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Abstract: The fractional g-calculus is the g-extension of the ordinary frac-
tional calculus. In the second half of the twentieth century there was a signifi-
cant increase of activity in the area of the g-calculus due to its applications in
mathematics and physics. Particularly, the operators of fractional calculus and
their g-analogues have many applications. They can be used in crack problems
in elasticity, in chaos theory, control systems, signal processing, bio-medical
engineering, radars, sonars, etc. The aim of this paper is to define a new frac-
tional g-integral operator of Kober type using the basic analogue of Fox-Wright
function as kernel, and to establish a composition formula for a particular type
of these operators. Also, some particular cases are obtained.
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1. Introduction

The fractional calculus treats the calculus of integrals and derivatives of any
arbitrary real or complex order. It is almost as old as calculus itself [31], and
it has received much attention due to its ability to model many natural phe-
nomena [24, 30|, and to solve a lot of problems in sciences, such as physics,
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electromagnetics, acoustics, viscoelasticity, electrochemistry and material sci-
ence [32]. Further, for mathematics itself it provides new possibilities such as
it is showed in [12, 23, 53].

The fractional g-calculus is the g-extension of the ordinary fractional calcu-
lus. The first formulae in what we now call g-calculus were obtained by Euler in
the eighteenth century. Many remarkable results (like Jacobi’s triple product
identity and the theory of ¢-hypergeometric functions) were obtained in the
nineteenth century. In 1910, Jackson [26] introduced the notion of the definite
g-integral, and he also was the first to develop g-calculus in a systematic way.
In the second half of the twentieth century there was a significant increase of
activity in the area of the g-calculus due to its applications in mathematics and
physics, [22]. The treatment of the fractional calculus from the point of view of
g-calculus can open new perspectives, [5]. Particularly, the g-analysis has found
many applications in the theory of partitions, combinatorics, exactly solvable
models in statistical mechanics, computer algebra, geometric functions theory,
optimal control problems, ¢-difference and g-integral equations [3, 4, 21, 27, 29].

The operators of fractional calculus and their g—analogues have many ap-
plications, for example, they can be used to solve dual integral equations which
arise in crack problems in elasticity [45]. They find applications also in chaos
theory [50, 53, 54], control systems, signal processing, bio-medical engineering,
radars, sonars, etc. [9, 48, 49]. By applying the fractional g-integral operators,
many researchers have obtained a lot of fractional g—integral inequalities and
applications [6, 7, 8, 10, 18, 34, 35, 43].

Rajkovic et al. [38] consider that the fractional calculus is a very suitable
tool in describing and solving a lot of problems in sciences, such as physics,
electromagnetics, acoustics, viscoelasticity, electrochemistry and material sci-
ence (see, for example [32]). Of course, for mathematics itself it provides new
possibilities such as it is emphasized in [12, 23, 53]. Their treatment from the
point of view of g-calculus can open new perspectives (for example, see [5]).
Another important property of fractional integrals is that certain multiples of
them map some orthogonal polynomials to orthogonal polynomials, [25].

In this paper a new fractional g-integral operator of Kober type using the
basic analogue of Fox-Wright function as kernel is defined, and a composition
formula for a particular type of this operators is given. Also, some particular
cases are obtained.
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2. Some operators on fractional and g-fractional calculus

The concept of differ-integral of complex order «, which is a generalization of
the ordinary n-th derivative and n times integral to any complex number, can
be introduced in several ways. The most widely used definition of an integral
of fractional order is via an integral transform, called the Riemann-Liouville
operator of fractional integration, [39]:
T
@) = i [ @0 F e Re(@) >0
dn
oDof(r) = — I %f(x), Re(a)>0, n=[Re(a)]+1. (1)

dxm ©°F

Many authors [1, 2, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 28, 33, 37, 38, 40, 41,
42, 51, 52] have defined and studied operators of fractional integration through
an integral transform.

2.1. Erdélyi-Kober operator of fractional integration

This operator of fractional order a (Re («) > 0), is introduced first by Kober
and Erdélyi, and further developed by Sneddon [45] in the form

xf(aJr )
Lot @) = S | @0 op @

= x_(a+”)j?$”+a+”ln7a+nf (x), for Re(a)<0, n>-—Re(a), (2)

and has found very wide applications. See also Kiryakova [28].

2.2. Basic analogues of the Riemann-Liouville fractional integral
operator

Agarwal [1] defined a basic analogue of the Riemann-Liouville fractional integral
operator in the following form:

I f (x) = qu(a) /Ox (x —tq),_q f(t)dgt, Re(a) >0, (3)

where « is an arbitrary order of integration, and

(@—y),=a"(Liq) =a ﬁ[ : ,:] (4)



972 J. Castillo, L. Galué

In 2012 Sulaiman [47] presented the following basic analogue of the Riemann-
Liouville fractional integral operator:

t
Jof (z) = ﬁ /0 (t— )@V f(@)dgt, Re(a)> 0, (5)
where
(t—a:)(t—q ).. (t—q”_lx), if n€Z"
(t —a)™ =

t” H [ z( )M}, if n¢zt ()

\_/le

2.3. Basic analogue of Kober fractional ¢-integral operator

A basic analogue of the Kober fractional g-integral operator has been defined
by Agarwal [1] in the following form:

xf(n“i’a)

e =y [ e 0 d ™

provided 1, € C, Re (a) >0, |g| < 1.
2.4. The operator L,{-}

This operator was introduced in 2008 by Delgado and Galué [11] as follows:

z 1
Lo{l,b1,bs,....0 ; =
q{7 15,025 05 Op, 7Y, 1M1, 2, 7m7’af(x)} Fq (l+1)
7 I mi+b +b
7’ mi 1"“’ My I8 t
x / £ 16, [ P ;q,qg] I (#) dat, (8)

0

t
I, mi,mo,....,m; € Ng,v € C, by,ba,...,0, 75 0,—-1,-2,..., ‘—‘ < 1.
X

2.5. The operator Ly (-)

In 2010 Galué [15] considered an g-fractional integral operator involving the
basic analogue of the generalized hypergeometric function in the following form:

Ly{M,by,ba, ... b, v, ma, ma, oy mys f ()}
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=1 b1+m1 br+m, t

xT
q .9 y e q n
=0 r1@r 1, q"— | f(t)dgt, (9
Fq(M+1)/ a0 [q e h4 l‘:|f() ¢ 9)
0

M, mi,mo,...m, € Ng, n € N, v € C,
b1,bay .y bp #0,—1, -2, .., ‘é‘ <1,
with a representation in series given by
Ly{M,b1,ba,....;by, p,m1,ma,...;my; f (7))} =

—M _bi+ma br+m,.

