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Abstract: In this paper, first, we obtain Lγ analogue of an inequality con-

cerning a polynomial p(z) =
n
∑

ν=0
aνz

ν of degree n having no zero in |z| < k,

k ≥ 1 proved by Govil et al. [Illinois Jour. of Math., 23, No 2 (1979), 319-329].
Second, we also prove Lγ analogue of another inequality for a polynomial

p(z) =
n
∑

ν=0
aνz

ν of degree n having all its zeros in |z| ≤ k, k ≤ 1 proved in the

same paper. The results improve other known inequalities as well.
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1. Introduction and statement of results

Let Pn be the class of polynomials p(z) =
n
∑

ν=0
aνz

ν of degree n. For p ∈ Pn,

define

‖p‖γ =







1

2π

2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ







1

γ

, γ > 0. (1.1)

From a well known fact of analysis ([15],[16]), we know
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lim
γ→∞







1

2π

2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ







1

γ

= max
|z|=1

|p(z)|. (1.2)

Hence, we can suitably denote

‖p‖∞ = max
|z|=1

|p(z)|. (1.3)

Further, if we denote ‖p‖0 = exp







1

2π

2π
∫

0

log
∣

∣

∣
p(eiθ)

∣

∣

∣
dθ







, then a simple calcu-

lation shows that

lim
γ→0+

||p‖γ = ‖p‖0.

If p ∈ Pn, Bernstein [3] proved that

‖p′‖∞ ≤ n‖p‖∞. (1.4)

Inequality (1.4) is known as Bernstein’s inequality where equality occurs for
p(z) = αzn, α 6= 0. Inequality (1.4) can be obtained by letting γ → ∞ in the
inequality

‖p′‖γ ≤ n‖p‖γ , γ > 0, (1.5)

which was proved by Zygmund [18] for γ ≥ 1 for all trigonometric polynomials
of degree n and not only for those which are of the form p(eiθ). The validity of
(1.5) for 0 < γ < 1 was proved by Arestov [1].

If p ∈ Pn such that p(z) 6= 0 in |z| < 1, then inequalities (1.4) and (1.5) can
be replaced respectively by

‖p′‖∞ ≤
n

2
‖p‖∞ (1.6)

and

‖p′‖γ ≤
n

‖1 + z‖γ
‖p‖γ , γ > 0. (1.7)

While inequality (1.6) was conjectured by Erdös and later proved by Lax [10],
inequality (1.7) was proved by de Bruijn [4] for γ ≥ 1. Rahman and Schmeisser
[13] showed that (1.7) remain true for 0 < γ < 1.
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On the other hand, if p ∈ Pn has all its zeros in |z| ≤ 1, Turán [17] proved
that

‖p′‖∞ ≥
n

2
‖p‖∞. (1.8)

Both inequalities (1.6) and (1.8) attain equality for the polynomial p(z) =
α+ βzn, where |α| = |β|.

Malik [11] generalized (1.6) by considering that p ∈ Pn has no zero in
|z| < k, k ≥ 1 and proved that

‖p′‖∞ ≤
n

1 + k
‖p‖∞. (1.9)

(1.9) is best possible and equality holds for p(z) = (z + k)n.
Under the same hypotheses for the polynomial as above, Govil and Rahman

[7] extended (1.7) into Lγ version by proving that

‖p′‖γ ≤
n

‖k + z‖γ
‖p‖γ , γ ≥ 1. (1.10)

Gardner and Weems [6] and Rather [14] independently proved that (1.10) also
holds for 0 < γ < 1.

Govil et al. [8] refined (1.9) for p ∈ Pn such that p(z) 6= 0 in |z| < k, k ≥ 1
by proving that

‖p′‖∞ ≤ n

{

n|a0|+ k2|a1|

n|a0|(1 + k2) + 2k2|a1|

}

‖p‖∞. (1.11)

Inequality (1.11) was extended to Lγ norm by Aziz and Rather [2]. They
proved that if p ∈ Pn has no zero in |z| < k, k ≥ 1, then for each γ > 0

‖p′‖γ ≤
n

‖δk,1 + z‖γ
‖p‖γ , (1.12)

where δk,1 =
n|a0|k

2 + |a1|k
2

n|a0|+ k2|a1|
.

