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Abstract: In this study, the source identification problem with non-local
boundary conditions for the time-dependent, one-dimensional Schrédinger equa-
tion is studied. Stability estimates are constructed for the solution of source
identification problem. A first order of accuracy difference scheme is investi-
gated for the numerical solution of this problem.
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1. Introduction

Source identification problems (SIPs) have significant role in natural science,
applied sciences, engineering, quantum mechanics, diffusion equations, heat
equations (see, e.g., [1], [2], [3] [4]). The theory and applications of SIPs for
partial differential equations(PDEs) were studied in various investigations (see,
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e.g., [5], 6], [7], [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20],
[21], [22], [23], [24], [25], [26], [27]). In this paper we investigate one-dimensional
time-dependent SIP for the Schrédinger equation (SE)

izt = (a(2) 2), + 02 = p (1) b(x) + g (¢, 2) ,
0<t<T,ze(0,]),

2(0,2) = ¢ (z),x €10,]], (1)
z(t,0) =z (t,1), 2, (£,0) = 25 (¢,1),

Joz(tz)de =C(t), te0,T].

Assume that 0 < a < a(x), g(t,z),((t),p(x),b(x) and a(x) are given suffi-
ciently smooth functions with the boundary and integral conditions b (0) = b (1),
b (0) = b (1) and fol b(x)dx # 0. In this paper we investigate the stability of
differential and difference SIPs. We establish our study in four steps. Section
1 serves as introduction. In Section 2 differential stability of the problem (1)
is presented. In Section 3, the stability of the first order of accuracy difference
scheme of the problem (1) is presented. Finally, results of numerical experi-
ments are provided.

2. Theorem on Stability of Problem (1)

Assume that H is a Hilbert space and A is a self-adjoint positive-definite oper-
ator defined by the formula

Az = —% <a($)d2(j)> +62(x) (2)
with a domain
D(A) ={z:2,2 €Ly[0,1], 2(0)=2z2(), 2z(0)=2z ()} (3)

Let C(H) = C([0,T],H) be the Banach space of all abstract continuous
functions u (t) defined on [0, T] with values in H equipped with the norm

= - 4
lelleqm = mas v Ol (4)

Moreover, let Ly [0, ] be the space of all square integrable functions 1 (x) defined
on [0,!] equipped with the norm

l ,
100 = ( [ <x>\2dx) 5)
and W2 [0,1] = {1 : ¥, € L2 [0,1]}.
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Theorem 1. Assume that g(t,z) and ¢ (t) are continuously differentiable
functions with ¢ € C'[0,T]. Then the problem (1) has a unique solution z €
C (L2[0,1]) and p € C'[0,T] and for the solution of problem (1) the following

stability estimates hold:

letloaiom + Welloqwzon + 1Plepm < M ©,8) [lelwzon

19 0, g0 + N9t oxzapou + I6llcpo] -

Here, M denotes a positive constant which may differ in time and thus is not
a subject of precision. We use the notation M (b, c) to stress the fact that the

constant depends only on b and c.

Proof. Let us denote

z(t,2) = w(t,x) —in (t)b(x),

where

and let w (¢, z) be the solution of the following problem:

iwe (t,x) — (a(x)wy (t,2)), + ow(t, )

=g(t,x) +n(t)[(a () by (x)), —6b(z)],

x € (0,0),te€(0,7),

w(0,z) = (x),z € [0,1],

w (t,0) = w (t,1) ,wy (t,0) = wy (¢,1),t € [0,T].
Applying the integral condition in (1) and formula (7), we can write

1

n(t):ib<§(t)—/olw(t,x)dx>, b:m.
0

Applying formulas (8) and (10), we get

p(t)=1ib <<’ () — /Ol wy (t, ) dx> :

Using that f(f b(z)dx # 0, we obtain the estimate

Ip()] < K1 (a) [[Ge ()] + lJwe(t, )| 2o,

(11)

(12)
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for each t,t € [0,T]. From (9) it follows that

z(t, x) = wi(t, ) — ip(t)a(w) (13)

and
12t e o) < lwillowaom + IPNop.m lall Ly, - (14)
O

Theorem 2. Under the assumptions of Theorem 1, problem (9) has a
unique solution in C' (L [0,1]) and the following stability estimate is satisfied:

el epaion < 5o 0:9) [Iellzioq + ¢ (O) -
15

+ 119 (0, )M o0 + N9t oo + HCtHC[O,T}] :

Proof. Problem (9) is equivalent to the problem of solving the integral equa-
tion A
w(t,z) = Mo (x) (16)

# [ e {own)-0(con- | w0 (p,) i) b () | .

Here, e is the operator-function generated by the operator A and defined as
the solution of the initial value problem
iwy + Aw(t), t >0, w(0) = . (17)
Taking the derivative and using integration by parts, we get
wy(t, x) = iAettp(x) — g(0,7) — ( fO w(0, z) da:) Ab(z)
= Jy 40 {2 b (G0) — i e Briptld) Ab(a) | dp.

