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Abstract: In this work we introduce and study uniformly µ-paracompact
spaces. In particular, the following problem is solved: What are the uniform
spaces which for any finitely-additive open cover λ of power ≤ µ admit a uni-
formly continuous λ-mapping to some metrizable space?
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1. Introduction

One of the most important topological properties of the paracompactness-type
is the notion of µ-paracompact spaces. One of the interesting problems of
uniform topology is finding uniform analogues of paracompactness-type prop-
erties. In this article we show a new approach to the definition of uniform
µ-paracompactness of uniform spaces.

Throughout the paper “a uniformity” means a uniformity U defined by
using covers (see [3], [4]). For a uniformity U on a set X, τU denotes the
topology on X induced by U . For a Tychonoff space X by UX we denote
the universal uniformity of X, i.e. the largest uniformity compatible with the
topology of X.

We begin with some definitions that we need in the paper.
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Let λ be an open cover of a topological space X and f : X → Y be a
continuous mapping of X to a space Y . The mapping f is called a λ-mapping
if every point y ∈ Y has a neighborhood Oy whose inverse image f−1Oy is
contained in at least one element of the cover λ, [1].

For covers α and β of a set X, the symbol α ≻ β means that the cover α

is a refinement of the cover β, i.e. for any A ∈ α there exists B ∈ β such that
A ⊂ B. The cover consisting of all sets of form {A

⋂

B : A ∈ α,B ∈ β} is said
to be the inner intersection of the covers α and β, and is denoted as α ∧ β. A
cover α is finitely-additive if α∠ = α, α∠ = {

⋃

β : β ⊂ α is finite}.

For a cover α of a set X and x ∈ X, M ⊂ X we have: St(x, α) = {A ∈
α : x ∈ A}, α(x) =

⋃

St(x, α), St(M,α) = {A ∈ α : M
⋂

A 6= ∅}, α(M) =
⋃

St(M,α).

A topological spaceX is called µ-paracompact if every open cover α of power
≤ µ has a locally finite open refinement. Marconi [6] investigated uniformly
µ−M -paracompact spaces.

A uniform space (X,U) is called:

(i) uniformly µ−M -paracompact if every open cover α of power ≤ µ has a
uniformly locally finite open refinement.

(ii) uniformly A-paracompact if every finitely-additive open cover α has a
uniform locally finite refinement, [2].

(iii) uniformly B-paracompact, if for each finitely-additive open cover λ of
(X,U) there exists a sequence {αn} ⊂ U such that: for each point x ∈ X there
exists a number n ∈ N and an element L ∈ λ with the property αn(x) ⊂ L, [5].

Let f : (X,U) → (Y, V ) be a uniformly continuous mapping of a uniform
space (X,U) onto a uniform space (Y, V ). The mapping f is called:

(1) precompact if for each cover α ∈ U there exist a cover β ∈ V and a
finite cover γ ∈ U , such that f−1β ∧ γ ≻ α, [3];

(2) uniformly perfect if it is both precompact and perfect, [3];

(3) uniformly open if f maps each open cover α ∈ U to an open cover
fα ∈ V , [3];

(4) strongly uniformly open if for each cover α ∈ U there exist a cover β ∈ V

such that f(α(x)) ⊃ β(f(x)) for all x ∈ X, [7].

2. Uniform µ-Paracompactness

Let (X,U) be a uniform space.

Definition 1. A uniform space (X,U) is called uniformly µ-paracompact



ABOUT UNIFORMLY µ-PARACOMPACT SPACES 355

if for each finitely-additive open cover λ of power ≤ µ of (X,U) there exists a
sequence {αn} ⊂ U such that:

(U) for each x ∈ X there are n ∈ N and L ∈ λ with αn(x) ⊂ L.

Proposition 2. If a space (X,U) is uniformly µ-paracompact, then

its topological space (X, τU ) is µ-paracompact. Conversely, if a Tychonoff

space (X, τ) is µ-paracompact, then the uniform space (X,UX ) is uniformly

µ-paracompact.