On the other hand, as a generalization of (1.8), Malik [11] proved that if
p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then

‖p′‖∞ ≥
n

1 + k
‖p‖∞. (1.13)

Malik [12] generalized (1.13) in the sense that the inequality involves integral
mean of |p(z)| on |z| = 1 and extends to Lγ norm. He proved that if p ∈ Pn

has all its zeros in |z| ≤ 1, then for each γ > 0
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‖p′‖γ ≥
n

‖1 + z‖γ
‖p‖γ . (1.14)

As a generalization of 1.14, Aziz and Rather [2] proved that if p ∈ Pn has
all its zeros in |z| ≤ k, k ≤ 1, then for each γ > 0

n

∥

∥

∥

∥

p

p′

∥

∥

∥

∥

γ

≤ ‖1 + tk,1z‖γ (1.15)

and

‖p′‖∞ ≥
n

‖1 + tk,1z‖γ
‖p‖γ , (1.16)

where tk,1 =
n|an|k

2 + |an−1|

n|an|+ |an−1|
.

Several improvements, generalizations and extensions of the above inequal-

ities which fundamentally estimate the bounds of

{

‖p′‖∞
‖p‖∞

}

under prescribed

restrictions on zeros of p(z) are available in literature. It is also desirable to
know the dependence of the above mentioned ratio on the coefficients of the
polynomial under consideration. In this direction Govil et al. [8] proved the
following two results, where the first improves (1.9) and (1.11), and the second
(1.13) by involving certain coefficients of the polynomial.

Theorem A. If p ∈ Pn has no zero in |z| < k, k ≥ 1, then

‖p′‖∞ ≤
n

1 + k

(1− |λ|)(1 + k2|λ|) + k(n− 1)|µ − λ2|

(1− |λ|)(1 − k + k2 + k|λ|) + k(n− 1)|µ − λ2|
‖p‖∞, (1.17)

where

λ =
k

n

a1
a0

and µ =
2k2

n(n− 1)

a2
a0

.

Theorem B. If p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then

‖p′‖∞ ≥
n

1 + k

(1− |ω|)(1 + k2|ω|) + k(n− 1)|Ω − ω2|

(1− |ω|)(1 − k + k2 + k|ω|) + k(n− 1)|Ω − ω2|
‖p‖∞, (1.18)

where

ω =
1

nk

an−1

an
and Ω =

2

n(n− 1)k2
an−2

an
. (1.19)
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In this paper we extend both Theorem A and Theorem B to Lγ norms. Our
results influence many of known inequalities including the inequalities discussed
above.

First, we obtain the following result which is Lγ analogue of Theorem A. It
not only generalizes Theorem A but also improves inequalities (1.10) and (1.12)
directly while its ordinary version improves (1.9) and (1.11).

Theorem 1. If p ∈ Pn has no zero in |z| < k, k ≥ 1, then for each γ > 0

‖p′‖γ ≤
n

‖C + z‖γ
‖p‖γ , (1.20)

where

C =
k(1− |λ|)(|λ| + k2) + k(n− 1)|µ − λ2|

(1− |λ|)(1 + |λ|k2) + k(n− 1)|µ − λ2|
, (1.21)

λ =
k

n

a1
a0

and µ =
2k2

n(n− 1)

a2
a0

.

