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Abstract: In this paper, we consider singularly perturbed integro-differential
equations with a rapidly oscillating right-hand side, including an integral oper-
ator with a slowly varying kernel. The main goal of this work is to generalize
the Lomov’s regularization method and to reveal the influence of the rapidly
oscillating right-hand side on the asymptotics of the solution to the original
problem.
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1. Introduction

When studying various applied problems related to the properties of media
with a period structure, it is necessary to study differential equations with
rapidly oscillating irregularities. Equations of this type are often found, for ex-
ample, in electrical tric systems under the influence of high-frequencyexternal
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forces. The presence of such forces creates serious problems for the numerical
integration of the corresponding differential equations. Therefore, asymptotic
methods are usually applied to such equations, the most famous of which are
the Feshchenko — Shkil — Nikolenko splitting method [1,2] and the Lomov’s
regularization method, [3-13]. Splitting method especially is effective when ap-
plied to equations with a rapidly oscillating inhomogeneity, and in the case of
an inhomogeneity containing both rapidly and slow components, the Lomov’s
regularization method turned out to be the most effective. However, both of
these methods were developed mainly for singularly perturbed equations that
do not contain an integral operator. The transition from differential equations
to integro-differential equations requires a significant restructuring of the al-
gorithm of the regularization method. The integral term generates new types
of singularities in solutions that differ from the previously known ones, which
complicates the development of the algorithm for the regularization method. As
far as we know, the splitting method has not been applied to integro-differential
equations.

2. Statement of the problem and reduction of the equation (1) to
an integro-differential problem

Consider the singularly perturbed integral equation

L.y(t,e) =ey —/0 K (t,s)y(s,e)ds W

— Iy (t) +eha (e, te[0,T],

where € > 0 is a small parameter, hy (), ha (t), K (¢, s) are known functions,
y(t) is unknown function, and 5’ (t) > 0 (¥t € [0,77]) is known scalar function.
In the development of an algorithm for constructing an asymptotic solution of
the problem (1), an important role is played by essentially singularities in the
solution of this equation. To describe them, we differentiate equation (1) by ¢;
will have

tOK (t,s
Lylte)=e - Koy [ F Dy (50 as
— B (1) + ehly (1) €22 0B () ho (1) €22, (2)
y(0,0) = 4, 0y

€
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Let us denote by A\ (t) = K (t,t),G (t,s) = 8K8—(tt’t) and by f'(t) the frequency
of a rapidly oscillating inhomogeneity. Then problem (2) can be rewritten as
follows:

Loy(t,e)=ey — A\ (¢ /Gts (s,e)ds
— Wy () +eh'a () e 20 4 i () ho () e 22, (3)
y(0,e) = h1€(0)+h ), te0,T].

Thus, the equation (1) is equivalent to a singularly perturbed problem for an
integro-differential equation with a rapidly oscillating inhomogeneity. Research
of such problems was carried out by the method of regularization [1-3], split-
ting methods [4-6] (for ordinary differential equations). Singularly perturbed
integro-differential equations with rapidly oscillating coefficients were studied
in [7-13]. Further the function Ay (t) = +if’ (t) will be called the spectrum of a
rapidly oscillating inhomogeneity, and the set of functions {1 (t), A2 (¢)} will
be called the spectrum of the problem (1). We will consider problem (3) under
the following assumptions:

1) B(t),h1 (t),hs (t) € C° ([0, T],R"),
K(t,s)eC®(0<s<t<T,R';
2) A (t) = K (t,t) < 0,8 (t) >0, Vt € [0,T].

Let us turn to the development of an algorithm that allows one to construct

regularized [1,2] asymptotic solutions of the integro-differential problem (3)
(and hence for the original equation (1)).

3. Regularization of the problem (3) and construction of an
extended problem

Let us introduce regularizing variables:

Lt Yit)
== Ai(s)ds = , 1=1,2
T, /0 (s)ds i

9

over the spectrum {\;(¢)} and instead of the problem (3) we will consider the
following problem for a function (¢, 7,¢) of a larger number of variables:
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- 2 -
L.y (t,1,¢e) = 5% —I-Z)\j (1) 5—72_/ - M)y
j=1 !
- /Ot G (t> 8) @ <37 @,6) ds = h/l(t) + €h/2 (t) e (4)
hl_(O) iB(0)

+if' (1) ha (t) ™, §(0,0,¢) =

where 7 = (11, 72) ,% = (¥1,12), and 71, 2, T3 along side t are

independent variables. It is clear that if y = §(¢,v (t) /e,¢) is the solution
to the problem (4), then the vector function y = g (¢,v (¢) /e,€) is an exact
solution to problem (3); therefore, the problem (4) is extended with respect
to problem (3). However, it cannot be considered fully regularized, since the
integral term

t S
J(g (t,T,E) ‘tZS,T:w(S)/E) = A G(t¢ S)g <8) ?75) ds

has not been regularized in it. To regularize the integral operator, we introduce
a class M. that is asymptotically invariant with respect to the operator J (see
[1], p. 62). Let us recall the corresponding concept.