( ( ,q sy @ ) Nk L
T, (M+1 Ztﬂﬂ . @[q gt ’q7q+]f(l‘fJ)7 (10)

M, my,...m, €Ng, neN, peC, by,by,....;0. #0,—1,-2,....

3. Preliminaries

In this section we present some definitions, g-analogues of functions and known
results needed in this paper.

Definition 1. If ¢ € R is fixed, a subset A of C is called g-geometric if
gz € A whenever z € A, [4].

Definition 2. A function f which is defined on a ¢-geometric set A, 0 € A,
is said to be g-regular at zero if lim f(z¢™) = f(0) for all z € A, [4].
n—o0

Definition 3. A function f defined on [0, a] is called g-absolutely continu-

ous, that is f € AC4[0,al], if f is g-regular at zero, and there exists K > 0 such
w . .

that > |f (t¢?) — f (t¢’™)| < K for all t € [ga, a], [4].
j=0

3.1. ¢-Functions

In this section some necessary preliminaries on the ¢g-functions are presented.
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3.1.1. Basic analogue of the ¢-shifted factorial.

For real or complex a and 0 < |g| < 1, the g-factorial is defined as, [44]:

(a:9), = (4% @)n = {1’ "=

(1—¢*) (1=¢*™) .. (1=g*™ 1), n=1,2,.. (11)

Also, [21], N
(a;9)0c = lim (a59)s = [ (1 - aqk) ; (12)

k=0
which converges for |¢q| < 1 and diverges for a # 0 and |¢| > 1, and for any
complex number «,
(a:9) 5

= (ag®1) (13)

(a;0)4

3.1.2. Basic analogue of the gamma function.

In [21], the basic analogue of the gamma function is defined in the following
form:

@D e (@69 L
r, (x)_(q“’;q)oo (1—q) g O<g<l,2£0,-1,-2, ... (14)

3.1.3. Basic hypergeometric series.

This series was introduced by Heine [21], and is defined as follows:
201 (a,bic50,2) = > wzn, (15)

where it is assumed that ¢ # ¢=™ for m = 0,1,..., and (a;q),, is the g-shifted
factorial defined in (11).

3.1.4. Generalized basic hypergeometric series.

A generalization of the basic hypergeometric series 2¢1, is given by [21]:

rqﬁs (a1,az7 coes Ar3 b1, ba, s bsi g, 2)
o0

-E st [0 o

n=0
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where by,....,bs # ¢ ™ for m = 0,1,..; (})=n(n—1)/2; ¢ # 0 when r >

s+ 1 and lim ,¢s = ,.Fs. The ,¢sseries terminates if one of its numerator
q—1-

parameters is of the form ¢7™ with m = 0,1,2,..., and ¢ # 0, since (¢7";q),, =
Oforn=m+1,m+2,....
3.1.5. Basic analogue of the Fox-Wright function.

Recently, Annaby and Mansour [4] introduced the following basic analogue of
the Fox-Wright function:

T¢s[ (a1, A1), .., (ar, A

(517B1) (587

> q (0 + Aik)
02| = TG
k

S . Bi— ;‘: A;+1
» |:q(lc):|2]_1 J > 1 z (17)

G
where I';(x) is the basic analogue of the gamma function as defined in (14).
In this paper we consider (17) with the following conditions: A;, B; €
RY, Re(a;) >0, Re(B;) >0, i=1,...,r, j=1,...,s, i1 By =i At
1>0,0<g<1, |z <1
Using (14) and (13) in (17), we can write

(Oél,Al),...,(OéT,AT) - H:: Fq (Oéz)
“/’5[ (81, B1) ..., (B, B) 'q] 1T (5)

[o¢] s ”
1 ? q)A k k (k) 23:1 Bj—>1_ A+l &
X 1- 2 2", 18
qu’q (q”l)sk [( 9" q ] (18)

k
A7,7 B]€R+7 Re(al)>o, Re(IBJ)>O, /l::]_’,,,"r’ j:17~~.78,
S r
DB Ait120,0<g<, 2 <1,

The normalized form of (18) is given by

* (aluAl) (a?“7 r ' :| = z 1 q qu)Ak
rws |: (517B1) (587 kZZO Qaq kH] 1(qﬁj q)Bk

Z?ﬂ Bj_zgzl A+l k

x (1= ) @] 2, (19)
Ai, Bj €RY, Re(a;) >0, Re(B;) >0, i=1,...,r, j=1,...,s,
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DBy Ait1z0 <L

Particular Cases:

Case 1: In (17) taking ¢ — 17, we have as particular case the hypergeo-
metric function of Fox-Wright (see for example, [46]).

