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Abstract: In this paper, the well-posedness theorem on the parabolic differen-
tial equation with involution and nonlocal conditions is considered. The stable
difference scheme for the approximate solution of this problem is presented.
Numerical results are given.
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1. Introduction

There always has been a major interest for the numerical solution of partial
differential equations due to their widespread applications in physics and tech-
nology. For this aim, the well-posedness of various nonlocal boundary value
problems for partial differential and difference equations has also been studied
extensively by many researchers (for instance, see [1], [2], [3], [4], [5], [6], [7], [8],
[9], [10], [11], [12] and the references given therein). In the last decades, partial
differential equations with involutions were also investigated by several authors
(for references, see [13], [14], [15], [16]). In [14], Ashyralyev and Sarsenbi es-
tablished the stability and coercive stability estimates for the mixed problem
(with involution with respect to ¢ and the Dirichlet condition in x) of a parabolic
equation with involution in Holder norms. The mixed problem for a parabolic
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equation with involution was investigated by the operator tool of monograph
[14, Eq. (29)]. The stability estimates in C([0,T], L2[—[,!]) norm and coer-
cive stability estimates in C,([0,T], L2[—(,1]) and C4,([0,T], L2[—!,1]) norms
for the solution of the problem were established. However, numerical solutions
to nonlocal parabolic equations with involution have not been well-investigated.

The present paper is devoted to the study of parabolic equation with invo-
lution and nonlocal conditions. The well-posedness theorem on the differential
equation of the parabolic problem is proved. A stable difference scheme for
the approximate solution of this problem is constructed. Furthermore, stability
estimates for the difference scheme of the parabolic problem are established.
Numerical results are provided.

2. Well-posedness of the Differential
Problem with Involution

In this paper we consider the problem

ut(ta J}) - (a(x)ua: (ta J}))x - ﬁ (a(_x)ua: (tv _m))x
+ou(t,x) = f(t,x), —l<z<l, 0<t<T, 1)
wlts—1) = u(t,1), wn(ts—1) = up(t,1), 0 <t < T, (
u(0,2) = ¢(x), —1<z<l,

for the one dimensional parabolic differential equation with involution. Problem
(1) has a unique solution u(¢, z) under compatibility conditions for the smooth
functions f(t,z) ((t,z) € (0,T)x(=1,1)),a>a(z) =a(—z) > J >0,5—al|f| >
0 (x € (=1,1)), p(z), z € [-1,1], and ¢ > 0.

Throughout this paper, let the Sobolev space W[/, ¢] be defined as the
set of all functions v(x) defined on [/, ¢] such that v(x) and the second order
derivative function v”(x) are both locally integrable in Lo[—/, ¢], equipped with
the norm

’ 1/2

1/2 ’
0@ lwz (e = / p@)Pde |+ (/ " ()] da
4

14

Theorem 1. Suppose that ¢ € W2[—(,(]. Let the function f(t,x) €
C§ (10,17, La[—¢,4]). Then the solution of the initial boundary value problem
(1) satisfies the coercive stability estimate

lutll co 0,17, Loty T 1l o o, w2-10))
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< M(,0,8,1) [H@HWQ?[—Z,Z] + Hf”Cg‘([O,T},LQ[_l,l})] :

where M («, 0, 0, 3,1) does not depend on f(t,z) and ¢ (z). Here C§ ([0,T], H),
0 < «a < 1, stand for Banach spaces of all abstract continuous functions ¢(t)
defined on [0,T] with values in H satisfying a Hélder condition for which the
following norm is finite

[ = [lol| + sup (t+7)" lpt +7) — )l
Cg ([0,7),H) CUOTLH) Ty e T

Proof. Following the techniques from [14], we introduce a differential oper-
ator A”* defined by the formula

Afu(z) = —(a(2)uz(2))e — Bla(—2)ug(—2))s + ou(z) (2)
with the domain
D(A") = {u, gy € Lol—L,1] s u(=1) = u(l), up(~1) = up(0)}.
Then, we can rewrite the problem
w(t) + Au(t) = f(t), 0<t<T, u(0) = (3)

in a Hilbert space H = Ly[—[,[] with the unbounded operator A = A* defined
by formula (2). Here, f(t) = f(t,z) and u(t) = u(t,x) are known and unknown
abstract functions defined on [0,7] with values in H = Ly[—, ], respectively,
and ¢ = @(z) and a = a(z) are given smooth elements of H = Lao[—1,1].
Therefore, the proof of Theorem 1 is based on the theorem on coercive stability
of abstract problem (3) (see [14]), the self-adjointness and positive definiteness
of the space operator A* defined by formula (2). O