+ ho(0)e =

Definition 1. A class M, is said to be asymptotically invariant (for
¢ — +0) with respect to an operator P if the following conditions are satisfied:

1) M. C D(P,) for each fixed € # 0 (D (Fp) is the area of definition of the
operator Fp);

2) The image Pyg(t,e) of any element g (t,e) € M, is expanded in a series

Pyg (t,¢e) Zs gn (t,€)
converging asymptotically as € — +0 (uniformly for ¢ € [0,77).

As a space U, we take the space of functions y(¢,7) representable by the
sums

y(t,7)=yol(t +Zyz e, (t) e C ([OvT]>Cl)> (5)

j=0,1,2.

Let us show first that the class M. = U|;—yy)/c is asymptotically invariant
under the operator J. The image of the operator J on the element (5) of the
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space U has the form

T (b 7) limsr=p(o/e) = /OtG(t’s)y (8’ w§8)> *

t 2 ¢
= / G (ts)yo (s)ds + Z/ G (t,5)y; (s) et Jo X (@
0 = Jo
Using the operation of integration by parts, we obtain the following expansion
[o¢]

Ji(te) =) (-1 [(I; (G (t,8)y; (5))),_ €= Jo @

v=0

— (I} (G (t,5) y; (5)))520} ’

where IJQ = )\]%S),I;’ = Jl( )85-7;) "(v>1,j5 =1,2). Therefore, the image of

the operator J on an element (5) of the space U is represented as a series
T (067 lesrmsioe) = [ G 09)0(5) s

2 o

+ Z (—1)” cvtl [(I]v (G (t,s) n (8)))5:t eé Jo(x;(0))do

j=1v=0

—(IP (G (t,5) y; (s)))szo} :

It is easy to show (see, for example, [14], pp. 291-294) that this series converges
asymptotically for ¢ — 40 (uniformly in ¢ € [0,77]). This means that the class
M. is asymptotically invariant (for ¢ — +0) with respect to the operator J.
We introduce operators R, : U — U acting on each element y (t,7,0) € U of
the form (5) according to the law:

t
waﬂzéGwﬁw@@, (60)

2
Riy (1) = 3 [(19(G (t:5) 5 (), _ €7
1 (61)

~ (G 9)y () )

<
Il

2
Ropay (t7) = S (=1 [ (17 (G (t5) s () ,_, €7

Jj=1

~ (1 (G (t.5) 35 () o |- (611)
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Operators R, : U — U are called order operators because they extract in
an expression Jy (t,7,0) the sum of order v relative to a parameter ¢.

Now let 3 (t,7,¢) be an arbitrary continuous function in (¢,7) € [0,7] X
{7 :Rer; <0, j =1,2} with an asymptotic expansion

gj(t,T, E) = Z Ekyk(t77)7 yk‘(taT) el (7)
k=-1

converging (when £ — +0) uniformly in

(t,7) € [0,T] x {7 :Rer; <0, j =1,2}.

This means that for any fixed N = —1,0,1,..., there is a constant Cy > 0
independent of ¢, ¢, 7 such that the inequality

N
g(tme) = > ult,T)

k=—1

oo,

holds true for 0 < |e —g¢| < dn, where dx > 0 is small enough value. Then the
image Jy of this function expands into an asymptotic series

J (@(taﬂ 5)\T=¢(t)/s> = i et (y’“(t’T)‘mw(t)/e)

k=—1

= Z e’ Z R, ys(t77)|r:w(t)/s :

r=—1 s=—1,r—5>0

This equality is the basis for introducing an extension of the operator J on
series of the form (7):

Jy(t,7,¢€)

=J < Z Ekyk(t,T)) = Z e” Z Ry —sys(t, 7).

k=-—1 r=—1 s=—1,r—s>0

Although the operator J is defined formally, its usefulness is obvious, since
in practice one usually constructs an N-th approximation of the asymptotic
solution of the equation (3), in which only N-th partial sums of the series (7)
will participate, which have not a formal but a true meaning. Now we can write
down the problem, which is completely regularized with respect to the original
equation (2):
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ng](t,T,E)_E@—i-Z/\ DELWnY

ot = or;
— J(t7.E) = WA(t) + by (£) €™ +iB (t) ha (£) €™, ()
N hy (0) i£(0)
§0.0,9) = ==+ hy(0)e e, te[0.1).