Case 2: Taking A, =1 and o, = —M, M € Ny, in (19), we have
1/}* |: (alaAl)a"w(aT*luAT*l)7(_M71) ‘q Z:|
" (/BlaBl)v"'a(/B&Bs) ’

— (4~ ) Hgill(qaiQQ)Ak k(%) S Bi— i) A i
kZ:O q’ kH] l(qﬁg q)Bk |:(1 Q) q :| )

(20)

Ai, Bj €RY, Re(a;) >0, Re(B;) >0, i=1,....,r—1,j=1,...,s,
-1
MeNo, Y0 Bj=Y Aiz0,0<qg<1 |2 <L

Case 3: For r = s+ 1 in (20) we obtain ¢ = j and then for A; = B; =1

results
i Gl T o

M — S ;
= (@59), 12 (@5 9)y, y
_kzzo (@), 1521 (¢7:9),

= 1105 (q_M7qa17---7qas,q51,~-,qﬁ*,q Z) (21)

a; €C, Re(Bj) #0,—-1,-2,..;5=1,...,5, MeNy, 0< ¢ < 1, 2| < 1.

The next theorem establishes the absolute convergence of the basic analogue
of the Fox-Wright function, as we hope to be a new result.

Theorem 4. Let be A;, B € RT, Re(a;) > 0, Re(Bj) > 0
1,...,r, j=1,...,8,2z€ Cand 0 < g < 1.
i) If 375, Bj— >y Ai +1 >0, the series
1/} |: (aluAl)u'"y(a?“uAT)
nre (ﬁluBl)w"u(ﬁ&BS)
i) If 37 Bj — >2i_ Ai +1 <0, 2 # 0, the series
(0517141)7--', (arvAT) ‘ :| .
r s ,z| diverges.
1/} |: (ﬁluBl)w"u (/BsuBs) 4= 1vers

‘ q, z} converges absolutely for all z € C.
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iii) If 375, Bj — > i_ Ai +1 =0, the series
(ala Al) g ey (aTu AT)

Tws (517B1)>"'7(58>BS)

q, z} converges absolutely for |z| < 1.

The proof of this theorem follows in straight way from (18) applying the
ratio test.

3.2. Known Results
3.2.1. Identities.

The following g¢-identities are given in [21], page 6: egs. (1.2.33), (1.2.35),
(1.2.38):

(459 i = (a59),, (aq™; q)y, » (22)
(aqk;q)nfk = EZ Z;:, (23)
(o7*sa), = 2
In 2010, Galué [15] presented the following identities:
v _
S e )

(qﬂn—l—Ml-l-j; q) -

(qﬂﬂ-l—mu—l—Ml.q)j Fq (521 +my—1— Ml) Fq (521)

_ ’ , 2%
(¢Fn=1=Mi;q) Ty (Bir +mi1) Tg (Bin — 1 — My) (26)
1=1,...,8s.
3.2.2. The ¢-integral.
Jackson [26] introduced the g-integral as
b b a
[ o= [Trwde- [ roap (27)
where
a [e.e]
[t =at-03 1@ (28)

n=0
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3.2.3. The ¢-binomial theorem.

One of the most important summation formulas for hypergeometric series is
given by the binomial theorem, whose g-analogue, derived by Cauchy (1843),
Heine (1847) and other mathematicians, is [21]:

(@0, o (ar50)y
190 [‘f ;q,x] :nz% G0 " = mg o el <L <t @)

3.2.4. g—analogue of the Karlsson-Minton summation formula.

Gasper [21] derived a g-analogue of the Karlsson-Minton summation formula,
which is given by ([p.16, No. (1.9.10)]):

qinv ba blqMIa ceey b?‘qmr .
T+2¢)T+1 bq, bl, , br b q7 q

_ b (q;q),, (01/0:0),,, - (br/b; ),
(0g;9),, (0130, - (0r;0),,.

for n > my + ... + m,; mi,ms,...,m, nonnegative integers.

4. The operator I/ ()

In this section a new fractional g-integral operator, denoted by I(-) is defined.

Definition 5. Let be f a g-absolutely continuous function on [0, z], then
we define the operator

n [ P (M1), (o, Ay g _ e
k { (B3 Bidu,s }f(x) EAVEDN

’ * (aaA)w"a(a?“*7AT*)7(_M71) nt
/0 s [ BB (BB 'q,q 5} ft)dgt,  (31)

Ai, Bj € RT, Re () >0, Re(Bj) >0,i=1,---,r—1; j=1,-- s,

s r—1
ijlBj—ZizlAizo,MeNo,neN,peC,0<q<1, <1

t
T
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By virtue of the result (28), the operator (31) can be written as
(M, 1), (i, Ai)y g } 1—q -
In s (p+1)k
|G, CR e X
* (ahAl)w"u(aT*hAT*l)7(_M7 1) n+k:| ( k)

r ; xq" ), 32

Q/)S |: (517B1) 5y (55)35) h4 f 1 ( )
Ai, Bj e RY Re(a;) >0, Re (B;) > 0,i=1,..,r —1; j=1,..,8,

s r—1
ijlBj_ZizlAiZO’MENO’HEN’ pelC 0<g<l1.

For convenience we will use the notation:

n ) P (Mv 1)7 (aiyAi) r—
=1 [ (B> Bj)y s " } '

Particular Cases:
Case 1. The operator Ly (-) was considered by Galué.

Taking r =s+1, A; =B; =1, oy = B; + my, m; € No; i = 1,...,s in (31),
then according to (21) and using (9) we get

n| P (_Mv 1)7 (ﬁi'i'mial) ,S
KRR i
= LZ {M7ﬁ17"'7ﬁ87p7m17'°'7ms;f(x)}7 (33)

m;, M € Ny, Re (ﬁz) 75 0,-1,-2,...., i=1,...,8, n € N,

t
peC, 0<qg<l, '—'<1.
A

Case 2. Operator L, (-) established by Delgado and Galué.