Applying formula (18), Holder’s inequality, estimate (13) and the estimate

(18)

€| L0, Lafo) < €77, (19)

we get

[Jwe (2, )HLQ[ol < HASO||L2[ol + 1l9(0, )HLQ[O,Z] + K3(l,a,b) <||90HL2[0,1] + ‘C(O)\)

t
T gell oo, + Ka (L a, b) [[Gell oo, + K5 (l,a,b)/o [lwp (P, )l 50, 9P
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Then, applying the integral inequality, we get
[we(t, )|l < Ko (1,a,b) "o (20)

for any ¢ € [0, T, where

K (1, ,6) = [ Al g0 + 1900, ) oy + Ea(t,a,6) (el ypo +1CO)1)

+ T l|gell oy + Ka (1 a, ) 1€l cpom -

3. Stability of Difference Problem

Let Cr(H) = C([0,T]_,H) be the normed space of all mesh functions 0™ =
{Hk}ivzo defined on

0,7 ={ty =kr, 0<E<N, Nt=T}
with values in H equipped with the norm

107 e, () = OH}&XN 10kl - (21)

Moreover, Lo, = Lo [0,1], and W3, = W3 [0,1],, are normed spaces of all mesh
functions " (z) = {’yn}nM: o defined on

0,1, ={xn=nh, 0<n <M, Mh=1}

(- {é%\?h}%,

H’thm {Zlm h+z i1 — 2%+% 1 h}é

Moreover, we introduce the dlfference operator Ay defined by the formula

equipped with the norms

M-—1
Ahuh (.T) _ {_ <an+1un+22 Up, _ (Inun h;%l) + 5un} (22)

n=1
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acting in the space of mesh functions u” (z) = {un}ﬁi o defined on [0, ], satis-
fying the conditions up; = ug, ups —upr—1 = w1 —ug. For the numerical solution
{=} (m)}ivzo of problem (1), we present difference scheme (DS) of the first order
of approximation

( E_ _k—1 k Lk k__k
CZp—% Zn4+1—% “n " An—1 k _ k
1= Tn - <an+1 = h2 == Qn = h2n ) + 5Zn = PkQn +gn7

gﬁ:g(tk,xn),tke[O,T]T,xne[O,Z]h,kél,N, (23)
ne€l,M—1,Nt=T,20 = p,,0n = p(z,),n €0, M,

M
zﬁ:zlg,zﬁ—zﬂ_l:zf—zlg,zizlzkh:C(tk), keO0,N.

(2

Here, it is assumed that ays = ag,an — apr—1 = a1 — ag, and
Zf\n/lzl amh # 0. Let us give the following result on the stability of DS (23).

Theorem 3. For the solution of DS (23) the stability estimates are satis-
fied:

1 N N
1EICE I S I [ A N [
k=1llc, (L) —llo-(w3) T
<K@ ||, + o], +
<K (q) [ s T, <o
1 N 1 N
+19 = (912Z - 91}571) + 11 = (G — Cr—1)
T k=2l{c (Lon) T k=1{lc10,17
Proof. Let use denote
2 = W), — inbn, (24)
where
k
by, = b(xn)ank = Z PmT- (25)

m=1
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It is easy to show that {w]! (:1:)}sz0 is the solution of the DS

( k k—1 k k k k
- W, —W wn+1_wn Wp =Wy _q k
L n — <Qn+1 B2 — an 72 + (5wn

I 1 bn4+1—bn bn—bp— .
= On + [_E[an—l—l +;L — an i l] + 5an] Mk,

— ok ok k — ok k
—w07wM_wM_1—w1_w07 kEO,N.

Now we estimate |pg|. Using the discrete analogy of the integral condition
in (23) and using (28), we obtain

M
1
e =ib ( Ge— Y winh ) b= =5 (27)
(o3 SHEW
Then,
ib M
pr=— (Ck — o1 — Y (wh, — ’wﬁll)h) : (28)
T m=1
Applying the Cauchy-Schwartz inequality, we get
_ wh — wh
k| < K (b) Gk — Cr1 kTRl (29)
T T
Loy,
forall 1 <k < N and
N
30
H{pk}k:1 ‘C[O,T}T (30)
_ N h_,hn N
< K(b) H{Ck Ck1} n {wk wkl}
T k=1{lc10,11, T K=o (L)
Applying (24), we obtain
Gt N Sl
T T
and
1 N
H{— (- +4) (31)
k=1 CT(LQh)
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1 N
h h
— (wk — wkl)}
{T k=1

Therefore, the statements complete the proof of Theorem 3. U

<

(bl

+ H{pk}gZIHC[O,T}T

Lon
C;(L2h)

Theorem 4. For the solution of DS (26) the stability estimate is satisfied:

(ECREN

=llc (L
Lap,

T( 2h)