4. Iterative problems and their solvability in space U. Remainder
estimate theorem

We will define the solution to the problem (8) as a series (7). After equat-
ing the coefficients at the same degrees e (taking into account the formulas
(60), (61), ..., (6,)), we obtain the following iterative problems:

Loy-1(t,7) = Z)\ yl—/\l()?/—l

8TZ
(9-1)
- / G (t,5)y5 ™ (s)ds = 0, y_1(0,0) = hy (0);
0
9 _ .
Loyo (t,7) = — 2 ) (8) + B (8) ha (1) €7,
8ta(m (%)
Yo (0,0) = ha (0) e = ;
Oyp.—
Loy (t,7) = — yakt L+ Riyo + Roy—1, 1 (0,0) =0 (91)
Loy (t,7) = S + Riyk—1 + ... + Rgy1y—1,
ot (%)
yr (0,0) =0, k> 0.
Each of the iterative problems (9%) has the form
Loy (t,7) = }:A ———Am)
(10)

_AGWQ%@@:H@ﬂ,y@WZ%

where y, is a known number, H(¢,7) is a known function of a class U whose
elements are the sums
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2
H(t,7)=Ho(t)+ Y Hj(t)e",
j=1

Hj(t)e C> ([0,T],C"), j=0,2.
We introduce the scalar (for each t € [0,7]) product in the space U :
2 2
<zyw >=< 2 () + sz (t)e™  wy (t) + ij (t)e" >
Jj=1 J=1

2

= 20 (D wo(t) + Y 2 () w(t),

J=1

where the bar above the function w(t) means complex conjugation in C!. Let
us prove the following statement.

Theorem 1. Let conditions 1) and 2) be satisfied and the right-hand side

H (t,7) = Hy (t) + 25:1 H; (t)e™ of the equation (10) belongs to the space U.

Then, for the solvability of the system (10) in U it is necessary and sufficient
that the identity

< H(t,7), e >=0,Vt € [0,T] (11)

is carried out.

Proof. We will define the solution of the equation (10) in the form of an
element (5) of space U:

z(t,7) = 2o (t) + ‘

J

zj (t)e™. (12)

2
=1

Substituting (12) into the equation (10), we will have

2 t
A () = A1 ()] zi (t) e — X (t)zo(t) — /0 G (t,8) 2z (s)ds
B 2

7j=1

=Ho(t)+ > Hj(t)e". (13)

Equating here separately the free terms and coefficients at the same exponents,
we obtain the following equations:

=1 (t) 20 () — /Ot G (t,s)z0(s)ds = Hy (t), (14)

() =M )]z () =H; @), j=12 (14;)
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Since the function A\ (t) < 0 (V¢ € [0,7T7]), then the equation (14) can be written
in the form

20 (1) = / (AT )G (£,5)z0 (s) ds — AT (1) Ho (1) (150)

Due to the smoothness of the kernel —\[! (t) K(t,s) and the inhomogeneity
—A; 1 (t) Ho(t), this Volterra integral equation has a unique solution z (t) €
C>([0,T],C') The equation (145) also has a unique solution

2 (t) = Po(t) = M ()] € 0> ([0,7],C"),

since Ao(t) does not coincide with A;(¢) for all ¢t € [0, 7. The equation (14;) is
solvable in the space C'*° ([O, T, Cl) if and only if the identity

Hi()=0 & (Hi(t),e")=0 Vtelo,T]

holds. Thus, condition (11) is necessary and sufficient for the solvability of the
equation (10) in the space U. The theorem is proved. O

Remark 1. If identity (11) holds, then under conditions 1) and 2) the
equation (10) has the following solution in the space U:

A (1) e (16)

Z(t,T):ZO(t)+a1(t)€Tl+m 5

where a1 (t) € C*([0,T],C!) is an arbitrary function, 2zo(t) is the solution of
the integral equation (15).