It is obtained directly from (33) making n = 1.
If we consider r =s+1, A; =B;, 0, =i, i =1,....,5, n=M + 1 in (31),

then for |£| < 1: .
n P, (Mal) _ z v
R R e g A

—M,1 t
X 194 [( o ) ;q,qnﬂf(t)dqtyMeNo,pEC,0<q<1,
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and now, applying (21), (29), and (12) respectively, we obtain again for |%| <1
M, 1) zPl v
| P (M _ / y
q[ - ]f(a:) Lq (M +1) Jo

o0 _(,—M4nt\ k
xHL(i(q(q + x)q)]f(t)dqt,MENo,pE(C,O<q<l. (34)
k=0

—M+nl k+M
£

This expression will be used in the next results.

Case 3. Basic analogue of Kober fractional integral operator.

From (34) with n = M + 1 it results

xfprfl

et [ pr (M, 1) ] f(x)= m/jt’)(l‘ —tq)m f(t)dyt, (35)

where we have used (4). Therefore from (7) we can write

O O] (36)

MeNy, peC, 0<qg<1, '<1.

t
T

Case 4. Basic analogues of Riemann-Liouville fractional integral operator.

4.1. From (35) with p = 0 and using (3), we have

MeNy, 0<g<1,

t

<1

x

4.2. From (35) with p =0, n = M and using (6) and later (5), we obtain

1) [ " (ﬁi’l) ] flx) =a MO gMFL ¢ (7, (38)

t
M e N, O<q<1,‘—‘<1.
xr
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4.1. Composition formulae for [}’ [] fractional
g-integral operators.

In this section we establish some formulae for the composition of the operator ¢-
fractional integral [ (-) with the operator Lg{M, b1, bs, ..., bs, p,m1, M2, ..., ms;
f(z)}, presented by Delgado and Galué in [11].

For convenience we will use the following notation:
Lg{M,b11,b21, ..., b1, p, maz, man, .., mpn; f (7) }

- |: M,bll,bgl,...,brl

P, 111,21, -y M1

] f @), (39)

Theorem 6. Let f be a g-absolutely continuous function on [0, z],

. [ M, b12, bya, oo, by ] () and 17 [ P, (M, 1), (i, Ag)y oy ] )

Py 1M12, 122, - M2 (B, B )
be fractional g-integral operators as defined by (8) and (31) respectively, then
[ My, bi2,baa, -+ ,bs2 ]
p+ M+ 1,mig,ma, -+, M2

n| P (Mlal)a (aiaAi)LT,l :|
x I [ (’Bj’Bj)l,s f(z)

(1M M H [F q (b2 +my —1—M)T, (bv2):|
w2 — 1= Mq) Ly (by + my2)

In+1

(b
p, (Ma+Mi+1,1), (o, Ai)y oy, (bj2+myo—1—Mi, 1)
g =My, 1)

(Bjs Bj)y 4+ (bj2—1—My
Aiy Bj € R Re () >0, Re (B;) >0,i=1,...,7 —1; j=1,...,5,

be ] f(x), (40)

1,s

s r—1
Ml, MQ, mjo € No,n € N, p < (C, 0< qg < 17Zj:1Bj _ZizlAi > O,
bjg £ 1+My, My, Mi—1,...,Ms > mis+ ... + mgo.

Proof. On applying (10) with n = 1 to (32), using the notations Ly (-),
I3 [-] and the result ([36])

ZZAk:n S Ak,n—k), (41)

n=0 k=0 n=0 k=0
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Lo (VI (@) = 1 9 > s (i)
q\") g Lq (My+1)Tq (M +1) h:Oq '

Mo qb12+m12 bs2+ms2

h —
—(M q ) yeen 4 —
X Zq (Mr+1)k s+1Ps |: b1o bso ;%qH—h k:|
=0 q-°,..54

o | (a1, A1), (e, Arlr) (=M, 1) ek
X [ (B1,By) ..., (Bs, By) 'q,q ]}

In view of the results (16) and (20) we can write

n _ (1 - q)2 > p 1
Ly(VIP[]f () = LT, 05T hz:%q( FM+2)h ¢ (th)

h — oo M27 qb12+m127 - qb52+m52§ Q) (14+h—k)
Xy g o
;] wz (Q7qbl27 '--7qb52;q)’w

[e=]

> (¢ ) u=1 (qa“§Q)Aup
Z )p [Ta=1 (¢°

p=

;Q)Bup
s o — 7‘:1 Ay
x [(1 —q) q(ﬁ)]z“21B 2=l q(n-l—k)P}’
where from [21] [p.6, eq. (1.2.41)]:

(a1,a2,...,am;q), = (a1:9),, (a2;q),, - (@m;q),, -

Interchanging the order of the series, on the basis of the absolute convergence,
we get

— 2 >
Ly () Ig []f(z)= T, (0, J(rll) qu)(M2 ) };q(p+M1+2)hf (th) %

q"r

= (q aQ) Hr l(q 7(1) @) S Bu—Y1h Ay
2 (¢:9), [T5=1 (@ 7q)Bup [(1_Q)pq ]

_M b bS S
(q 2.q 12+mi2 q 2+m 2;

’ 10 g+ (p—w—M;—1)
(4,42, ...,4"2;q),, [Zq ] }
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From (25),

Lo()IM[] f (z) = (1- Q)2 i (P+M1+2)hf (.T h)
T Oy (0 + DTy (M +1) !

(a™540), IT20 (@5 0)

(6:9), [ To=1 (@5 0) 5,

(1 = gp (0] Zim B Tiei A
q)4q

00 — M. bi2+ bsa+msa.
% { (q 2 gz gPs? MQ7q)w q(1+h)w

q"?