Remark 1. Inequality (1.20) is an improvement of (1.10) proved by Govil
and Rahman [7] for γ ≥ 1 and, Gardner and Weems [6] and Rather [14] for
0 < γ < 1. It is sufficient to prove that C ≥ k, where C is defined by (1.21) in
Theorem 1 and k ≥ 1, which is equivalent to showing that

(1− |λ|)(|λ| + k2) + k(n− 1)|µ − λ2|

(1− |λ|)(1 + |λ|k2) + k(n− 1)|µ − λ2|
≥ 1,

i.e. |λ|+ k2 ≥ 1 + |λ|k2,

i.e. k2(1− |λ|) ≥ 1− |λ|,

i.e. k2 ≥ 1,

which is true since 1− |λ| ≥ 0 (by Lemma 2.1) and k ≥ 1.

Remark 2. Inequality (1.20) is also an improvement of (1.12) proved by
Aziz and Rather [2]. For this, it is enough to show that C ≥ δk,1, where C and
δk,1 are defined by (1.21) in Theorem 1 and inequality (1.12) respectively.

Since δk,1 =
n|a0|k

2 + |a1|k
2

n|a0|+ |a1|k2
=

k + |λ|

k + |λ|k2
, where λ is defined as in Theo-

rem 1, it is sufficient to show that

k(1− |λ|)(|λ| + k2) + k2(n− 1)|µ − λ2|

(1− |λ|)(1 + |λ|k2) + k(n − 1)|µ − λ2|
≥

k + |λ|

k + |λ|k2
,
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which implies

(k − 1)
[

(1− |λ|){k3|λ|(k + 1) + k2|λ|2 + k3 + |λ|(k + 1)}

+ k(n− 1)|µ − λ2|{k + |λ|(k2 + k + 1)}
]

≥ 0,

from which we eventually obtain

(1− |λ|)
{

k4|λ|+ k3(|λ|+ 1) + k2|λ|2 + k|λ|+ |λ|
}

+ k(n− 1)|µ − λ2|
{

k2|λ|+ k(|λ| + 1) + |λ|
}

≥ 0,

which obviously holds due to the fact that |λ| ≤ 1 (by Lemma 2.1).

Remark 3. If we let γ → ∞ in inequality (1.20) of Theorem 1, we obtain

‖p′‖∞ ≤
n

C + 1
‖p‖∞.

Using (1.21), the above inequality becomes inequality (1.17) of Theorem A.

Remark 4. Inequality (1.20) in its ordinary form obtained as in Remark 3
improves inequality (1.11) due to Govil et al. [8] as shown in Remark 2. Hence,
it also improves (1.9) due to Malik [11]. For the sake of completeness, we show
that

n

1 + k

(1− |λ|)(1 + k2|λ|) + k(n− 1)|µ − λ2|

(1− |λ|)(1 − k + k2 + k|λ|) + k(n− 1)|µ − λ2|
≤

n

1 + k
,

i.e.

(1− |λ|)(1 + k2|λ|) + k(n− 1)|µ − λ2|

(1− |λ|)(1 − k + k2 + k|λ|) + k(n− 1)|µ − λ2|
≤ 1,

for which it is sufficient to show that

1 + k2|λ| ≤ 1− k + k2 + k|λ|, where k ≥ 1 and |λ| ≤ 1,

which implies that

k(1− |λ|) ≤ k2(1− |λ|),

i.e. k ≤ k2,

i.e. 1 ≤ k, which is true.

Next, we obtain the following Lγ analogue of Theorem B.
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Theorem 2. If p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then for each

γ > 0

n

∣

∣

∣

∣

∣

∣

∣

∣

p

p′

∣

∣

∣

∣

∣

∣

∣

∣

γ

≤ ‖1 +Dz‖γ (1.22)

where

D = k
(1− |ω|)(|ω| + k2) + k(n− 1)|Ω − ω2|

(1− |ω|)(1 + k2|ω|) + k(n − 1)|Ω − ω2|
, (1.23)

ω =
1

nk

an−1

an
and Ω =

2

n(n− 1)k2
an−2

an
.