Proof. Let α be an arbitrary finitely-additive open cover of power ≤ µ of
(X, τU ). Then for α there exists a sequence {βn} ⊂ U satisfying condition (U).
Consequently, there exists a pseudometric σ on X such that βn+1(x) ⊂ {y :
d(x, y) ≤ 1

2n+1 } ⊂ βn(x) for n ∈ N . The system 〈α〉 = {〈A〉σ : A ∈ α} is an
open cover of the pseudometric space (X,σ), where 〈A〉σ is the interior of the set
A in the topology τσ, induced by the pseudometric σ. By µ-paracompactness
of the space (X, τσ), the cover 〈α〉 = {〈A〉σ : A ∈ α} has a locally finite open
refinement β. Since τA ⊂ τU , then β is a refinement of α. Consequently, (X, τU )
is µ-paracompact.

Conversely, let (X, τ) be µ-paracompact. Since the system of all open covers
forms the base of the universal uniformity UX , the space (X,UX ) is uniformly
µ-paracompact.

It follows from this proposition that if X is a µ-paracompact but not para-
compact space, and X is endowed with the universal uniformity UX , then the
space (X,UX ) is uniformly µ-paracompact, but not uniformly paracompact.

Proposition 3. Every uniformly µ −M -paracompact space is uniformly

µ-paracompact.

Proof. The proof follows from the fact that a uniform space is uniformly
µ − M -paracompact if and only if each finitely-additive open cover of power
≤ µ is uniform (see [6], page 320, condition 2).

Corollary 4. Every countably uniformly M -paracompact space is count-

ably uniformly paracompact.

Proposition 5. Every uniformly B-paracompact space is uniformly µ-

paracompact.
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Proof. The proof follows directly from Definition 1 and the definition of
B-parocompactness of uniform spaces.

Corollary 6. Every uniformly B-paracompact space is countably uni-

formly paracompact.

The following theorem establishes a characterization of uniformly µ-paracompact
spaces by means of λ-mappings.

Theorem 7. A uniform space (X,U) is uniformly µ-paracompact if and

only if for every finitely-additive open cover λ of power ≤ µ of (X,U) there

exists a uniformly continuous λ-mapping f of (X,U) onto a metrizable uniform

space (Y, V ).

Proof. Necessity. Let λ be an arbitrary finitely-additive open cover of power
≤ µ of (X,U). By virtue of the uniform µ-paracompactness of the space (X,U)
for λ there exists a sequence {αn} of uniform covers satisfying the condition
(U). Then there exists a pseudometric σ on X such that αn+1(x) ⊂ {y :
d(x, y) ≤ 1

2n+1 } ⊂ αn(x) for any x ∈ X, n ∈ N . The equivalence relation
“ ∼ ”on X is introduced in a standard way: x1 ∼ x2 if and only if ρ(x1, x2) = 0
for all x1, x2 ∈ X. By Yλ we denote the factor-set of the set X with respect
to the equivalence relation “ ∼ ” and by f : X → Yλ denote the natural
mapping of the set X to the set Yλ. It is easily checked that d is a metric,
where d(y1, y2) = ρ(f−1y1, f

−1y2), y1, y2 ∈ Y , Vλ is the uniformity on the Yλ

generated by the metric σ and f : (X,U) → (Yλ, Vλ) is a λ-mapping.

Sufficiency. Let λ be an arbitrary finitely-additive open cover of power
≤ µ of (X,U) and f : (X,U) → (Yλ, Vλ) be a λ-mapping of the uniform space
(X,U) onto a metrizable uniform space (Yλ, Vλ). Let {βn} be a countable base
of uniformity Vλ. Then {αn} ⊂ U , αn = f−1βn. We show that the sequence
{αn} satisfies condition (U). Let x ∈ X be an arbitrary point. Then there exists
a neighborhood βn(y) of a point y ∈ Yλ such that f−1βn(y) ⊂ L, for some L ∈ λ.
Therefore, αn(x) ⊂ L. So, the space (X,U) is uniformly µ-paracompact.

Corollary 8. A uniform space (X,U) is countably uniformly paracompact

if and only if for every finitely-additive countably open cover λ of (X,U) there
exists a uniformly continuous λ-mapping f of (X,U) onto a metrizable uniform

space (Y, V ).
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Proposition 9. The product (X,U)×(Y, V ) of a uniformly µ-paracompact

space (X,U) and a compact space (Y, V ) is uniformly µ-paracompact.