(g,¢"2,...,¢>2;q),,

w=0

(qlprer;q) q(pfwalfl)h
(@), (@ P g), [
that is,
L) I [1f (@) = Lo S gVt (sg")
1 Ty (M +1)Tq (Mz +1) &
o0 — M . r—1 U .
% Z (q l’ Q)p Hu:l (ga ) q)Aup
= (@:0), (a7 M59), [Tmy (075 9)

w1 Bu=Y0201 Au
X [(1_q)pq(é’)]z“=13 2o q(n+h>p}

—Ms 1—p+Mi bia+mi2 bsa+ms2
By 4 o ;q,q] ; (42)

Xs+2¢s+1|: 2 pt My b b
N N

where we have used (16).
Now, the formula (30) leads us to

2 00
LO L@ = s o (o)
h=0

Ly(My+1)T (

— —1
y i (a"50)  TT021 (@50) 4,
= (60), (@759, [1my (6% ),

s 1 Bu=3T Au
[(1_q)pq(§)]2“:13 L=l q<n+h)p} "
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bi2—1—Mi+p bso—1—Mi+p

7).

9

$4) 1,y - (4
(> P q) (@"259) 1y -+ (@%250)
with My > mqg + ... + mgo.

On using (22) and (26), we can write (43) in the following form:
Lq () 13 [ f ()

_<1—q><

(z
Ry: q(1+M1 s [Fq (by2 + My — 1 — My)
(M1+1)Fq (M2+1) v=1 Pq (bvg—l—Ml)

[ee]
o —a\2) q (p+1) hy (th)
F U2 +mv2 };)

- ( ,Q) Hr 1(qa“,Q)
XZ{ Py ) g Ty (qﬁ 1) B.p

—1

X [(1 —q) q(%;)] Zhim Bu=X2) Au

bi2+mi2—1—M; bsa+msa—1—Mj.
(q 7"'7q aQ)p (n+h7M2)p

1= 1= q
(quQ 1 Mla'”’quQ 1 Mlaq)p

Following to Galué [15], p.47,

M.
(g =P+ g) _ (@D (g l’q)p g P(Mat1).

LM = (i), (g7MeMimlig))

The substitution of this result in (44) yields

(1-q)
By (W + T, (0 + 1)

Ly () 1 [1f (z) =

XH [ (bu2 +my2 — 1 — M) Ty (by2)
v=1 U2_1_M1)F (bv2+m112)

(s (G Do (49w,

Xq
(% @) Myt nry+1

00 00 —My—M;—1 r—=1 ¢ .
XZ q(p-l—l)hf (l‘qh> Z (q ’qs) Hu:l (q aq)Aup
h=0 (q’ q)p Hu:1 (qﬁua Q)Bup

p=0

(43)

(44)
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b —1—-M: b —1—-M;.
(q 12+mi2 1..q s2+Ms2 17q)p

X
(ghr2=t=M L gheem =M g)

s N1
x [(1 —q)? q(é’)] 2oum1 Bu D A b p

On the other hand, applying (13) and after (14), we have

(@D as, (G Das, _ Ty (Mo + 1) Ty (M +1)
(¢ Q)M2+M1+1 (1-4q) Iy (My + M, +2)’

now, taking in account this result and (20), (45) takes the form

(1 — q) g(HM)M
Ly (Ms + M +2)

Ly ()1 [1f (2) =

w2 — 1 — Ml)rq (bv2 + mv2)

s Ly (bya +myo —1— My) Ty (by2) S (p+1)h
. HU:l [Fq (b Oq

(o, A1),y (1, Ar1) , (D12 + Mg — 1 — My, 1), ..,
(161731)7"'7(1657-85)7

(bs2 +mg2 — 1 — My, 1), (¢~ Me+Mitl) ) n+1+h h
(biz —1— My, 1),y (b — 1= My,1) |1 f(ad). w0

XT+S¢53 |:

Interpreting the above expression with the help of (32) the proof is completed.
]

Theorem 7. Let f be a g-absolutely continuous function on [0, z],

My, b1y b2y, -y bsy ] |: P, (Mv 1),(041‘,142')1 -1 :|
L . dI” T .
a |: P My M2y -5 Mgy ( ) and -ty (/ijBj)l,s ( )

be fractional g-integral operators as defined in (8) and (31) respectively, then

Mu7b1u7b2u7"'7bsu
¢ p+M1—|—M2+...—|—Mu,1—|—u—1,m1u,m2u,...,mu

L Mu—lablu—labQu—lv '-'absu—l
TUp+ M4+ My+ .o+ My_o+u—2,mM1y—1,M2u—1, -, Mgu—1

I [ Ms,b12,b2, -+ -, bs2
T p+ My +1,mia,maa, -+, Mg
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nl| P (Mlal) 7(ai7‘4i)1,r—1
<13 | 05, s

v s Fq<bvh+mvh_( Z;}Mk+h—1))1“q(bvh)

h=20=1 g (bvh - ( "L My +h— 1)) Lq (bon +myp)

Xq(hfuzgi Mk)Mh}

P, (Mu + Mu—l + ...+ Ml +u— 17 1) ’ (aiaAi)Lr—l 3
(Bj: Bj)y 4+ (bja =1 = My, 1),

(bjz +mjz —2 — My — My, 1)

+u—1
et |

(bjg + mjo — 1-— Ml,l)
(bjg —2—M; — My, 1)

1,s° L,s>

Lsos
biw +miy —u+1—M — My —---— M, 1,1
(b]'u_ Ju B B 1_ 2_ u—1 )1,3 f(x), (47)
(]u u+1 Ml M2 T U/7171)1’S

A, Bj e RT Re (o) > 0,Re (Bj) >0,i=1,...,r—1;5=1,...,s,
Ml,...,Mu,mjg,...,mjuENo,TLEN,pE(C, 0<g<l,
s r—1
D Bi= D Az 0bp A u— 14 M+ My+ My,
U—Q—I—Ml—|—M2+Mu_1,u—3+M1—|—M2—|—Mu_1,...,
My >miyy+ ... +mg,v=1,...,8, u=2,3,....
Proof. To prove (47), we employ the mathematical induction principle.

