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Abstract: The fractional q-calculus is the q-extension of the ordinary frac-
tional calculus. In the second half of the twentieth century there was a signifi-
cant increase of activity in the area of the q-calculus due to its applications in
mathematics and physics. Particularly, the operators of fractional calculus and
their q-analogues have many applications. They can be used in crack problems
in elasticity, in chaos theory, control systems, signal processing, bio-medical
engineering, radars, sonars, etc. The aim of this paper is to define a new frac-
tional q-integral operator of Kober type using the basic analogue of Fox-Wright
function as kernel, and to establish a composition formula for a particular type
of these operators. Also, some particular cases are obtained.
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1. Introduction

The fractional calculus treats the calculus of integrals and derivatives of any
arbitrary real or complex order. It is almost as old as calculus itself [31], and
it has received much attention due to its ability to model many natural phe-
nomena [24, 30], and to solve a lot of problems in sciences, such as physics,
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electromagnetics, acoustics, viscoelasticity, electrochemistry and material sci-
ence [32]. Further, for mathematics itself it provides new possibilities such as
it is showed in [12, 23, 53].

The fractional q-calculus is the q-extension of the ordinary fractional calcu-
lus. The first formulae in what we now call q-calculus were obtained by Euler in
the eighteenth century. Many remarkable results (like Jacobi’s triple product
identity and the theory of q-hypergeometric functions) were obtained in the
nineteenth century. In 1910, Jackson [26] introduced the notion of the definite
q-integral, and he also was the first to develop q-calculus in a systematic way.
In the second half of the twentieth century there was a significant increase of
activity in the area of the q-calculus due to its applications in mathematics and
physics, [22]. The treatment of the fractional calculus from the point of view of
q-calculus can open new perspectives, [5]. Particularly, the q-analysis has found
many applications in the theory of partitions, combinatorics, exactly solvable
models in statistical mechanics, computer algebra, geometric functions theory,
optimal control problems, q-difference and q-integral equations [3, 4, 21, 27, 29].

The operators of fractional calculus and their q−analogues have many ap-
plications, for example, they can be used to solve dual integral equations which
arise in crack problems in elasticity [45]. They find applications also in chaos
theory [50, 53, 54], control systems, signal processing, bio-medical engineering,
radars, sonars, etc. [9, 48, 49]. By applying the fractional q-integral operators,
many researchers have obtained a lot of fractional q−integral inequalities and
applications [6, 7, 8, 10, 18, 34, 35, 43].

Rajkovic et al. [38] consider that the fractional calculus is a very suitable
tool in describing and solving a lot of problems in sciences, such as physics,
electromagnetics, acoustics, viscoelasticity, electrochemistry and material sci-
ence (see, for example [32]). Of course, for mathematics itself it provides new
possibilities such as it is emphasized in [12, 23, 53]. Their treatment from the
point of view of q-calculus can open new perspectives (for example, see [5]).
Another important property of fractional integrals is that certain multiples of
them map some orthogonal polynomials to orthogonal polynomials, [25].

In this paper a new fractional q-integral operator of Kober type using the
basic analogue of Fox-Wright function as kernel is defined, and a composition
formula for a particular type of this operators is given. Also, some particular
cases are obtained.
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2. Some operators on fractional and q-fractional calculus

The concept of differ-integral of complex order α, which is a generalization of
the ordinary n-th derivative and n times integral to any complex number, can
be introduced in several ways. The most widely used definition of an integral
of fractional order is via an integral transform, called the Riemann-Liouville
operator of fractional integration, [39]:

aI
α
x f (x) =

1

Γ (α)

∫ x

a

(x− t)α−1 f (t) dt, Re (α) > 0,

aD
α
xf (x) =

dn

dxn
aI

n−α
x f (x) , Re (α) > 0, n = [Re (α)] + 1. (1)

Many authors [1, 2, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 28, 33, 37, 38, 40, 41,
42, 51, 52] have defined and studied operators of fractional integration through
an integral transform.

2.1. Erdélyi-Kober operator of fractional integration

This operator of fractional order α (Re (α) > 0), is introduced first by Kober
and Erdélyi, and further developed by Sneddon [45] in the form

Iη,αf (x) =
x−(α+η)

Γ (α)

∫ x

0
(x− t)α−1 tηf (t) dt

= x−(α+η) d
n

dxn
xη+α+nIη,α+nf (x) , for Re(α) < 0, n > −Re(α), (2)

and has found very wide applications. See also Kiryakova [28].

2.2. Basic analogues of the Riemann-Liouville fractional integral

operator

Agarwal [1] defined a basic analogue of the Riemann-Liouville fractional integral
operator in the following form:

Iαq f (x) =
1

Γq (α)

∫ x

0
(x− tq)α−1 f (t) dqt, Re (α) > 0, (3)

where α is an arbitrary order of integration, and

(x− y)v ≡ xv
(y

x
; q
)

v
= xv

∞
∏

k=0

[

1−
(

y
x

)

qk

1−
(

y
x

)

qk+v

]

. (4)
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In 2012 Sulaiman [47] presented the following basic analogue of the Riemann-
Liouville fractional integral operator:

Jα
q f (x) =

1

Γq (α)

∫ t

0
(t− x)(α−1) f (x) dqt, Re (α) > 0, (5)

where

(t− x)(n) =







(t− x)(t− qx) . . . (t− qn−1x), if n ∈ Z
+

tn
∞
∏

k=0

[

1−(x
t )q

k

1−( x
t )qk+n

]

, if n /∈ Z
+.