Remark 5. We claim that D ≤ tk,1, where D and tk,1 are defined by 1.23

in Theorem 2 and inequality (1.15) respectively. Since tk,1 =
n|an|k

2 + |an−1|

n|an|+ |an−1|
=

k + |ω|

k + k2|ω|
, D ≤ tk,1 implies

k(1− |ω|)(|ω| + k2) + k2(n− 1)|Ω − ω2|

(1− |ω|)(1 + |ω|k2) + k(n− 1)|Ω − ω2|
≤

k + |ω|

k + |ω|k2
.

The above inequality simplifies to

(k − 1)
[

(1− |ω|)
{

k3|ω|(k + 1) + k2|ω|2 + k3 + |ω|(k + 1)
}

+ k(n− 1)|µ − ω2|
{

k + |ω|(k2 + k + 1)
}]

≤ 0.

Since k ≤ 1, we have from the above inequality

(1− |ω|)
{

k3|ω|(k + 1) + k2|ω|2 + k3 + |ω|(k + 1)
}

+ k(n− 1)|µ − ω2|
{

k + |ω|(k2 + k + 1)
}

≥ 0,

which clearly holds as |ω| ≤ 1 due to Lemma 2.2. Thus, inequality (1.22) is an
improvement of (1.15) due to Aziz and Rather [2].

Since |p′(eiθ)| ≤ ‖p′‖∞ for 0 ≤ θ < 2π, the following corollary immediately
follows.

Corollary 3. If p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then for each

γ > 0
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‖p′‖∞ ≥
n

‖1 +Dz‖γ
‖p‖γ , (1.24)

where D is defined by (1.23) in Theorem 2.

Remark 6. Due to the fact that D ≤ tk,1, inequality (1.24) of Corollary
3 is a refinement of inequality (1.16) due to Aziz and Rather [2].

Remark 7. Corollary 3 is a generalization of Theorem B. We know by
definition

n

‖1 +Dz‖∞
= n lim

γ→∞







1

2π

2π
∫

0

∣

∣

∣
1 +Deiθ

∣

∣

∣

γ

dθ







− 1

γ

=
n

1 +D
,

its R.H.S. on using (1.23) further simplifies to

n

1 + k

(1− |ω|)(1 + k2|ω|) + k(n − 1)|Ω − ω2|

(1− |ω|)(1 − k + k2 + k|ω|) + k(n − 1)|Ω − ω2|
. (1.25)

Thus, letting γ → ∞, (1.24) reduces to (1.18) of Theorem B.

Remark 8. The ordinary inequality form 1.18 of (1.24) obtained by taking
the limit as γ → ∞ in (1.24) is an improvement of inequality (1.13) due to Malik
[11]. To verify this, it is sufficient to show that, for |ω| ≤ 1 and k ≤ 1

(1− |ω|)(1 + k2|ω|) + k(n− 1)|Ω − ω2|

(1− |ω|)(1 − k + k2 + k|ω|) + k(n− 1)|Ω − ω2|
≥ 1,

which is equivalent to showing

1 + k2|ω| ≥ 1− k + k2 + k|ω|,

i.e. 1 ≥ k, which is true as |ω| ≤ 1.

Finally, we use Holder’s inequality to establish the following result which is
a generalization of Theorem 2.

Theorem 4. If p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then for each

γ > 0, r > 1, s > 1 with r−1 + s−1 = 1

‖p′‖sγ ≥
n

‖1 +Dz‖rγ
‖p‖γ , (1.26)

where D is given by (1.23) in Theorem 2.
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Letting s → ∞ (so that r → 1) in Theorem 4, we obtain Corollary 3, and
hence consequences of Corollary 3 follows. Thus, taking the limit as s → ∞
(so that r → 1) or r → ∞ (so that s → 1) and then letting γ → ∞, in view of
Remark 6, (1.26) of Theorem 4 reduces to (1.18) of Theorem B.

2. Lemmas

We require the following lemmas to prove our results.

The following lemma is due to Govil et al. [8].