3. Well-posedness of the Difference Scheme

Now, we study the stable difference scheme for the approximate solution of
problem (1). The discretization of this problem is carried out in two stages. In
the first stage, we define the grid space

(=Ll ={zy :xyp =nh, —M <n <M, Mh=1}.
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We introduce the Hilbert spaces Lo, = La([—, [],) of the grid functions " (z) =
{¢" M, defined on [—1,1], equipped with the norm

1/2

|+

To the differential operator A* given in (2), we assign the difference operator
A7 by the formula

A" (@) = {~(a(@)pz())ar — B (a(=2)ps(~2)),,, +opr} 4, (4)

acting in the space of grid functions ¢"(z) = {, },, satisfying the conditions
o-v=¢vand o _pi1—0-m =P —PM—1 (=30_mi2+4p M1 — @M =
—op +4op-1 — 3pn—2).

It is well-known that A7 is a self-adjoint positive definite operator in Lo.
With the help of A7, we reach the abstract problem

ubl(t,x) + ASul(t ) = fi(t,x), v € [~1,1),, 0<t<T, -
{ uh(0,2) = pM(z), x € [-1,1], . (5)

In the second stage, we replace the problem (5) with first order of accuracy
difference scheme

M + Azul(z) = fh, (@) = [t ),
tk—k’T,lgk’SNNT:T,me[_lvl]hv (6)

ufj(z) = " (2), 2 € 1,1,

We have the following stability and coercive stability results.

Theorem 2. The solution of the difference problem (6) satisfies stability
and coercive the stability estimates

[,

CT(LQh)
N
< M; (6,0, 3,1) [ + H{f,?} ] ,
1 CT(LQh)
N
up — gy +‘{UZ}N
T Ullcewz,)

Ullee(Lan)
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N

ooy ]|

where Ms (6,0, 3,1), M («,0,0,3,1) do not depend on T, h, f,?, 1<k<N and
©" (z). Here, we have the normed space

< M(a,0,0,5,1)

9

CY(H)=CY0,T);,H), 0 <a<l,
of abstract grid functions {py}1_, with values on H and the norm

|‘{¢k}i]€VZIHCE(E): max HSDkHH

1<k<N
((k +r)7)"
+1§k1<r}€i>§§N\|¢k+r okl g e

Proof. Difference scheme (6) can be written as the following abstract dif-
ference scheme

U]I;_U}I; 1
77+Aﬁu22f,?, 1<k<N, ugzgoh,
-

in a Hilbert space Loy, with operator Aj, = A} defined by formula (4). Here and
in future, f = fi(z) is given abstract mesh function, u! = u}(x) is unknown
mesh function. The proof of Theorem 2 is based on the stability and coercive
stability of the difference scheme (6) and on the self-adjointness and positive

definiteness of the space difference operator A} in Loy, (see [14]). O

4. Numerical Experiment

When the analytical methods do not work properly, the numerical methods for
obtaining approximate solutions of partial differential equations play an impor-
tant role in applied mathematics. We can say that there are many considerable
works in the literature. In this section for the approximate solution of a prob-
lem, we use the first and second order of accuracy difference schemes and the
error analysis is given.

We consider the problem

ug (t, ) — Uge (t, ) — %u$,$ (t, —) + u(t, x)

= costsinz + 3sintsinz, z € (—m,7),t€(0,7),
u(0,z) =0,z € [-m, 7],

u(t,—m) =u(t,m), ug (t,—7) = uy (t,7), t € [0,7]
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for parabolic equation with involution and nonlocal condition. The exact solu-
tion of this problem is

u(t,x) =sintsine, —nw<zx<m, 0<t<m.

Here and in future, we denote the set [0, 7] x [—m, x|, of all grid points
0, 7], x [—m, 7], = {(tk,zn) 1 tpy = k7,0 <k < N,
Nt =m,x, =nh,—M <n< M, Mh=m}.