We observe that for u = 2 in (47), it yields to eq. (40).
Now, we suppose that eq. (47) is true for u = [ > 2, that is,

1’ Mlubl7b2l7"'7bsl
T p+ M4+ My+ ..+ My +1—1,my,my,...,mg

< My 1,01-1,b91-1, .., 051
T p+ M+ My ..+ Mg+ 1 —2,my_y, M1, ..., Mg _1

w1 M3, b12,b22,- -+, bs2
T p+ My +1,myg,mag, - Mgy

n| P (Mlvl)v(aiaAi)l,r_l
s [ (Bj> Bj)1, }f(i)
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L3 Fq<bvh+mvh_( Z;%MkJrh_l))Fq(bvh)

111

h=20=11g (bvh - ( Z;% My, +h — 1)) Ly (byn, + myp)

<gh 1A n )

py(My+ My + .o+ My +1—1,1) (5, Ag)y oy
(ﬁjaBj)l,s 5 (bj —1- Ml? 1)1,37

(bjg + mjo — 1 — My, 1)1,3 s (bjg +mj3 — 2 — My — Mo, 1)
(bjg —2—M; — Mg,l)

n+l—1
><Iq [

175 g eeey

Lo
(b'l+m'l—l+1_M1—MQ—"'—MZ_l,].)

S Lol fla),  (48)
(bjy—l4+1—M —My—--- Ml_l,l)LS

Ai,Bj S R+,R€ (Oéz) > 0, Re (,BJ) >0,0=1,..,r—1, 5=1,...;8,
My, ..., M;, mja,...mjy €Ng,neN, pe C,0<qg<1,
ijlB]_Z::_llAz Zo,bvl #l—l—l—Ml—i-Mg—l—...—i-Ml,l,

=2+ My +Mo+ ...+ M_ 1,01 —3+M+My+ ...+ M_q,...,
My>my+...+mg,v=1,...,5,1=3,4,....
On operating both sides of (48) by the operator

I [Ml+17b1l+lyb2l+lu---ybsl+1 } )
Tl p+ M+ My .+ M+ Lmyr, mopy, -, Mg 41

we have

I [Ml+1abll+1>b2l+1a'-'ablerl }
T p+ My+ My .+ My + Lmygr, Mg, -, Mg 41

) Mlablabﬂa"'absl
e p+M1+M2+~'~+Ml—1+l_17m1l7m2l7"'7msl

o My 1,011,021, -, 511
C| p+My+ Mot o+ Mo+l —2,my_1,my_q,...,mg_1 |
L, [

My, b12,b22, -+, bs2 ]
p+ M+ 1,mi2,mo0, -+ , Mg

nl| P (M171)7(O‘i7Ai)1,r—1 o
I, [ (8j,Bj)1 ] f(z)



988 J. Castillo, L. Galué

Lo Fq<bvh+mvh_< Z;%MkJrh_l))Fq(bvh)

=111

h=20=11g (bvh - ( Z;% My, +h — 1)) L'y (bon, + myp)

Xq(hflJrZZ;i Mk)Mh}

oI [Ml+1,b1l+1,b21+1>---,bsz+1 ]
T p+ My 4+ Mo+ ...+ M+ 1Lmygr, Mg, -y Mgl 41

Py (My+ Mpq + .o+ My +1—1,1), (i, Ai)y g s
(Bjs Bj)y g5 (bja =1 — My, 1),

(bjg + mjo — 1 — My, 1)1,3 R (bjg +mj3 — 2 — My — Mo, 1)
(bjz —2— My — Mo, 1)

n—+l—1
><Iq [

175 g eeey

Lo
(b'l—i-m'l—l—l-l—Ml—M2—~~'—Ml_1,1)

ST Le | f (@) (49)
(bjy—l4+1—M —My—--- Ml_1,1)178

Ai,Bj € RTRe (o) > 0,Re (B;) > 0,i=1,...,r — 1,5 =1,...,5,
Ml,...,MlJrl,mjg,...mﬂJrl eNg,neN,peC,0<qg<l,
s r—1
Zj:l B; —Zizl A 2 0,byip1 # 1L+ My + Mo + ... + My,
l—1—|—M1—|—M2+...—|—Ml,l—2—|—M1—|—M2+...+Ml,...,

Mgy >mygr + oo +mgy,v=1,...,51=3,4,....

By applying (40) to the right hand side of (49) we obtain

I [Mz+1,bu+17b2l+1,---7bsl+1 }
T p+ My+ My o+ M+ Lmygr, Mg, -, Mg 41

« L Ml7bl7b2l7"'7bsl
T p+ M+ My+ .o+ My +1—1,my,my, ..., mg

oI My_1,01-1,b91-1, .., 0511
T pFMy+Mot .o+ Mo+l —2,my_1,ma_1,....,mg_1 |
L, [

M3, b12,b22, -+ ,bs2 ]
p+ M+ 1,mi2,ma2, -, Mg

n| P (Mlvl)v(aiaAi)l,r_l
s [ (85 Bj)y 5 }f(i)
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L1 s T (byh Mg — ( MM+ h— 1)) T, (bon)
h=20=11Lg (bvh - ( Z;% My, +h — 1)) L'y (bon, + myp)

Xq(hflJrZZ;i Mk)Mh}

I [Ml+1abll+1>b2l+1a'-'ablerl }
T p+ My + My .+ My + Lmygr, Mg, -, Mg 41

% InJrl

|: P, (Ml+1 + Ml + ...+ Ml + l7 1) ) (Oéi, Ai)l,rfl ’
q

(ﬁijj)l,s s (bj2 —1- M, 1)1,57

(bjg + mjo — 1-— Ml, 1)1,5 , (bjg —-1- Ml, 1)1,5’
(bj3 —2— M, — M>, 1)1,5 s eens

(bjg + mj3 — 2 — My — Mo, 1)175 S e

(bjl+1+mjl+1—l—M1—M2— —Ml,1)178,(bjl—l+1—M1—M2—...
(bjr+mj —l+1—=M —My—---—M_4,1), ,
-1, 1)1 65 (bjip1 — 1 1 2 — ... 1)1

Ai,Bj € RY Re (o) > 0,Re (B;) > 0,i=1,..,7r —1,j =1,..., 5,
Ml,...,Ml+1,mj2,...mﬂ+1 eNgp,neNpeC0<qg<l,
s r—1
ijl Bj —Zizl Ai > 0,byq1 # L+ My + My + ... + M,
l—1+M +My+...+M,l—2+M +My+ ...+ M,...,

M1 >myp+ ... +mge,v=1,...,51=3,4,...,

Which is true for j =1+ 1. This completes the proof. U

Forr=s+1, A, =B; =1, a;, =b;+my, B =b;, m; e Ng; i =1,--- /s in
(47), and using (33) we obtain the following corollary.