Lemma 2.1. If p ∈ Pn has no zero in |z| < k, k ≥ 1, then

C|p′(z)| ≤ |q′(z)|, (2.1)

where here and elsewhere q(z) = znp

(

1

z

)

,

C =
k(1− |λ|)(|λ| + k2) + k(n− 1)|µ − λ2|

(1− |λ|)(1 + |λ|k2) + k(n− 1)|µ − λ2|
, (2.2)

λ =
k

n

a1
a0

and µ =
2k2

n(n− 1)

a2
a0

such that

|λ| ≤ 1 and (n− 1)|µ − λ2| ≤ 1− |λ|2.

Lemma 2.2. If p ∈ Pn has all its zeros in |z| ≤ k, k ≤ 1, then on |z| = 1

|q′(z)| ≤ D|p′(z)|, (2.3)

where

D = k
(1− |ω|)(|ω| + k2) + k(n− 1)|Ω − ω2|

(1− |ω|)(1 + k2|ω|) + k(n − 1)|Ω − ω2|
,

ω =
1

nk

an−1

an
and Ω =

2

n(n− 1)k2
an−2

an
such that |ω| ≤ 1 and (n−1)|Ω−ω2| ≤

1− |ω|2.
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Proof of Lemma 2.2. Since p(z) has all its zeros in |z| ≤ k, k ≤ 1, then

the polynomial q(z) = znp

(

1

z

)

has no zeros in |z| <
1

k
,
1

k
≥ 1. Thus, applying

Lemma 2.1 to the polynomial q(z), we have

|q′(z)| ≤ k

(1− |ω|)

(

1 + |ω|
1

k2

)

+
1

k
(n− 1)|Ω − ω2|

(1− |ω|)

(

|ω|+
1

k2

)

+
1

k
(n− 1)|Ω − ω2|

|p′(z)|,

where

ω =
1/k

n

an−1

an
=

1

nk

an−1

an
and

Ω =
2/k2

n(n− 1)

an−2

an
=

2

n(n− 1)k2
an−2

an
.

Then,

|q′(z)| ≤ k
(1− |ω|)(|ω| + k2) + k(n− 1)|Ω − ω2|

(1− |ω|)(1 + k2|ω|) + k(n− 1)|Ω − ω2|
|p′(z)|,

and |ω| ≤ 1 and (n− 1)|Ω − ω2| ≤ 1− |ω|2.

Lemma 2.3. If p ∈ Pn and q(z) = znp

(

1

z

)

, then for each α, 0 ≤ α < 2π

and γ > 0

2π
∫

0

2π
∫

0

∣

∣

∣
q′(eiθ) + eiαp′(eiθ)

∣

∣

∣

γ

dθdα ≤ 2πnγ

2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ. (2.4)

The above lemma is due to Aziz and Rather [2].

Lemma 2.4. Let z be any complex and independent of α, where α is any

real, then for γ > 0

2π
∫

0

∣

∣1 + zeiα
∣

∣

γ
dα =

2π
∫

0

∣

∣eiα + |z|
∣

∣

γ
dα (2.5)

The above lemma is due to Gardner and Govil [5].
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3. Proof of the Theorems

Proof of Theorem 1. Since p(z) has no zero in |z| < k, k ≥ 1, we have,
by Lemma 2.1

C|p′(z)| ≤ |q′(z)| for |z| = 1, (3.1)

where C is defined by (1.21) in Theorem 1.
We have for every real α and R ≥ r ≥ 1,

∣

∣R+ eiα
∣

∣ ≥
∣

∣r + eiα
∣

∣ .