We will not formulate a theorem on the unique solvability of the problem
(10). Let us show that the application of Theorem 1 to two sequential iterative
problems (9;) and (9x+1) allows us to determine the solution of the first of them
uniquely in the class U. Let’s start with the first iterative (9_1). The right-
hand side H (t,7) = HY (t,7) = 0 of this problem satisfies the solvability
condition (11); therefore, the equation (9_1) has a solution in the space U in
the form of a function (see (16))

yor () =35 () + otV (1) e,

where the function y(()fl) (t) satisfies the homogeneous integral equation

o (1) = / (AT G (t,9) oSV (5) ds
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which has a unique zero solution y(()_l) (t) = 0. Hence, y_1 (t,7) = a{™V (t)e™,
where a{™Y (t) € C>([0,T],C") is still an arbitrary function. Submitting it to
the initial condition y_1 (0,0) = h1(0), we find the value a{™V (0) = h1(0). For
the final calculation of the function agfl)(t), we pass to the following iterative
problem:
WL Ruyo o W (1) 48 (1) o (1) ™

ot ' (17)

iB(0)
40 (0,0) = hg (0) e <.

Loyo = —

Taking into account the form of the operator R, we write down the right-hand
side of problem (17):

H(t,r)=HO t,7) = —a{™ (t) e
+ By (af ™ (@) ) + Wy (1) + 8 (8 B (1) €

Gtt) ™ (1)
A1 (t)

T1

— oV @ em +

(=1)
_G0A O i 1)

A1 (0)
The solvability condition (11) of this equation in the space U leads to the differ-
ential equation —a{™Y (t)+%(’tt))agfl) (t) = 0. Submitting it to the initial condi-

t G(6,6)d6

tion ol ™Y (0) = h1(0), we will uniquely find the function ol7V (t) =h1(0)e’0 1)
and calculate the solution

t G(6,0)do
y_1 (t,7) =hy (0)elo 3@ 7 (18)
of the problem (9_1) in the space U uniquely. In this case, the problem (9)
takes the form

G (t,0) h1 (0)

S O s Whe(men,

Loyo = —

Yo (0, O) = hz (O) ema(()) .

By Theorem 1 (see formula (16)), it has the following solution in the space U:
yals
/Lﬁ (t)hQ(t) T2 (19)

_ (0 (0) (I WA A
o (t,7) =y (1) +ay’ (t)e +>\2(t)—)\1(t)€ 7
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where ago) (t) € C>([0,T],C") is an arbitrary function and y(()o) (t) is the solu-
tion to the integral equation

i 0= [ (~SED) 0 ) as

1 G (t,0) h1 (0) /
NG <— 1 (0) + h (t)> .

(20)

Submitting the solution (19) to the initial condition yo (0,0) = hs (0) e =, we

find the initial value
0 1 G (t,0) hy (0)
0= 575 (-
i3 (0)h2(0) i5(0)

TR A O St

(0)

For a complete calculation of the function aj ’(t), it is necessary to go to
the next iterative problem (9;) and write down the solvability conditions (11)
for it. They will lead to the inhomogeneous differential equation

G(t,1) ()
/\1 (t) alo (t)

1 0 [G(ts)
)\1 (t) 0s )\1 (8)

= 1(t),al” (0) = o,

% G(0,0)d0 (20a)
() 7

s=t

t s
-/
ago) (t) :a(l)eo A1) +/e o M@ [ (s)ds
0

and, therefore, the solution (19) of the problem (9¢) will be calculated uniquely
in the space U. And similarly, applying Theorem 1 to the series of the following
iterative problems (9), we will uniquely find their solutions in the space Uand
construct the series (7). Just as in [16], we prove the following statement.

Theorem 2. Let conditions 1) — 2) be satisfied for equation (3). Then,
for e € (0,e9] (where g9 > 0 is sufficiently small), the equation (3) has a unique
solution y (t,e) € C*([0,7T],C); in this case, the estimate

Iy (t,) = gen (Dllogo,ry < ene™, N ==1,0,1,...
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takes place. Here y.n (t) is the restriction (at T = @) of the N-th partial sum
of series (7) (with coefficients y (t,7) € U, satisfying the iterative problems
(9%)), and the constant ¢y > 0 does not depend on € at € € (0, gg].

