1τj−2...τr+1τrτr−1...τi+1(z
−1
i+1z

−1
i zi+1zi+1z

−1
i+1zizi+1zr+1z

−1
i+1

z−1
i zi+1z

−1
i+1z

−1
i+1zizi+1)

= τj−1τj−2...τr+1τrτr−1...τi+2(z
−1
i+2z

−1
i zi+2zizi+2zr+1z

−1
i+2z

−1
i z−1

i+2

zizi+2)
...

= τj−1τj−2...τr+1τrτr−1(z
−1
r−1z

−1
i zr−1zizr−1zr+1z

−1
r−1z

−1
i

z−1
r−1zizr−1)

= τj−1τj−2...τr+1τr(z
−1
r z−1

i zrzizrzr+1z
−1
r z−1

i z−1
r zizr)

= τj−1τj−2...τr+1(z
−1
r+1z

−1
i zr+1zizr+1z

−1
r+1zrzr+1z

−1
r+1z

−1
i

z−1
r+1zizr+1)

= τj−1τj−2...τr+2(z
−1
r+2z

−1
i zr+2zizrz

−1
i z−1

r+2zizr+2)
...

= τj−1τj−2(z
−1
j−2z

−1
i zj−2zizrz

−1
i z−1

j−2zizj−2)

= τj−1(z
−1
j−1z

−1
i zj−1zizrz

−1
i z−1

j−1zizj−1)

= z−1
j z−1

i zjzizrz
−1
i z−1

j zizj .

(v) Aij(zn+i) = τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2τ

−1
j−1(zn+i)

= τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2(zn+i)

...

= τj−1τj−2...τi+1τ
2
i τ

−1
i+1(zn+i)

= τj−1τj−2...τi+1τ
2
i (zn+i)

= τj−1τj−2...τi+1τi(zn+i+1)

= τj−1τj−2...τi+1(z
−1
i+1zn+iz

−1
n+i+1z

−1
i+1zn+i+1)

= τj−1τj−2...τi+2(z
−1
i+2zn+iz

−1
n+i+2z

−1
i+2zn+i+2)

...

= τj−1(z
−1
j−1zn+iz

−1
n+j−1z

−1
j−1zn+j−1)

= z−1
j zn+iz

−1
n+jz

−1
j zn+j .

(vi) Aij(zn+j) = τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2τ

−1
j−1(zn+j)

= τj−1τj−2...τi+1τ
2
i τ

−1
i+1...τ

−1
j−2(zn+j−1)

...

= τj−1τj−2...τi+1τ
2
i (zn+i)

= τj−1τj−2...τi+1τi(zn+i+1)

= τj−1τj−2...τi+1(z
−1
n+i+1zi+1zn+i+1z

−1
n+izi+1)

= τj−1τj−2...τi+2(z
−1
n+i+2zi+2zn+i+2z

−1
n+izi+2)
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...
= τj−1(z

−1
n+j−1zj−1zn+j−1z

−1
n+izj−1)

= z−1
n+jzjzn+jz

−1
n+izj .

(vii) Suppose r < i or r > j. Then τs fixes zn+r for all i ≤ s ≤ j − 1 and
therefore, Aij fixes zn+r.

(viii) Aij(zn+r) = τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1τ

−1
r τ−1

r+1

...τ−1
j−2τ

−1
j−1(zn+r)

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...τ

−1
r−1τ

−1
r τ−1

r+1

...τ−1
j−2(zn+r)

...
= τj−1τj−2...τr+1τrτr−1...τi+1τ

2
i τ

−1
i+1...τ

−1
r−1

τ−1
r (zn+r)
= τj−1τj−2...τr+1τrτr−1...τi+1τ

2
i τ

−1
i+1...

τ−1
r−1(zrzn+r+1z

−1
n+rzrzn+r)

= τj−1τj−2...τr+1τrτr−1...τi+1τ
2
i τ

−1
i+1...

τ−1
r−2(zr−1zn+r+1z

−1
n+r−1zr−1zn+r−1)

...
= τj−1τj−2...τr+1τrτr−1...τi+1

τ2i (zi+1zn+r+1z
−1
n+i+1zi+1zn+i+1)

= τj−1τj−2...τr+1τrτr−1...τi+1

τi(z
−1
i+1zizi+1zn+r+1z

−1
n+i+1zi+1zn+i+1z

−1
n+izi+1z

−1
i+1

zizi+1z
−1
i+1zn+iz

−1
n+i+1z

−1
i+1zn+i+1)

= τj−1τj−2...τr+1τrτr−1...τi+1(z
−1
i+1z

−1
i zi+1

zi+1z
−1
i+1zizi+1zn+r+1z

−1
n+i+1zi+1zn+i+1z

−1
n+i

zi+1z
−1
i+1zizi+1z

−1
i+1zn+iz

−1
n+i+1z

−1
i+1zn+i+1z

−1
n+i+1

zi+1zn+i+1z
−1
n+i+1zi+1zn+i+1z

−1
n+izi+1z

−1
i+1z

−1
i

zi+1z
−1
i+1zn+iz

−1
n+i+1z

−1
i+1zn+i+1)

= τj−1τj−2...τr+1τrτr−1...τi+2(z
−1
i+2z

−1
i zi+2zi

zi+2zn+r+1z
−1
n+i+2zi+2zn+i+2z

−1
n+izizn+iz

−1
n+i+2

zi+2zn+i+2z
−1
n+iz

−1
i zn+iz

−1
n+i+2z

−1
i+2zn+i+2)

...