(6)

2.3. Basic analogue of Kober fractional q-integral operator

A basic analogue of the Kober fractional q-integral operator has been defined
by Agarwal [1] in the following form:

Iη,αq f (x) =
x−(η+α)

Γq (α)

∫ x

0
tη (x− tq)α−1 f (t) dqt, (7)

provided η, α ∈ C, Re (α) > 0, |q| < 1.

2.4. The operator Lq {·}

This operator was introduced in 2008 by Delgado and Galué [11] as follows:

Lq{l, b1, b2, ..., br , γ,m1,m2, ...,mr; f (x)} =
x−γ−1

Γq (l + 1)

×

x
∫

0

tγ r+1φr

[

q−l, qm1+b1 , ..., qmr+br

qb1 , ..., qbr
; q, q

t

x

]

f (t) dqt, (8)

l, m1,m2, ...,mr ∈ N0, γ ∈ C, b1, b2, ..., br 6= 0,−1,−2, ...,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.

2.5. The operator Ln
q (·)

In 2010 Galué [15] considered an q-fractional integral operator involving the
basic analogue of the generalized hypergeometric function in the following form:

Ln
q {M, b1, b2, ..., br, γ,m1,m2, ...,mr; f (x)}
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=
x−γ−1

Γq (M + 1)

x
∫

0

tγ r+1φr

[

q−M , qb1+m1 , ..., qbr+mr

qb1 , ..., qbr
; q, qn

t

x

]

f (t) dqt, (9)

M, m1,m2, ...,mr ∈ N0, n ∈ N, γ ∈ C,

b1, b2, ..., br 6= 0,−1,−2, ...,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1,

with a representation in series given by

Ln
q {M, b1, b2, ..., br , ρ,m1,m2, ...,mr; f (x)} =

(1−q)

Γq (M+1)

∞
∑

k=0

t(ρ+1)k
r+1φr

[

q−M , qb1+m1 , ..., qbr+mr

qb1 , ..., qbr
; q, qn+k

]

f
(

xqk
)

, (10)

M, m1, ...,mr ∈ N0, n ∈ N, ρ ∈ C, b1, b2, ..., br 6= 0,−1,−2, . . . .

3. Preliminaries

In this section we present some definitions, q-analogues of functions and known
results needed in this paper.

Definition 1. If q ∈ R is fixed, a subset A of C is called q-geometric if
qz ∈ A whenever z ∈ A, [4].

Definition 2. A function f which is defined on a q-geometric set A, 0 ∈ A,
is said to be q-regular at zero if lim

n→∞
f(zqn) = f(0) for all z ∈ A, [4].

Definition 3. A function f defined on [0, a] is called q-absolutely continu-
ous, that is f ∈ ACq[0, a], if f is q-regular at zero, and there exists K > 0 such

that
∞
∑

j=0

∣

∣f
(

tqj
)

− f
(

tqj+1
)∣

∣ ≤ K for all t ∈ [qa, a], [4].

3.1. q-Functions

In this section some necessary preliminaries on the q-functions are presented.
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3.1.1. Basic analogue of the q-shifted factorial.

For real or complex a and 0 < |q| < 1, the q-factorial is defined as, [44]:

(a; q)n ≡ (qa; q)n =

{

1, n = 0

(1−qa)
(

1−qa+1
)

...
(

1−qa+n−1
)

, n = 1, 2, ....
(11)

Also, [21],

(a; q)∞ = lim
x→∞

(a; q)n =

∞
∏

k=0

(

1− aqk
)

, (12)

which converges for |q| < 1 and diverges for a 6= 0 and |q| ≥ 1, and for any
complex number α,

(a; q)α =
(a; q)∞

(aqα; q)∞
. (13)

3.1.2. Basic analogue of the gamma function.

In [21], the basic analogue of the gamma function is defined in the following
form:

Γq (x)=
(q; q)∞
(qx; q)∞

(1−q)1−x=
(q; q)x−1

(1−q)x−1 , 0 < q < 1, x 6= 0,−1,−2, .... (14)

3.1.3. Basic hypergeometric series.

This series was introduced by Heine [21], and is defined as follows:

2φ1 (a, b; c; q, z) =

∞
∑

n=0

(a; q)n (b; q)n
(q; q)n (c; q)n

zn, (15)

where it is assumed that c 6= q−m for m = 0, 1, ..., and (a; q)n is the q-shifted
factorial defined in (11).

3.1.4. Generalized basic hypergeometric series.

A generalization of the basic hypergeometric series 2φ1, is given by [21]:

rφs (a1, a2, ..., ar ; b1, b2, ..., bs; q, z)

=

∞
∑

n=0

(a1; q)n (a2; q)n · · · (ar; q)n
(q; q)n (b1; q)n · · · (bs; q)n

[

(−1)n q(
n

2)
]1+s−r

zn, (16)
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where b1, ..., bs 6= q−m for m = 0, 1, ...;
(

n
2

)

=n (n− 1) /2; q 6= 0 when r >
s + 1 and lim

q→1−
rφs = rFs. The rφs-series terminates if one of its numerator

parameters is of the form q−m withm = 0, 1, 2, . . . , and q 6= 0, since (q−m; q)n =
0 for n = m+ 1,m+ 2, . . . .