Then, for every γ > 0 we have

2π
∫

0

∣

∣R+ eiα
∣

∣

γ
dα ≥

2π
∫

0

∣

∣r + eiα
∣

∣

γ
dα. (3.2)

For points eiθ, 0 ≤ θ < 2π, for which p′(eiθ) 6= 0, we denote R =

∣

∣

∣

∣

q′(eiθ)

p′(eiθ)

∣

∣

∣

∣

and

r = C, then by (3.1) and Remark 1 we have R ≥ r ≥ 1 and for each γ > 0,

2π
∫

0

∣

∣

∣
q′(eiθ) + eiαp′(eiθ)

∣

∣

∣

γ

dα =
∣

∣

∣
p′(eiθ)

∣

∣

∣

γ
2π
∫

0

∣

∣

∣

∣

q′(eiθ)

p′(eiθ)
+ eiα

∣

∣

∣

∣

γ

dα

=
∣

∣

∣
p′(eiθ)

∣

∣

∣

γ
2π
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

q′(eiθ)

p′(eiθ)

∣

∣

∣

∣

+ eiα
∣

∣

∣

∣

γ

dα

(by Lemma 2.4)

=
∣

∣

∣
p′(eiθ)

∣

∣

∣

γ
2π
∫

0

∣

∣R+ eiα
∣

∣

γ
dα

≥
∣

∣

∣
p′(eiθ)

∣

∣

∣

γ
2π
∫

0

∣

∣r + eiα
∣

∣

γ
dα

(by (3.2)).

Hence,

2π
∫

0

∣

∣

∣
q′(eiθ) + eiαp′(eiθ)

∣

∣

∣

γ

dα ≥
∣

∣

∣
p′(eiθ)

∣

∣

∣

γ
2π
∫

0

∣

∣C + eiα
∣

∣

γ
dα (∵ r = C), (3.3)
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for points eiθ, 0 ≤ θ < 2π, for which p′(eiθ) 6= 0.
For points eiθ, 0 ≤ θ < 2π, for which p′(eiθ) = 0, inequality (3.3) trivially

holds. Hence, using (3.3) in Lemma 2.3, we obtain for each γ > 0,

2π
∫

0

∣

∣

∣
p′(eiθ)

∣

∣

∣

γ

dθ

2π
∫

0

∣

∣C + eiα
∣

∣

γ
dα ≤ 2πnγ

2π
∫

0

|p(eiθ)|γdθ,

which is equivalent to







2π
∫

0

∣

∣

∣
p′(eiθ)

∣

∣

∣

γ

dθ







1

γ

≤ n







1

2π

2π
∫

0

∣

∣C + eiα
∣

∣

γ
dα







− 1

γ







2π
∫

0

|p(eiθ)|γdθ







1

γ

, (3.4)

from which the desired conclusion of Theorem 1 follows.

Proof of Theorem 2. Since p(z) has all its zeros in |z| ≤ k, k ≤ 1, p′(z)
also has all its zeros in |z| ≤ k, k ≤ 1. Hence, by Gauss-Lucas Theorem, the
polynomial

zn−1p

(

1

z

)

= nq(z)− zq′(z) (3.5)

has all its zeros in |z| ≥
1

k
,
1

k
≥ 1.

Further, since p(z) has all its zeros in |z| ≤ k, k ≤ 1, we have by Lemma
2.2

|q′(z)| ≤ D|p′(z)| on |z| = 1, (3.6)

where D is given by (1.23).
For |z| = 1, we also have

|p′(z)| = |nq(z)− zq′(z)|. (3.7)

Using (3.7) in 3.6 we have on |z| = 1

|q′(z)| ≤ D|nq(z)− zq′(z)|. (3.8)

Thus, in view of (3.5) and (3.8), the function

φ(z) =
zq′(z)

D {nq(z)− zq′(z)}
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is analytic in |z| ≤ 1, |φ(z)| ≤ 1 on |z| = 1 and φ(0) = 0. Therefore, the
function 1 + Dφ(z) is subordinate to the function 1 + Dz for |z| ≤ 1. Hence,
by a well known property of subordination [9], we have for each γ > 0

2π
∫

0

∣

∣

∣
1 +Dφ(eiθ)

∣

∣

∣

γ

dθ ≤

2π
∫

0

∣

∣

∣
1 +Deiθ

∣

∣

∣

γ

dθ. (3.9)

Now,

1 +Dφ(z) = 1 +
zq′(z)

nq(z)− zq′(z)
=

nq(z)

nq(z)− zq′(z)
,

which implies for |z| = 1,

|nq(z)| = |1 +Dφ(z)‖nq(z) − zq′(z)|

= |1 +Dφ(z)‖p′(z)| (by (3.7)).