Corollary 8. Let f be a g-absolutely continuous function on [0, z],

L, [ M, biy, bay, - bsu ] () and L? [ My, 11,021, -, b1 } )
My M2y --0y Msy P, M1, M2y, ..., Msl

be fractional g-integral operators as defined in (8) and (9) respectively, then

L Mu7b1u7b2u7'"7bsu
? p+ My + Mo+ ...+ My—1+u—1,m1y, Moy, ..., Msy
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|: Mu—lablu—labQu—la"'7bsu—1 :|
1 p+M1+M2+ +Mu—2+u - 27m1u—1>m2u—17 ey Msy—1

|: M27b127b227"'7b32 } Ln [ M17bll7b217...,b51 }f(x)
T p+ My +1,mi2,ma2, ..., mg2 1 pymar,mat, ..., Mg

u s Fq<bvh+mvh_< Z;}Mk+h—1)>1“q(bvh)

= 1111

h=2v=1 11q (bvh - ( Z;} My, +h — 1)) I‘q (bvh + mvh)

y q(h71+22;} Mk)Mh}

My+My 1+ ... +Mi+u—1,b11,b21, ..., bs1,b12 — 1 — My,

-1
XLn—f—u
1 Py T11,MM21,5 -y s,

b — 1 — My, bis —2— My — My, ....bag — 2 — My — My, ... by
12,122, ...y M52, 1013, 11023, «..y g3, ..oy

—u+1-My—Mo— ... —My_1,....;0sy —u+1—My—My — ...—M,, 1
Miyy -y Mgy

x [flx), (51)
Re(bjl)#o,—l,—Q,...,j:1,...,S,Ml,...,Mu,ij,...,m]'uENo,
neN,peC,0<q<l,byy #u—1+ M+ M+ M, 1,

u—2+ M+ Mo+ My 1, u—3+M + Mo+ My _1,..., My > miy + ... + Mgy,

The result established in [15] is for the case bj; € R, j=1,...,s.

Acknowledgements

The authors would like to thanks to Centro de Investigaciones de la Universidad
de la Guajira - Colombia and to CONDES - Universidad del Zulia - Venezuela
for financial support.



ON A FRACTIONAL ¢-INTEGRAL OPERATOR INVOLVING... 991

1]

[10]

[11]

[12]

[13]

[14]

References

R.P. Agarwal, Certain fractional ¢-integral and g-derivatives, Proc. Camb.
Phil. Soc., 66 (1969), 365-370.

W.A. Al-Salam, Some fractional g-integrals and ¢-derivatives, Proc. Edin.
Math. Soc., 15 (1966), 135-140.

G.E. Andrews, g-Series: Their Development and Application in Analysis,
Number Theory, Combinatorics, Physics, and Computer Algebra, Regional
Conference Series in Math. 66, Amer. Math. Soc. (1986).

M.H. Annaby, Z.S. Mansour, g-Fractional Calculus and Equations, Lecture
Notes in Mathematics 2056, Springer, Berlin (2012).

G. Bangerezako, Variational calculus on g-nonuniform lattices, J. Math.
Anal. and Appl., 306 (2005), 161-179.

F. Bouzaffour, Hardy type inequalities for fractional and ¢—fractional in-
tegral operators, Math. Inequal. Appl., 16 (2013), 601-609.

K. Brahim and S. Taf, On some fractional g-integral inequalities, J. Mat.,
3 (2013), 21-26.

K. Brahim and S. Taf, Some fractional integral inequalities in quantum
calculus, J. Fract. Calc. Appl., 4 (2013), 245-250.

Y.Q. Chen and B.M. Vinagre, A new IIR-type digital fractional order
differentiator, Signal Processing, 83 (2003), 2359-2365.

Z. Dahmani and A. Benzidane, New weighted Gruss type inequalities via
(o, B) fractional g-integral inequalities, Intern. J. Innovation and Appl.
Studies, 1 (2012), 76-83.

M. Delgado and L. Galué, Fractional g-integral operator involving basic
hypergeometric function, Groups Geom., 25 (2008), 53-74.

Y. Ding, S.Z. Shan Zhen Lu and K. Yabuta, Multilinear singular and
fractional integrals, Acta Math. Sinica, 22 (2006), 347-356.

L. Galué, Generalized Erdérlyi-Kober fractional g— integral operator,
Kuwait J. Sci. Eng., 36 (2009), 21-34.

L. Galué, Generalized Weyl fractional g-integral operator, Algebras Groups
and Geometries, 26 (2009), 163-178.



992

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

J. Castillo, L. Galué

L. Galué, On composition of fractional g-integral operators involving basic
hipergeometric functions, J. Ineq. and Spec. Functions, 1 (2010), 39-52.

L. Galué, Unification of ¢-fractional integral operator, Algebras, Groups
and Geom., 28 (2011), 283-298.

L. Galué, Unified fractional g-integral operator of g-special functions, Al-
gebras, Groups and Geom., 28 (2011), 185-204.