Let us write down the leading term of the asymptotics of the solution to
problem (3) (and hence to the original problem (1)):

t t
I G(9,9)d8+% [ A1(0)do
0 0

A1(6)

0
+ 3 (1)
G(60,0)d6

O (s)ds | e

t s

t
o J Eehse / A1(6)d0 (%)
+ | aje° + [ e ©

1
€

o

B A
0
t
iB ()ha(t) = [ro(0)d0
— e
Az (t) = A1 (1)
(where [() is calculated by formula (20a)) and analyze it. If h; (0) # 0, then
the exact solution y (¢, ¢) of the problem (1), tending to infinity when ¢ — 40 at
the point ¢ = 0, performs at ¢ > 0 fast oscillations around y(()o) (t).If hy (0) =0,
then the solution y (¢, ), remaining bounded when ¢ — +0, performs at ¢ > 0
fast oscillations around the solution yéo) () of the integral equation (20). It is
easy to see that this equation is obtained from a degenerate (with respect to

(1)) equation with a jum?:
—/0 K (t,s)y(s)ds =hy (t) + A(t),

t
where A (t) = — [ §%Dhy (0) da.
0
Remark 2. We note the following interesting fact: the solution y(()o) (t)

cannot be obtained from the integro-differential equation (2), putting € = 0 in
. iB(t) . . .
it, since the term i’ (t) hy (1) e“s" on the right-hand side of the equation (2)

is not defined at ¢ = 0. This fact is confirmed by an example of the following

integral equation:
¢ N
ey(t)=—[y(x) dr+e-e* (21)
0

whose solution is the function

1 1\ « (1 1
y(te) = <§ + §i> s + (5 - §i> e <. (22)
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The degenerate solution (at ¢ = 0; more precisely, when € — 40 ) of the
integral equation (21) is the identical zero y () = 0. When € — +0, the exact
solution y (¢,&) of the equation (21), while remaining bounded, performs fast
oscillations at ¢ > 0 near y (t) = 0. If, however, we differentiate the integral
equation (21) by ¢, we obtain the integro-differential problem

Ly =y +i-e¥, y(0)=1 (23)

whose solution is also function (22). However, it is impossible to put ¢ = 0 in
the problem (23), since the expression i - e fore=0is meaningless.

Example. Let the equation be given

ey(t)=—[(t—s+1)y(s) ds+ t* +1

O+

—|—€(t+1)'€%t, te]0,1].

It is possible to obtain its solution in quadratures:

1 —14y/TdE
y(t) = =52 T (20T dee + 20y T— dee? - die?

V1 —4dee® — 26 —5iV1 —dee +8ic® — 51 — dec?
+e% + 201 — 4¢e — 3ie
13VI —dee—e2 20— 35)(\/1 “do) e (2ie

+e? —2i—2¢e)7t - %e*/?“i@(mmé” + 241 — 4ec?
+4ie3 + /1 —4dee?
+2et —5iv1 —4dee —8ie? — 51 —4ee? — 2 +2iV/1 —4e
+3ic+3V1 —dec+ 2+ 2i
+3€>(m)*15*1(2i€ +e?—2i—2e)7 1+ ((22’52
F(—t—2e+1—i+(1—i)t)es —4i
+2e% (4 —42’)5)(—21' e (2 2d)e) !

(for example, using the Maple program), but it will hardly be possible to iso-
late the asymptotic solution of equation (24) in it. We will do this using the
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algorithm of the regularization method developed by us. Let us use the formula
(*). In our case

K(t,s)=—(t—s4+1), A\ (t) = K (t,t) = —1,
G(t,s)=—1, hh(t)=t2+1, ho(t) =t +1,
p t, A (t) =1B' (1) =i

a; 7 (0)=hi(0) =1.

(0)

The function yg * (t) is the solution to the integral equation

Oy [ (_GEDN g MO
" <t>—/0( A1@))% (s - 31 &

0 ¢ 0
2 0=~ [ o s+ 2

0
which is easily solved by differentiating on ¢ :
dy(o) t
Odt( ) - —uy () +2, 55" (0) =0

eyt =2-2"".
Thus, the leading term of the asymptotics of the solution to equation (1) has

the form (1) o ()
_ t t
o () =~y (0240 ) (t, 20)
€ €
t G(6,0)do
— ey (0)el R@ el M@ L 0) 4
t . .
+ < 0 ft ENon —|—/ e 0 Ggi,(eg)(wl(s) ds) e Jo 21 (0)d0
0
i3 (t)ha(t) oL S xa(0)d0
(D) — M (5)°
—1t-1t —t ¢ L) ot
2-2 - :
yaO() s+ € +<i+1—|—€>6
t L (t+ 1 i
+ </ e °l(s )ds> e s + z(. + )e_?t.
0 1+ 1
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