Proof. Let (X,U) be uniformly µ-paracompact and (Y, V ) a compact space.
Then according to Example 2.3.3., [4, p. 95] the projection πX : (X,U) ×
(Y, V ) → (X,U) is uniformly perfect, i.e. it is an ω-mapping of the product
(X,U) × (Y, V ) onto uniformly µ-paracompact space (Y, V ) for any finitely-
additive open cover ω of power ≤ µ of the product (X,U)× (Y, V ). According
to Theorem 1, the product (X,U) × (Y, V ) is uniformly µ-paracompact.

Corollary 10. The product (X,U) × (Y, V ) of a countably uniformly

paracompact space (X,U) and a compact space (Y, V ) is countably uniformly

paracompact.

Theorem 11. Let f : (X,U) → (Y, V ) be a uniformly perfect mapping

from a uniform space (X,U) to a uniform space (Y, V ). Then uniform µ −M

- paracompactness is preserved both in the image and the preimage direction.

Proof. Let (X,U) be uniformly µ−M -paracompact and α be an arbitrary
finitely-additive open cover of power ≤ µ of (Y, V ). Then f−1α ∈ U . Since the
mapping f is precompact, there exist a cover β ∈ V and a finite cover γ ∈ U

such that f−1β ∧ γ ≻ f−1α. It is clear that (f−1β ∧ γ)∠ = (f−1β)∠ ≻ (f−1α)∠.
Therefore, β∠ ≻ α, i.e. α ∈ V . Consequently, (Y, V ) is uniformly M − µ-
paracompact.

Conversely, let (Y, V ) be uniformly M − µ-paracompact and α be an arbi-
trary finitely-additive open cover of power ≤ µ of (X,U). Then {f−1y : y ∈
Y } ≻ α. Since f is a closed mapping, it follows that β = {f#A : A ∈ α} is
an open cover of power ≤ µ of (Y, V ), f#A = Y \f(X\A). Then β∠ ∈ V and
f−1β∠ ≻ α. Consequently, (X,U) is uniformly M − µ-paracompact.

Corollary 12. Let f : (X,U) → (Y, V ) be a uniformly perfect mapping

from a uniform space (X,U) to a uniform space (Y, V ). Then countable uniform

M -paracompactness is preserved both in the image and the preimage direction.

Proposition 13. Let f : (X,U) → (Y, V ) be a strongly uniformly open

mapping of a uniformly µ-paracompact space (X,U) to a uniform space (Y, V ).
Then the space (Y, V ) is uniformly µ-paracompact.
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Proof. Let (X,U) be uniformly µ-paracompactum and β be an arbitrarily
finitely-additive open cover of power ≤ µ of (Y, V ). Since f is a uniformly
continuous mapping, it follows that f−1β is a finitely-additive open cover of
power ≤ µ of (X,U). Then there exists a sequence of uniform covers {αn}
satisfying condition (U). Since f is strongly uniformly open, for each αn ∈ U

there exists a cover β ∈ V such that f(αn(x)) ⊃ βn(f(x)) for each point x ∈ X.
Therefore, for any point y ∈ Y , there exist n ∈ N and B ∈ β such that
βn(y) ⊂ B. Therefore, (Y, V ) is uniformly µ-paracompact.

Corollary 14. Let f : (X,U) → (Y, V ) be a strongly uniformly open

mapping of a countably uniformly paracompact space (X,U) to a uniform space

(Y, V ). Then space (Y, V ) is countably uniformly paracompact.

Proposition 15. Let f : (X,U) → (Y, V ) be a uniformly open mapping of

a uniformly µ−M -paracompact space (X,U) to a uniform space (Y, V ). Then
the space (Y, V ) is uniformly µ−M -paracompact.

Proof. Let (X,U) be an uniformly µ −M -paracompactum and β an arbi-
trary finitely-additive open cover of power ≤ µ of (Y, V ). Since f is a uniformly
continuous mapping, it follows that family f−1β is a finitely-additive open cover
of power ≤ µ of (X,U) and f−1β ∈ U . Then the uniform openness of f implies
that β ∈ V . Therefore, (Y, V ) is uniformly µ−M -paracompact.