L. Galué, Some results involving generalized Erdé lyi-Kober fractional g-
integral operators, Revista Tecnocientifica URU 6 (2014), 77-89.

M. Garg and L. Chanchlani, Kober fractional ¢-derivative operators, Le
Matematiche 66 (2011), 13-26.

M. Garg and L. Chanchlani, g-analogues of Saigo’s fractional calculus op-
erators, Bull. Math. Anal. and Appl., 3 (2011), 169-179.

G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge Univer-
sity Press, Cambridge (2004).

H. Gauchman, Integral Inequalities in ¢—Calculus, Computers and Math-
ematics with Applications 47 (2004), 281-300.

0. Gorosito, G. Pradolini and O. Salinas, Weighted weak-type estimates for
multilinear commutators of fractional integrals on spaces of homogeneous
type, Acta Math. Sinica, 23 (2007), 1813-1826.

T. Hayat, S. Nadeem and S. Asghar, Periodic unidirectional fows of a
viscoelastic fluid with the fractional Maxwell model, Appl. Math. Comput.,
151 (2004), 153-161.

M. Ismail, Classical and Quantum Orthogonal Polynomials in One Vari-
ables, Cambridge University Press, Cambridge (2005).

F.H. Jackson, On ¢-definite integrals, Quart. J. Pure Appl. Math., 41
(1910), 193-203.

V. Kac and P. Cheung, Quantum Calculus, Universitext, Springer, New
York (2002).

V. Kiryakova, Generalized Fractional Calculus and Applications, Longman
- J. Wiley, Harlow - N. York (1994).



ON A FRACTIONAL ¢-INTEGRAL OPERATOR INVOLVING... 993

[29]

[30]

[31]

32]

[33]

[34]

E. Koelink, Quantum Groups and q-Special Functions, Report 96-10, Uni-
versiteit van Amsterdam (1996).

S. Momani and Z. Odibat, Numerical approach to differential equations of
fractional order, J. Comput. Appl. Math., 207 (2007), 96-110.

K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press,
New York (1974).

I. Podlubny, Fractional Differential Equations, Academic Press, New York
(1999).

S.D. Purohit and R.K. Yadav, On generalized fractional g-integral oper-
ators envolving the ¢g—Gauss hypergeometric function, Bull. Math. Anal.
Appl., 2 (2010), 35-44.

S.D. Purohit and R.K. Raina, Chebyshev type inequalities for the Saigo
fractional integrals and their g-analogues, J. Math. Ineq., 7 (2013), 239—
249.

S.D. Purohit, F. Ugar, and R.K. Yadav, On fractional integral inequalities
and their g—analogues, Revista Tecnocient ifica URU, 6 (2014), 53—66.

E.D. Rainville, Special Functions, The MacMillan (1960).

P.M. Rajkovic, S.D. Marinkovic and M.S. Stankovic, Fractional integrals
and derivatives in g-calculus, Appl. Anal. Discrete Math., 1 (2007), 311—
323.

P.M. Rajkovic, S.D. Marinkovic and M.S. Stankovic, A generalization of
the concept of g-fractional integrals, Acta Math. Sinica (Engl. Ser.), 25
(2009), 1635-1646.

B. Ross (Ed.), Fractional Calculus and Its Applications, Lecture Notes in
Math., Springer-Verlag, New York (1975).

M. Saigo, On the Holder continuity of the generalized fractional integrals
and derivatives, Math. Rep. Kyushu Univ., 12 (1980), 55-62.

R.K. Saxena, On fractional integration operators, Math. Z., 96 (1967),
289-291.

R.K. Saxena, R.K. Yadav, S.D. Purohit and S.L. Kalla, Kober fractional
q—integral operator of the basic analogue of the H-function, Rev. Téc. Ing.
Univ. Zulia, 28 (2005), 154-158.



994

[43]

[46]

[47]

[48]

[49]

[53]

[54]

J. Castillo, L. Galué

A. Secer, S.D. Purohit, K.A. Selvakumaran and M. Bayram, A generalized
q-Griiss inequality involving the Riemann-Liouville fractional g-integrals,
J. Appl. Math., 2014 (2014), Art. ID 914320, 6 pp.

L. Slater, Generalized Hypergeometric Functions, Cambridge University
Press, London (1966).

I.N. Sneddon, The use in mathematical physics of Erdé lyi-Kober operators
and some of their generalizations, Fractional Calculus and Its Applications,
Lecture Notes in Math. 457 (1975), 37-39.

H.M. Srivastava, Per W. Karlsson, Multiple Gaussian Hypergeometric Se-
ries, John Wiley & Sons, New York (1985).

W.T. Sulaiman, On some new fractional g¢-integral inequalities, South
Asian J. of Math., 2 (2012), 450-459.

C.C. Tseng, Design of fractional order digital FIR differentiators, IFEFE
Signal Process. Letters, 8 (2001), 77-79.

B.M. Vinagre, Y.Q. Chen and I. Petras, Two direct Tustin discretization
methods for fractional-order differentiator and integrator, J. Franklin In-
stitute, 340 (2003), 349-362.

B.J. West, M. Bologna and P. Grigolini, Physics of Fractal Operators,
Springer, New York (2002).

R.K. Yadav and S.D. Purohit, Application of Riemann-Liouville fractional
g-integral operator to basic hypergeometric functions, Acta Ciencia Indica,
30 (2004), 593-600.

R.K. Yadav and S.D. Purohit, On applications of Weyl fractional qintegral
operator to generalized basic hypergeometric functions, Kyungpook Math.
J., 11 (2008), 129-142.

K. Yao, W.Y. Su, S.P. Zhou, The fractional derivatives of a fractal function,
Acta Math. Sinica, 22 (2006), 719-722.

G.M. Zaslavsky, Hamiltonian Chaos and Fractional Dynamics, Oxford
University Press, Oxford (2005).