3.1.5. Basic analogue of the Fox-Wright function.

Recently, Annaby and Mansour [4] introduced the following basic analogue of
the Fox-Wright function:

rψs

[

(α1, A1) , ..., (αr, Ar)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

=

∞
∑

k=0

∏r
i=1 Γq (αi +Aik)

∏s
j=1 Γq (βj +Bjk)

×
[

q(
k

2)
]

∑s
j=1

Bj−
∑r

i=1
Ai+1 zk

Γq (k + 1)
, (17)

where Γq(x) is the basic analogue of the gamma function as defined in (14).

In this paper we consider (17) with the following conditions: Ai, Bj ∈
R
+, Re (αi) > 0, Re (βj) > 0, i = 1, . . . , r, j = 1, . . . , s,

∑s
j=1Bj −

∑r
i=1Ai+

1 ≥ 0, 0 < q < 1, |z| < 1.

Using (14) and (13) in (17), we can write

rψs

[

(α1, A1) , ..., (αr, Ar)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

=

∏r
i=1 Γq (αi)

∏s
j=1 Γq (βj)

×

∞
∑

k=0

∏r
i=1 (q

αi ; q)Aik

(q; q)k
∏s

j=1

(

qβj ; q
)

Bjk

[

(1− q)k q(
k

2)
]

∑s
j=1

Bj−
∑r

i=1
Ai+1

zk, (18)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, . . . , r, j = 1, . . . , s,

∑s

j=1
Bj −

∑r

i=1
Ai + 1 ≥ 0, 0 < q < 1, |z| < 1.

The normalized form of (18) is given by

rψ
∗
s

[

(α1, A1) , ..., (αr, Ar)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

=

∞
∑

k=0

∏r
i=1 (q

αi ; q)Aik

(q; q)k
∏s

j=1

(

qβj ; q
)

Bjk

×
[

(1− q)k q(
k

2)
]

∑s
j=1

Bj−
∑r

i=1
Ai+1

zk, (19)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, . . . , r, j = 1, . . . , s,
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∑s

j=1
Bj −

∑r

i=1
Ai + 1 ≥ 0, |z| < 1.

Particular Cases:

Case 1: In (17) taking q → 1−, we have as particular case the hypergeo-
metric function of Fox-Wright (see for example, [46]).

Case 2: Taking Ar = 1 and αr = −M, M ∈ N0, in (19), we have

rψ
∗
s

[

(α1, A1) , ..., (αr−1, Ar−1) , (−M, 1)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

=

∞
∑

k=0

(

q−M ; q
)

k

∏r−1
i=1 (q

αi ; q)Aik

(q; q)k
∏s

j=1

(

qβj ; q
)

Bjk

[

(1−q)k q(
k

2)
]

∑s
j=1

Bj−
∑r−1

i=1
Ai

zk, (20)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, . . . , r − 1, j = 1, . . . , s,

M ∈ N0,
∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, 0 < q < 1, |z| < 1.

Case 3: For r = s + 1 in (20) we obtain i = j and then for Aj = Bj = 1
results

s+1ψ
∗
s

[

(α1, 1) , ..., (αs, 1) , (−M, 1)
(β1, 1) , ..., (βs, 1)

∣

∣

∣

∣

q, z

]

=
M
∑

k=0

(

q−M ; q
)

k

(q; q)k

∏s
j=1 (q

αj ; q)k
∏s

j=1

(

qβj ; q
)

k

zk

= s+1φs

(

q−M , qα1 , . . . , qαs , qβ1 , . . . , qβs ; q, z
)

, (21)

αj ∈ C, Re (βj) 6= 0,−1,−2, ...; j = 1, ..., s, M ∈N0, 0 < q < 1, |z| < 1.

The next theorem establishes the absolute convergence of the basic analogue
of the Fox-Wright function, as we hope to be a new result.

Theorem 4. Let be Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i =

1, . . . , r, j = 1, . . . , s, z ∈ C and 0 < q < 1.

i) If
∑s

j=1Bj −
∑r

i=1Ai + 1 > 0, the series

rψs

[

(α1, A1) , ..., (αr, Ar)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

converges absolutely for all z ∈ C.

ii) If
∑s

j=1Bj −
∑r

i=1Ai + 1 < 0, z 6= 0, the series

rψs

[

(α1, A1) , ...,
(β1, B1) , ...,

(αr, Ar)
(βs, Bs)

∣

∣

∣

∣

q, z

]

diverges.
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iii) If
∑s

j=1Bj −
∑r

i=1Ai + 1 = 0, the series

rψs

[

(α1, A1) , ..., (αr, Ar)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, z

]

converges absolutely for |z| < 1.

The proof of this theorem follows in straight way from (18) applying the
ratio test.

3.2. Known Results

3.2.1. Identities.

The following q-identities are given in [21], page 6: eqs. (1.2.33), (1.2.35),
(1.2.38):

(a; q)n+k = (a; q)n (aq
n; q)k , (22)

(

aqk; q
)

n−k
=

(a; q)n
(a; q)k

, (23)

(

aq−n; q
)

k
=

(a; q)k
(

qa−1; q
)

n

(a−1q1−k; q)n
q−nk. (24)

In 2010, Galué [15] presented the following identities:
ν

∑

k=0

q(y−w)k = q(y−w)ν (q−y; q)w
(q1−y; q)w (q−y; q)1

, (25)

(

qβi1−1−M1+j ; q
)

mi1

(qβi1 ; q)mi1

=

(

qβi1+mi1−1−M1 ; q
)

j
Γq (βi1 +mi1 − 1−M1) Γq (βi1)

(qβi1−1−M1 ; q)j Γq (βi1 +mi1) Γq (βi1 − 1−M1)
, (26)

i = 1, ..., s.