Corollary 16. Let f : (X,U) → (Y, V ) be a uniformly open mapping of

a countably uniformly M -paracompact space (X,U) to a uniform space (Y, V ).
Then the space (Y, V ) is countably uniformly M -paracompact.

Proposition 17. Let (X,U) be a uniformly µ − M - paracompact space

and the index of compactness of (X, τU ) is ≤ µ. Then the space (X,U) is

complete.

Proof. Suppose that a Cauchy filter F in (X,U) does not converge at any
point of the uniform space (X,U). Then every point x ∈ X has a neighborhood
Ox and Ex ∈ F such that Ox

⋂

Ex = ∅. Consider the open cover λ = {Ox : x ∈
X} of power ≤ µ. Then λ∠ ∈ U , therefore λ∠

⋂

F 6= ∅, i.e. there are Oxk
∈ λ,

k = 1, 2, ..., n, such that
n
⋃

k=1

Ox ∈ λ
⋂

F . Hence,
(

n
⋂

k=1

Exk

)

⋂

(

n
⋃

k=1

Oxk

)

6= ∅ and
n
⋂

k=1

Exk
∈ F ,

n
⋃

k=1

Oxk
∈ F .
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A contradiction. So, (X,U) is complete.

Corollary 18. Let (X,U) be a countably uniformly M -para-compact

space such that (X, τU ) is a Lindelöf space. Then the uniform space (X,U) is

complete.

A uniform space (X,U) is called uniformly locally µ-compact if the unifor-
mity of U contains a uniform cover whose closure of each element is µ-compact.

Proposition 19. Any uniformly locally µ-compact space is uniformly

µ−M -paracompact.

Proof. Let (X,U) be uniformly locally µ-paracompact and α be a finitely-
additive open cover of power ≤ µ. Then there exists such a uniform cover β the
closure of each element of which is µ-paracompact. Then it is easy to see that β
is a refinement of α. Consequently, (X,U) is uniformly µ−M -paracompact.

Corollary 20. Any uniformly locally countably compact space is count-

ably uniformly M -paracompact.

Corollary 21. Any locally µ-compact topological group is µ−M -paracompact.

Let us prove the following simple topological lemma.

Lemma 22. A topological space X is µ-paracompact if and only if every

finitely-additive open cover α of power ≤ µ has a locally finite open refinement.

Proof. Necessity. The necessity is obvious.

Sufficiency. Let α be an arbitrary open cover of power ≤ µ of X. Then
for the finitely-additive open cover α∠ of power ≤ µ of (X,U) there exists a
locally finite open cover β which is a refinement of it. For each B ∈ β, choose

AB ∈ α∠ such that B ⊂ A∠

B, where A∠

B =
n
⋃

i=1
Ai, Ai ∈ α, i = 1, 2, ..., n. Let

α0 =
⋃

{αB : B ∈ β}, αB = {B
⋂

Ai : i = 1, 2, ..., n}. Then α0 is an open
locally finite cover of the space X. It is clear that α0 ≻ α. Consequently, X is
µ-paracompact.

A uniform space (X,U) is called uniformly µ − A-paracompact if every
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finitely-additive open cover α of power ≤ µ has a uniform locally finite refine-
ment.

If a space (X,U) is uniformly µ−A-paracompact, then its topological space
(X, τU ) is µ-paracompact. Conversely, if a space (X, τ) is µ-paracompact, then
the uniform space (X,UX) is uniformly µ−A-paracompact.

Any uniformly A-paracompact space is uniformly µ−A-paracompact.

Proposition 23. Any uniformly µ−A-compact space is uniformly µ−M -

paracompact.

A uniform space (X,U) is called strongly uniformly locally µ-compact if the
uniformity of U contains a locally finite uniform cover whose closure of each
element is µ-compact.

Proposition 24. Any strongly uniformly locally µ-compact space is uni-

formly µ−A-paracompact.

Proof. Let (X,U) be strongly uniformly locally µ-paracompact and α is a
finitely-additive open cover of power ≤ µ. Then there exists such a locally finite
uniform cover β the closure of each element of which is µ-paracompact. Then it
is easy to see that β is a refinement of the α. Consequently, (X,U) is uniformly
µ−A-paracompact.
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