For the numerical solution of problem (7), we present the first order of accuracy
difference scheme
(1 (uf"Z — uﬁ_l) —h2 (uf"H_l — 2ufZ + Uﬁ—1)
_%h72 (u]inJrl - 2ufn + u]infl) + Up,
= cos tg sinx,, + %sin ty sinx,,, (8)
u) =0,-M <n <M,
k

— ok ok ko ok k
Uy = upy Ul Uiy =uy — Uy, 0SESN.

For obtaining the solution of difference scheme (8), we rewrite it in the matrix
form

AU+ BU' =Ry, 1<k<N, U°=¢p, (9)
where
i 0 0 0 . 0 0 —17
a b a 0 0 ¢ —-a c
0 b a c —a c 0
A=| 0 0 0 0 . atc b—a ate . 0 0 0 0 |,
c —a c¢ . . (.1 b a 0
c —a ¢ 0 0 a b a
_—1 1 0 0 . 0 0 1 —1_
[0 0 0 0O . 0 0 07
0 d 0 0 0 0 O
0O 0doOo . 00O
B = .o
0000 . dO@oO
0000 . 0doO
L0 0 0 O 0 0 0 |
and 1 1 1 1
=T tErtpth o= g =0
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UEM (p(ﬂﬂ—M)
Us=|: Jors=kk—-1 o=1": ,

Ut o(xar)

1 0 _

0 (1) 8 SOEM-H

R= 7()0k =
00 .1 Y1
L. O -

So, we have the first order difference equation with respect to k with matrix
coefficients. From (9) it follows that

UF=—A"'BU '+ A7'RY*, k=1,..,N. (10)

We also present the following second order of accuracy difference scheme
for the approximate solutions of the problem (7)

k k ko k k k
—3u7M+2 —|—4u7M+1 —ul = —uly, +4Auy, g — 3uly,,,
0<k<N.

For obtaining the solution of difference scheme (11), we rewrite it in the matrix
form

AU+ BUF ' =RpF"2, 1<k<N, U=,
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where
(1 0 0 0 0 0 0 -1
a b a 0 c —-a c
0 b a c —a ¢ 0
A=|10 0 0 0 at+c b—a a+c . 0 O 0 0 ,
0 ¢ —a c a b a 0
c —a ¢ 0 . . . . . 0 a b a
|3 -4 1 0 . . . . .0 =3 4 -1 |
0o o0 0 0 0 0 0 i
a d a 0 c —a c¢
0 a d c —a c¢ 0
B=1]10 0 0 0 at+c d—a a+c . 0 O 0 0
0 ¢ —-a c a d a 0
c —a ¢ 0 0 a d a
10 0 0 0 . 0 0 0 0 |
and
B 1 B 1 1 . 1 n 1
2hr2T T 4h% T h? 2

Similarly, it follows that
Uk = —A7'BU* '+ A7'RY*, k=1,..,N.

Now, we give the results of the numerical analysis. We recorded the numerical
solutions u* of these difference schemes at (t,z,) for different N and M values. For

their comparison, the errors computed by
EF = max

1<k<N
—M<n<M

‘u(tk,xn) — ufl‘ .

Table 1 gives the error analysis between the exact solution and the solutions derived
by difference schemes. It is constructed for N = M = 20, 40, 80, and 160.

Table 1. Error analysis between the exact solution u(tg, z,) and numerical solu-

tion u’;
Method N=M=20 N=M=40 N=M=80 | N=M=160
15" order | 4.2764-102 | 2.1826-10~2 | 1.1022-10~2 | 5.5390-10~3
27 order | 2.9878-1072 | 6.9966-10=3 | 1.6915-103 | 4.1570-10~ 1

Thus, the second order of accuracy difference schemes converges faster and are

more accurate comparing with the first order of accuracy difference scheme.
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5. Conclusion

In this paper, theoretical studies are given that prove well-posedness theorem on the
differential equation of the nonlocal problem with involution and stability estimates for
the difference scheme of the parabolic problem. To support the theoretical results by a
numerical experiment, we constructed a stable difference scheme for the approximate
solution of the problem. The obtained results, given in Table 1, support the theoretical
results.
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