3.2.2. The q-integral.

Jackson [26] introduced the q-integral as
∫ b

a

f (t) dqt =

∫ b

0
f (t) dqt−

∫ a

0
f (t) dqt, (27)

where
∫ a

0
f (t) dqt = a (1− q)

∞
∑

n=0

f (aqn) qn. (28)
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3.2.3. The q-binomial theorem.

One of the most important summation formulas for hypergeometric series is
given by the binomial theorem, whose q-analogue, derived by Cauchy (1843),
Heine (1847) and other mathematicians, is [21]:

1φ0

[

α
−

; q, x

]

=

∞
∑

n=0

(α; q)n
(q; q)n

xn =
(αx; q)∞
(x; q)∞

, |x| < 1, |q| < 1. (29)

3.2.4. q−analogue of the Karlsson-Minton summation formula.

Gasper [21] derived a q-analogue of the Karlsson-Minton summation formula,
which is given by ([p.16, No. (1.9.10)]):

r+2φr+1

[

q−n, b, b1q
m1 , ..., brq

mr

bq, b1, ..., br
; q, q

]

=
bn (q; q)n
(bq; q)n

(b1/b; q)m1
... (br/b; q)mr

(b1; q)m1
... (br; q)mr

, (30)

for n ≥ m1 + ...+mr; m1,m2, ...,mr nonnegative integers.

4. The operator Inq (·)

In this section a new fractional q-integral operator, denoted by Inq (·) is defined.

Definition 5. Let be f a q-absolutely continuous function on [0, x], then
we define the operator

Inq

[

ρ, (M, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x) =
x−ρ−1

Γq (M + 1)
×

∫ x

0
tρ rψ

∗
s

[

(α1, A1) , ..., (αr−1, Ar−1) , (−M, 1)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, qn
t

x

]

f (t) dqt, (31)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, · · · , r − 1; j = 1, · · · , s,

∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, M ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.
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By virtue of the result (28), the operator (31) can be written as

Inq

[

ρ, (M, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x) =
(1− q)

Γq (M + 1)

∞
∑

k=0

q(ρ+1)k ×

rψ
∗
s

[

(α1, A1) , ..., (αr−1, Ar−1) , (−M, 1)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, qn+k

]

f
(

xqk
)

, (32)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, ..., r − 1; j = 1, ..., s,

∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, M ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1.

For convenience we will use the notation:

Inq (·) ≡ Inq

[

ρ, (M, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

.

Particular Cases:

Case 1. The operator Ln
q (·) was considered by Galué.

Taking r = s + 1, Ai = Bi = 1, αi = βi +mi, mi ∈ N0; i = 1, ..., s in (31),
then according to (21) and using (9) we get

Inq

[

ρ, (−M, 1) , (βi +mi, 1)1,s
(βi, 1)1,s

]

f (x)

= Ln
q {M,β1, ..., βs, ρ,m1, ...,ms; f (x)} , (33)

mi, M ∈ N0, Re (βi) 6= 0,−1,−2, ..., i = 1, ..., s, n ∈ N,

ρ ∈ C, 0 < q < 1,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.

Case 2. Operator Lq (·) established by Delgado and Galué.

It is obtained directly from (33) making n = 1.
If we consider r = s+ 1, Ai = Bi, αi = βi, i = 1, ..., s, n = M + 1 in (31),

then for
∣

∣

t
x

∣

∣ < 1:

Inq

[

ρ, (M, 1)
−

]

f (x) =
x−ρ−1

Γq (M + 1)

∫ x

0
tρ

× 1ψ
∗
0

[

(−M, 1)
−

; q, qn
t

x

]

f (t) dqt, M ∈ N0, ρ ∈ C, 0 < q < 1,
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and now, applying (21), (29), and (12) respectively, we obtain again for
∣

∣

t
x

∣

∣ < 1:

Inq

[

ρ, (M, 1)
−

]

f (x) =
x−ρ−1

Γq (M + 1)

∫ x

0
tρ

×

∞
∏

k=0

[

(

1−
(

q−M+n t
x

)

qk
)

1−
(

q−M+n t
x

)

qk+M

]

f (t) dqt, M ∈ N0, ρ ∈ C, 0 < q < 1. (34)

This expression will be used in the next results.

Case 3. Basic analogue of Kober fractional integral operator.

From (34) with n =M + 1 it results

IM+1
q

[

ρ, (M, 1)
−

]

f (x) =
x−ρ−M−1

Γq (M + 1)

∫ x

0
tρ(x− tq)M f (t) dqt, (35)

where we have used (4). Therefore from (7) we can write

IM+1
q

[

ρ, (M, 1)
−

]

f (x) = Iρ,M+1
q f (x) , (36)

M ∈ N0, ρ ∈ C, 0 < q < 1,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.

Case 4. Basic analogues of Riemann-Liouville fractional integral operator.

4.1. From (35) with ρ = 0 and using (3), we have

IM+1
q

[

0, (M, 1)
−

]

f (x) = x−(M+1)IM+1
q f(x), (37)

M ∈ N0, 0 < q < 1,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.