= τj−1τj−2...τr+1τr(z
−1
r z−1

i zrzizrzn+r+1z
−1
n+r

zrzn+rz
−1
n+izizn+iz

−1
n+rzrzn+rz

−1
n+iz

−1
i zn+iz

−1
n+r

z−1
r zn+r)
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= τj−1τj−2...τr+1(z
−1
r+1z

−1
i zr+1zizr+1z

−1
r+1zn+r

z−1
n+r+1z

−1
r+1zn+r+1z

−1
n+r+1zr+1zn+r+1z

−1
n+izizn+i

z−1
n+r+1zr+1zn+r+1z

−1
n+iz

−1
i zn+iz

−1
n+r+1z

−1
r+1zn+r+1)

...
= τj−1(z

−1
j−1z

−1
i zj−1zizn+rz

−1
n+izizn+iz

−1
n+j−1zj−1

zn+j−1z
−1
n+iz

−1
i zn+iz

−1
n+j−1z

−1
j−1zn+j−1)

= z−1
j z−1

i zjzizn+rz
−1
n+izizn+iz

−1
n+jzjzn+jz

−1
n+iz

−1
i zn+i

z−1
n+jz

−1
j zn+j .

To find the linear representation obtained by composing the Cohen map
Pn 7→ P2n with the Perron-Vannier representation, we let Ψ be a homomorphism
from F2n to C

∗ defined by Ψ(zs) = ts for 1 ≤ s ≤ 2n. Let Ds = Ψ ∂
∂zs

. We now
determine the Jacobian matrix of the image of the generator Aij under Cohen’s
map,

J(Aij) =







D1(Aij(z1)) . . . D2n(Aij(z1))
...

...
D1(Aij(z2n)) . . . D2n(Aij(z2n))






.

The construction used here is the Magnus representation of P2n. Let us prove
our main theorem.

Theorem 1. The linear representation obtained by composing the Cohen
map Pn 7→ P2n with the the Perron-Vannier representation, namely Pn 7→
GL2n(Z[t

±1
1 , . . . , t±1

2n ]), has a subrepresentation isomorphic to the inverse of
Gassner representation. That is, the image of Aij is

(

γ−1
n (ts)(Aij) 0

Cn Hn

)

, where

Cn is the n× n matrix given by

Cn =





























0i−1 0 0

0

0 0 . . . . . . 0 −t−1
j − t−2

j tn+it
−1
n+j

mi+1 0 0 . . . 0 ni+1

mi+2 0
. . .

... ni+2
...

...
. . .

...
mj−1 0 . . . 0 0 nj−1

0 0 . . . . . . 0 t−1
n+j + tjt

−1
n+i

0

0 0 0n−j





























,
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and Hn is the n× n matrix given by

Hn =





























Ii−1 0 0

0

t−1
j 0 . . . . . . 0 −t−1

j tn+it
−1
n+j + t−2

j tn+it
−1
n+j

pi+1 1 0 . . . 0 qi+1

pi+2 0
. . .

... qi+2
...

...
. . .

...
pj−1 0 . . . 0 1 qj−1

−t−1
n+itj 0 . . . . . . 0 −t−1

n+j + t−1
n+jtj

0

0 0 In−j





























.

For i < r < j, the entries of the matrices Cn and Hn are given by

mr = −t−1
j t−1

i + t−1
i + tn+rt

−1
n+i − tjtn+rt

−1
n+i,

nr = −t−1
j + t−1

j t−1
i + titn+rt

−1
n+j − tn+rt

−1
n+j,

pr = tn+rt
−1
n+i(−1 + ti + tj − titj),

qr = tn+rt
−1
n+j(1− ti − tj + titj).

Proof. It is easy to see that the action of Aij on the elements of the basis
{z1, ..., zn} coincides with the inverse of the Gassner representation of degree n

(see Lemma 1 and (i),(ii),(iii), and (iv) in Lemma 2).
Now,
Dn+s(Aij)(zr) = 0, 1 ≤ r ≤ n, 1 ≤ s ≤ n.

For Cn:
Di(Aij)(zn+i) = 0.
Dj(Aij)(zn+i) = −t−1

j − t−2
j tn+it

−1
n+j.

Di(Aij)(zn+j) = 0.
Dj(Aij)(zn+j) = t−1

n+j + tjt
−1
n+i.

Di(Aij)(zn+r) = −t−1
j t−1

i + t−1
i + tn+rt

−1
n+i − tjtn+rt

−1
n+i, i < r < j.

Dj(Aij)(zn+r) = −t−1
j + t−1

j t−1
i + titn+rt

−1
n+j − tn+rt

−1
n+j, i < r < j.

Ds(Aij)(zn+r) = 0, r < i or r > j and 1 ≤ s ≤ n.
Ds(Aij)(zn+r) = 0, s 6= i, j and i ≤ r ≤ j.

For Hn:
Dn+i(Aij)(zn+i) = t−1

j .

Dn+j(Aij)(zn+i) = −t−1
j tn+it

−1
n+j + t−2

j tn+it
−1
n+j.
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Dn+i(Aij)(zn+j) = −t−1
n+itj.

Dn+j(Aij)(zn+j) = −t−1
n+j + t−1

n+jtj.

Dn+i(Aij)(zn+r) = tn+rt
−1
n+i(−1 + ti + tj − titj), i < r < j.

Dn+j(Aij)(zn+r) = tn+rt
−1
n+j(1− ti − tj + titj), i < r < j.

Dn+r(Aij)(zn+r) = 1, r < i or r > j.
Dn+r(Aij)(zn+r) = 1, i < r < j.
Dn+s(Aij)(zn+r) = 0 in case s 6= i, j, r 6= i, j, and s 6= r.
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