< 53@ ||, +l0l @
N

1 h h Ck - Ck—l N
{; (gk N gkil) }k:Z { T }kzl

Proof. Problem (26) is equivalent to the following abstract problem

_%

o]

Cr L) 1),

UETWEL A — b AR
p= + A%wy =gy +1 Mk (33)
ty =k, 1<kE<N,Nt :T,w(})Z = ",
Therefore,
k
wh = REph — ZZ RF-I+1y (ggl + iAhahnj> ) (34)
j=1
where R = (I 4+ i7A")~!. Taking the difference derivative, we get
Wi — Wiy hpk h k( h h h
f:—iA R*p" —iR" (g7 + 1A"a"m) (35)

k
—i Y RFIH(gh — gl iAtal (n; —n;0)).
=2

Applying formula (35) and estimate (29), and the following estimate

1
R < —
1Bl —n < 15

we get

wp = wea |l |4z
S S (| An

ot
-

Laop Laop

Lop
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h h
w — W —1

le

k k
h h
+ZHQJ' _gjfluL% +Ky(a ZT
=2

Laop

h__,,h
Putting H % = 7}, we obtain the discrete analogy of integral inequal-

. Loy,
ity
Z < |aiet|| + ot +ZHg]—gJ !, + K 316 - G
Loy, Lap, Lap, =
k
—|—K4(a)ZTZ
j=1
From that it follows
Are |, ot + 2 ]ler -]
H e, e, Z gl gle%

1

N
+Ky(a) ; G — G-l | X m'

Since
; =1 + M’
1— Ky(a)T 1 — Ky(a)T
we have
1 Kq(a)T
S 61—K4(a)7' .

(1 — Ky4(a)7)"

3 [ =i
Lo, Z g] g] 1

< |[J4e]

ot
L2h L2h

_Ky(a)T
+K4 ZKJ C] 1‘ xel- K4(G)T

7=1

for any k. From that it follows (32). O
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4. Numerical Experiment

For the numerical experiment we consider the SIP
12 — Zgw + 2 = p(t) (1 +sin 22) + e (=1 + 3sin(27)),
z e (0,m), te(0,1),
z2(0,2) =1+sin2z, z € [0,7],
2(t,0) = 2 (t,7) , 25 (£,0) = 2, (t, ), [ 2 (¢, @) dw = we™ ¢ € [0,1],

(36)

for a SE. The exact solution of this problem is (z,p) = ((1 4 sin2xz)e’, e™).
Applying difference scheme (23) for problem (36), we get

tlm—ant) — gz (R — 228+ 200) + 23

= pi (1 +sin2x,) + (=1 + 3sin(2z,,)) €'k,
ty =kr,xp, =nh,k€1l,N, nel, M —1, (37)
20 =1+sin2z,,n€0,M, Mh=x, N7=1,

k _ Lk Lk ko ok ok NM kg it
L 2N = 20,20 — Zhp1 = 21 — 20, Dome1 Zmh = me k€ 0,N,

M

The algorithm for obtaining the solution {{zﬁ}ffzo} . and {pk}szl of DS (37)
n=

contains three steps. We introduce 7 by the formula

k
Nk = Z PmT, ke 17N7 o = 0. (38)
m=1
Then,
pr="L TN, (39)
T
K =wh —ine, keO,N, nelo,M]. (40)
Here wk is the solution of the DS
[ wh —whT w20 +wy g, mett — Z%fl wp,h
1 n T
T h? T
=" (—144sin22), ke€l,N, nel,M—1, (41)

wg =1+sin2x,, ne0,M,

k k k k k
| wy = wyy, wy —wy—1 = wy —wy,ke€0,N.

Using the discrete analogy of integral condition in (41), we get

M k it

., kel,N. (42)

Nk =
T
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M
Step 1: According to DS (41), we obtain {{w,’fb}i\lo} .

Step 2: We will find {nk}ivzo, {pk}fgvzl by formulas (42) and (39).
M
Step 3: We will find {{zﬁ}i\;o} . by formulas (38) and (40).

n=
The errors are computed by

M 9 2
E, = max. ‘Z (tkv .I‘n) - Zfi h ) (43)
kEON \ S5
Ep = max [p(tx) — pil- (44)
kel,N

Numerical solutions of z (¢, ) at (tg,z,) is z& and of p(t) at ty is py.
The results of numerical experiments for problem (36) are provided in Table
4.1.

Error M=N=40| M=N=80| M =N =160
E, 0.0496 0.0248 0.0124
E, 0.0067 0.0031 0.0015

Table 4.1: Error analysis

As it is seen in Table 4.1, if M and N are multiplied by 2, the value of
errors decreases approximately 1/2 for the DS. This shows that it has the first
order of accuracy.

5. Conclusion

In this article, the SIP with non-local boundary conditions for the one-dimensional
SE is studied. Stability estimates are established for SIP differential and dif-
ference problems. Results of the numerical experiments presented.
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