4.2. From (35) with ρ = 0, n =M and using (6) and later (5), we obtain

IMq

[

0, (M, 1)
−

]

f (x) = x−(M+1)JM+1
q f (x) , (38)

M ∈ N, 0 < q < 1,

∣

∣

∣

∣

t

x

∣

∣

∣

∣

< 1.
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4.1. Composition formulae for Inq [·] fractional
q-integral operators.

In this section we establish some formulae for the composition of the operator q-
fractional integral Inq (·) with the operator Lq{M, b1, b2, ..., bs, ρ,m1,m2, ...,ms;
f(x)}, presented by Delgado and Galué in [11].

For convenience we will use the following notation:

Lq {M, b11, b21, ..., br1, ρ,m11,m21, ...,mr1; f (x)}

= Lq

[

M, b11, b21, ..., br1
ρ,m11,m21, ...,mr1

]

f (x) . (39)

Theorem 6. Let f be a q-absolutely continuous function on [0, x],

Lq

[

M, b12, b22, ..., br2
ρ,m12,m22, ...,mr2

]

(·) and Inq

[

ρ, (M, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

(·)

be fractional q-integral operators as defined by (8) and (31) respectively, then

Lq

[

M2, b12, b22, · · · , bs2
ρ+M1 + 1,m12,m22, · · · ,ms2

]

× Inq

[

ρ, (M1, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x)

= q(1+M1)M2

∏s

v=1

[

Γq (bv2 +mv2 − 1−M1) Γq (bv2)

Γq (bv2 − 1−M1) Γq (bv2 +mv2)

]

×

In+1
q

[

ρ, (M2+M1+1, 1) , (αi, Ai)1,r−1 , (bj2+mj2−1−M1, 1)1,s
(βj , Bj)1,s , (bj2−1−M1, 1)1,s

]

f (x) , (40)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, ..., r − 1; j = 1, ..., s,

M1, M2, mj2 ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,
∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0,

bj2 6= 1+M1, M1, M1−1, ...,M2 ≥ m12 + ...+ms2.

Proof. On applying (10) with n = 1 to (32), using the notations Ln
q (·),

Inq [·] and the result ([36])
∞
∑

n=0

∞
∑

k=0

A (k, n) =

∞
∑

n=0

n
∑

k=0

A (k, n− k) , (41)
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we have

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+M1+2)hf
(

xqh
)

×

{

h
∑

k=0

q−(M1+1)k
s+1φs

[

q−M2 , qb12+m12 , ..., qbs2+ms2

qb12 , ..., qbs2
; q, q1+h−k

]

× rψ
∗
s

[

(α1, A1) , ..., (αr−1, Ar−1) , (−M1, 1)
(β1, B1) , ..., (βs, Bs)

∣

∣

∣

∣

q, qn+k

]}

.

In view of the results (16) and (20) we can write

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+M1+2)hf
(

xqh
)

×

h
∑

k=0

q−(M1+1)k

{

∞
∑

w=0

(

q−M2 , qb12+m12 , ..., qbs2+ms2 ; q
)

w

(q, qb12 , ..., qbs2 ; q)w
q(1+h−k)w

}

×







∞
∑

p=0

(

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p
∏s

u=1 (q
βu ; q)Bup

×
[

(1− q)p q(
p

2)
]

∑s
u=1

Bu−
∑r−1

u=1
Au

q(n+k)p

}

,

where from [21] [p.6, eq. (1.2.41)]:

(a1, a2, ..., am; q)n = (a1; q)n (a2; q)n ... (am; q)n .

Interchanging the order of the series, on the basis of the absolute convergence,
we get

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+M1+2)hf
(

xqh
)

×

∞
∑

p=0

(

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p
∏s

u=1 (q
βu ; q)Bup

[

(1− q)p q(
p

2)
]

∑s
u=1 Bu−

∑r−1

u=1
Au

qnp

×

{

∞
∑

w=0

(

q−M2 , qb12+m12 , ..., qbs2+ms2 ; q
)

w

(q, qb12 , ..., qbs2 ; q)w
q(1+h)w

[

h
∑

k=0

q(p−w−M1−1)k

]}

.
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From (25),

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+M1+2)hf
(

xqh
)

×

∞
∑

p=0

(

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p
∏s

u=1 (q
βu; q)Bup

×
[

(1− q)p q(
p

2)
]

∑s
u=1

Bu−
∑r−1

u=1
Au

qnp

×

{

∞
∑

w=0

(

q−M2 , qb12+m12 , ..., qbs2+ms2 ; q
)

w

(q, qb12 , ..., qbs2 ; q)w
q(1+h)w

×

(

q1−p+M1 ; q
)

w
q(p−w−M1−1)h

(q2−p+M1 ; q)w (q1−p+M1 ; q)1

}

,

that is,

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+1)hf
(

xqh
)

×







∞
∑

p=0

(

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p (q
1−p+M1 ; q)1

∏s
u=1 (q

βu; q)Bup

×
[

(1− q)p q(
p

2)
]

∑s
u=1

Bu−
∑r−1

u=1
Au

q(n+h)p

}

× s+2φs+1

[

q−M2 , q1−p+M1 , qb12+m12 , ..., qbs2+ms2

q2−p+M1 , qb12 , ..., qbs2
; q, q

]

, (42)

where we have used (16).

Now, the formula (30) leads us to

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

∞
∑

h=0

q(ρ+1)hf
(

xqh
)

×







∞
∑

p=0

(

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p (q
1−p+M1 ; q)1

∏s
u=1 (q

βu; q)Bup

[

(1− q)p q(
p

2)
]

∑s
u=1

Bu−
∑r−1

u=1
Au

q(n+h)p

}

×
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q(1−p+M1)M2 (q; q)M2

(q2−p+M1 ; q)M2

(

qb12−1−M1+p; q
)

m12
...
(

qbs2−1−M1+p; q
)

ms2

(qb12 ; q)m12
... (qbs2 ; q)ms2

, (43)

with M2 ≥ m12 + ...+ms2.

On using (22) and (26), we can write (43) in the following form:

Lq (·) I
n
q [·] f (x)

=
(1− q)2 (q; q)M2

q(1+M1)M2

Γq (M1 + 1) Γq (M2 + 1)

∏s

v=1

[

Γq (bv2 +mv2 − 1−M1)

Γq (bv2 − 1−M1)

×
Γq (bv2)

Γq (bv2 +mv2)

] ∞
∑

h=0

q(ρ+1)hf
(

xqh
)

×

∞
∑

p=0

{ (

q−M1 ; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p (q
1−p+M1 ; q)1+M2

∏s
u=1 (q

βu ; q)Bup

×
[

(1− q)p q(
p

2)
]

∑s
u=1 Bu−

∑r−1

u=1
Au

(

qb12+m12−1−M1 , ..., qbs2+ms2−1−M1 ; q
)

p

(qb12−1−M1 , ..., qbs2−1−M1 ; q)p
q(n+h−M2)p. (44)

Following to Galué [15], p.47,

(

q1−p+M1 ; q
)

1+M2
=

(q; q)M2+M1+1

(q; q)M1

(

q−M1 ; q
)

p

(q−M2−M1−1; q)p
q−p(M2+1).

The substitution of this result in (44) yields

Lq (·) I
n
q [·] f (x) =

(1− q)2

Γq (M1 + 1) Γq (M2 + 1)

×
∏s

v=1

[

Γq (bv2 +mv2 − 1−M1) Γq (bv2)

Γq (bv2 − 1−M1) Γq (bv2 +mv2)

]

×q(1+M1)M2
(q; q)M1

(q; q)M2

(q; q)M2+M1+1

×
∞
∑

h=0

q(ρ+1)hf
(

xqh
)

∞
∑

p=0

(

q−M2−M1−1; q
)

p

∏r−1
u=1 (q

αu ; q)Aup

(q; q)p
∏s

u=1 (q
βu ; q)Bup
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×

(

qb12+m12−1−M1 , ..., qbs2+ms2−1−M1 ; q
)

p

(qb12−1−M1 , ..., qbs2−1−M1 ; q)p

×
[

(1− q)p q(
p

2)
]

∑s
u=1

Bu−
∑r−1

u=1
Au

q(n+h+1)p. (45)

On the other hand, applying (13) and after (14), we have

(q; q)M1
(q; q)M2

(q; q)M2+M1+1

=
Γq (M2 + 1)Γq (M1 + 1)

(1− q) Γq (M1 +M2 + 2)
,

now, taking in account this result and (20), (45) takes the form

Lq (·) I
n
q [·] f (x) =

(1− q) q(1+M1)M2

Γq (M2 +M1 + 2)

×
∏s

v=1

[

Γq (bv2 +mv2 − 1−M1) Γq (bv2)

Γq (bv2 − 1−M1) Γq (bv2 +mv2)

] ∞
∑

h=0

q(ρ+1)h

×r+sψ
∗
2s

[

(α1, A1) , ..., (αr−1, Ar−1) , (b12 +m12 − 1−M1, 1) , ...,
(β1, B1) , ..., (βs, Bs) ,

(bs2 +ms2 − 1−M1, 1) ,
(

q−(M2+M1+1), 1
)

(b12 − 1−M1, 1) , ..., (bs2 − 1−M1, 1)

∣

∣

∣

∣

q, qn+1+h

]

f
(

xqh
)

. (46)

Interpreting the above expression with the help of (32) the proof is completed.

Theorem 7. Let f be a q-absolutely continuous function on [0, x],

Lq

[

Mu, b1u, b2u, ..., bsu
ρ,m1u,m2u, ...,msu

]

(·) and Inq

[

ρ, (M, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

(·)

be fractional q-integral operators as defined in (8) and (31) respectively, then

Lq

[

Mu, b1u, b2u, ..., bsu
ρ+M1 +M2 + ...+Mu−1 + u− 1,m1u,m2u, ...,msu

]

×Lq

[

Mu−1, b1u−1, b2u−1, ..., bsu−1

ρ+M1 +M2 + ...+Mu−2 + u− 2,m1u−1,m2u−1, ...,msu−1

]

... Lq

[

M2, b12, b22, · · · , bs2
ρ+M1 + 1,m12,m22, · · · ,ms2

]
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× Inq

[

ρ, (M1, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x)

=







u
∏

h=2

s
∏

v=1

Γq

(

bvh +mvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh)

Γq

(

bvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh +mvh)

×q(h−1+
∑h−1

k=1
Mk)Mh

}

In+u−1
q

[

ρ, (Mu +Mu−1 + ...+M1 + u− 1, 1) , (αi, Ai)1,r−1 ,

(βj , Bj)1,s , (bj2 − 1−M1, 1)1,s ,

(bj2 +mj2 − 1−M1, 1)1,s , (bj3 +mj3 − 2−M1 −M2, 1)1,s , ...,

(bj3 − 2−M1 −M2, 1)1,s , ...,

(bju +mju − u+ 1−M1 −M2 − · · · −Mu−1, 1)1,s
(bju − u+ 1−M1 −M2 − · · · −Mu−1, 1)1,s

]

f (x) , (47)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, . . . , r − 1; j = 1, . . . , s,

M1, . . . ,Mu,mj2, . . . ,mju ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,

∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, bvu 6= u− 1 +M1 +M2 +Mu−1,

u− 2 +M1 +M2 +Mu−1, u− 3 +M1 +M2 +Mu−1, . . . ,

Mu ≥ m1u + ...+msu, v = 1, . . . , s, u = 2, 3, . . . .

Proof. To prove (47), we employ the mathematical induction principle.

We observe that for u = 2 in (47), it yields to eq. (40).

Now, we suppose that eq. (47) is true for u = l > 2, that is,

Lq

[

Ml, bl, b2l, ..., bsl
ρ+M1 +M2 + ...+Ml−1 + l − 1,m1l,m2l, ...,msl

]

×Lq

[

Ml−1, b1l−1, b2l−1, ..., bsl−1

ρ+M1 +M2 + ...+Ml−2 + l − 2,m1l−1,m2l−1, ...,msl−1

]

×...Lq

[

M2, b12, b22, · · · , bs2
ρ+M1 + 1,m12,m22, · · · ,ms2

]

×Inq

[

ρ, (M1, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x)
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





l
∏

h=2

s
∏

v=1

Γq

(

bvh +mvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh)

Γq

(

bvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh +mvh)

×q(h−1+
∑h−1

k=1
Mk)Mh

}

×In+l−1
q

[

ρ, (Ml +Ml−1 + ...+M1 + l − 1, 1) , (αi, Ai)1,r−1 ,

(βj, Bj)1,s , (bj2 − 1−M1, 1)1,s ,

(bj2 +mj2 − 1−M1, 1)1,s , (bj3 +mj3 − 2−M1 −M2, 1)1,s , ...,

(bj3 − 2−M1 −M2, 1)1,s , ...,

(bjl +mjl − l + 1−M1 −M2 − · · · −Ml−1, 1)1,s
(bjl − l + 1−M1 −M2 − · · · −Ml−1, 1)1,s

]

f (x) , (48)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, ..., r − 1, j = 1, ..., s,

M1, ...,Ml, mj2, . . . mjl ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,
∑s

j=1Bj −
∑r−1

i=1 Ai ≥ 0, bvl 6= l − 1 +M1 +M2 + ...+Ml−1,

l − 2 +M1 +M2 + ...+Ml−1, l − 3 +M1 +M2 + ...+Ml−1, . . . ,

Ml ≥ m1l + ...+msl, v = 1, . . . , s, l = 3, 4, . . . .

On operating both sides of (48) by the operator

Lq

[

Ml+1, b1l+1, b2l+1, ..., bsl+1

ρ+M1 +M2 + ...+Ml + l,m1l+1,m2l+1, ...,msl+1

]

(·) ,

we have

Lq

[

Ml+1, b1l+1, b2l+1, ..., bsl+1

ρ+M1 +M2 + ...+Ml + l,m1l+1,m2l+1, ...,msl+1

]

×Lq

[

Ml, bl, b2l, ..., bsl
ρ+M1 +M2 + ...+Ml−1 + l − 1,m1l,m2l, ...,msl

]

×Lq

[

Ml−1, b1l−1, b2l−1, ..., bsl−1

ρ+M1+M2+ ...+Ml−2+l − 2,m1l−1,m2l−1, ...,msl−1

]

...

Lq

[

M2, b12, b22, · · · , bs2
ρ+M1 + 1,m12,m22, · · · ,ms2

]

Inq

[

ρ, (M1, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x)
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=







l
∏

h=2

s
∏

v=1

Γq

(

bvh +mvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh)

Γq

(

bvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh +mvh)

×q(h−1+
∑h−1

k=1
Mk)Mh

}

×Lq

[

Ml+1, b1l+1, b2l+1, ..., bsl+1

ρ+M1 +M2 + ...+Ml + l,m1l+1,m2l+1, ...,msl+1

]

×In+l−1
q

[

ρ, (Ml +Ml−1 + ...+M1 + l − 1, 1) , (αi, Ai)1,r−1 ,

(βj, Bj)1,s , (bj2 − 1−M1, 1)1,s ,

(bj2 +mj2 − 1−M1, 1)1,s , (bj3 +mj3 − 2−M1 −M2, 1)1,s , ...,

(bj3 − 2−M1 −M2, 1)1,s , ...,

(bjl +mjl − l + 1−M1 −M2 − · · · −Ml−1, 1)1,s
(bjl − l + 1−M1 −M2 − · · · −Ml−1, 1)1,s

]

f (x) (49)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, ..., r − 1, j = 1, ..., s,

M1, ...,Ml+1,mj2, . . . mjl+1 ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,

∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, bvl+1 6= l +M1 +M2 + ...+Ml,

l − 1 +M1 +M2 + ...+Ml, l − 2 +M1 +M2 + ...+Ml, . . . ,

Ml+1 ≥ m1l+1 + ...+msl+1, v = 1, . . . , s, l = 3, 4, . . . .

By applying (40) to the right hand side of (49) we obtain

Lq

[

Ml+1, b1l+1, b2l+1, ..., bsl+1

ρ+M1 +M2 + ...+Ml + l,m1l+1,m2l+1, ...,msl+1

]

×Lq

[

Ml, bl, b2l, ..., bsl
ρ+M1 +M2 + ...+Ml−1 + l − 1,m1l,m2l, ...,msl

]

×Lq

[

Ml−1, b1l−1, b2l−1, ..., bsl−1

ρ+M1+M2+ ...+Ml−2+l − 2,m1l−1,m2l−1, ...,msl−1

]

...

Lq

[

M2, b12, b22, · · · , bs2
ρ+M1 + 1,m12,m22, · · · ,ms2

]

×Inq

[

ρ, (M1, 1) , (αi, Ai)1,r−1

(βj , Bj)1,s

]

f (x)
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=







l+1
∏

h=2

s
∏

v=1

Γq

(

bvh +mvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh)

Γq

(

bvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh +mvh)

×q(h−1+
∑h−1

k=1
Mk)Mh

}

Lq

[

Ml+1, b1l+1, b2l+1, ..., bsl+1

ρ+M1 +M2 + ...+Ml + l,m1l+1,m2l+1, ...,msl+1

]

× In+l
q

[

ρ, (Ml+1 +Ml + ...+M1 + l, 1) , (αi, Ai)1,r−1 ,

(βj , Bj)1,s , (bj2 − 1−M1, 1)1,s ,

(bj2 +mj2 − 1−M1, 1)1,s , (bj2 − 1−M1, 1)1,s ,

(bj3 − 2−M1 −M2, 1)1,s , ...,

(bj3 +mj3 − 2−M1 −M2, 1)1,s , ...,

(bjl+1+mjl+1−l−M1−M2− ...−Ml, 1)1,s , (bjl−l+1−M1−M2−...

(bjl +mjl − l + 1−M1 −M2 − · · · −Ml−1, 1)1,s ,

−Ml−1, 1)1,s , (bjl+1 − l −M1 −M2 − ...−Ml, 1)1,s

]

f (x) , (50)

Ai, Bj ∈ R
+, Re (αi) > 0, Re (βj) > 0, i = 1, ..., r − 1, j = 1, ..., s,

M1, ...,Ml+1,mj2, . . . mjl+1 ∈ N0, n ∈ N, ρ ∈ C, 0 < q < 1,

∑s

j=1
Bj −

∑r−1

i=1
Ai ≥ 0, bvl+1 6= l +M1 +M2 + ...+Ml,

l − 1 +M1 +M2 + ...+Ml, l − 2 +M1 +M2 + ...+Ml, . . . ,

Ml+1 ≥ m1l+1 + ...+msl+1, v = 1, . . . , s, l = 3, 4, . . . ,

Which is true for j = l + 1. This completes the proof.

For r = s + 1, Ai = Bi = 1, αi = bi +mi, βi = bi, mi ∈ N0; i = 1, · · · , s in
(47), and using (33) we obtain the following corollary.

Corollary 8. Let f be a q-absolutely continuous function on [0, x],

Lq

[

M, b1u, b2u, ..., bsu
m1u,m2u, ...,msu

]

(·) and Ln
q

[

M1, b11, b21, ..., bs1
ρ,m11,m21, ...,ms1

]

(·)

be fractional q-integral operators as defined in (8) and (9) respectively, then

Lq

[

Mu, b1u, b2u, ..., bsu
ρ+M1 +M2 + ...+Mu−1 + u− 1,m1u,m2u, ...,msu

]
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Lq

[

Mu−1, b1u−1, b2u−1, ..., bsu−1

ρ+M1+M2+ ...+Mu−2+u− 2,m1u−1,m2u−1, ...,msu−1

]

...

Lq

[

M2, b12, b22, ..., bs2
ρ+M1 + 1,m12,m22, ...,ms2

]

Ln
q

[

M1, b11, b21, ..., bs1
ρ,m11,m21, ...,ms1

]

f (x)

=







u
∏

h=2

s
∏

v=1

Γq

(

bvh +mvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh)

Γq

(

bvh −
(

∑h−1
k=1Mk + h− 1

))

Γq (bvh +mvh)

× q(h−1+
∑h−1

k=1
Mk)Mh

}

×Ln+u−1
q

[

Mu+Mu−1+ ...+M1+u− 1, b11, b21, ..., bs1, b12 − 1−M1,
ρ,m11,m21, ...,ms1,

..., bs2 − 1−M1, b13 − 2−M1 −M2, ...,bs3 − 2−M1 −M2, ..., b1u−
m12,m22, ...,ms2,m13,m23, ...,ms3, ...,

−u+1−M1−M2− ...−Mu−1, ..., bsu−u+1−M1−M2 − ...−Mu−1

m1u, ...,msu

]

× f (x) , (51)

Re (bj1) 6= 0,−1,−2, . . . , j = 1, . . . , s,M1, . . . ,Mu,mj2, . . . ,mju ∈ N0,

n ∈ N, ρ ∈ C, 0 < q < 1, bvu 6= u− 1 +M1 +M2 +Mu−1,

u− 2 +M1 +M2 +Mu−1, u− 3+M1 +M2 +Mu−1, . . . ,Mu ≥ m1u + ...+msu,

v = 1, ..., s, u = 2, 3, ....

The result established in [15] is for the case bj1 ∈ R, j = 1, . . . , s.
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