Since |p(z)| = |q(z)| on |z| = 1, we have from the preceding inequality

n|p(z)| = |1 +Dφ(z)‖p′(z)| on |z| = 1 (3.10)

i.e.,

n

∣

∣

∣

∣

p(z)

p′(z)

∣

∣

∣

∣

= |1 +Dφ(z)| on |z| = 1.

Then for each γ > 0 and 0 ≤ θ < 2π, we have

nγ

2π
∫

0

∣

∣

∣

∣

p(eiθ)

p′(eiθ)

∣

∣

∣

∣

γ

dθ =

2π
∫

0

∣

∣

∣
1 +Dφ(eiθ)

∣

∣

∣

γ

dθ,

which on using (3.9) gives

nγ

2π
∫

0

∣

∣

∣

∣

p(eiθ)

p′(eiθ)

∣

∣

∣

∣

γ

dθ ≤

2π
∫

0

∣

∣

∣
1 +Deiθ

∣

∣

∣

γ

dθ,

which implies

n







2π
∫

0

∣

∣

∣

∣

p(eiθ)

p′(eiθ)

∣

∣

∣

∣

γ

dθ







1

γ

≤







2π
∫

0

∣

∣

∣
1 +Deiθ

∣

∣

∣

γ

dθ







1

γ

,

which equivalently gives inequality (1.22).
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Proof of Theorem 4. Proceeding similarly as in the proof of Theorem
2, we have from (3.10)

n|p(z)| = |1 +Dφ(z)‖p′(z)|.

Then, for each γ > 0 and 0 ≤ θ < 2π we have

nγ

2π
∫

0

|p(eiθ)|γdθ =

2π
∫

0

∣

∣

∣
1 +Dφ(eiθ)

∣

∣

∣

γ

|p′(eiθ)|γdθ.

Applying Holder’s inequality to the above inequality, we have for r > 1, s > 1
with r−1 + s−1 = 1 and for each γ > 0

nγ

2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ ≤







2π
∫

0

∣

∣

∣
1 +Dφ(eiθ)

∣

∣

∣

rγ

dθ







1

r







2π
∫

0

∣

∣

∣
p′(eiθ)

∣

∣

∣

sγ

dθ







1

s

,

which implies

n







2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ







1

γ

≤







2π
∫

0

∣

∣

∣
1 +Dφ(eiθ)

∣

∣

∣

rγ

dθ







1

rγ







2π
∫

0

∣

∣

∣
p′(eiθ)

∣

∣

∣

sγ

dθ







1

sγ

.

Using (3.9) in the above inequality, we have

n







2π
∫

0

∣

∣

∣
p(eiθ)

∣

∣

∣

γ

dθ







1

γ

≤







2π
∫

0

∣

∣

∣
1 +Deiθ

∣

∣

∣

rγ

dθ







1

rγ







2π
∫

0

∣

∣

∣
p′(eiθ)

∣

∣

∣

sγ

dθ







1

sγ

,

which equivalently gives

‖p′‖sγ ≥
n

‖1 +Dz‖rγ
‖p‖γ ,

which is the desired conclusion of the theorem.
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Paris (1926).

[4] N.G. de Bruijn, Inequalities concerning polynomials in the complex do-
main, Nederl. Akad. Wetensch. Proc., 50 (1947), 1265-1272; Indag. Math.,
9 (1947), 591-598.

[5] R.B. Gardner and N.K. Govil, An Lq inequality for a polynomial and its
derivative, J. Math. Anal. Appl., 194 (1995), 720-726.

[6] R. Gardner and A. Weems, A Bernstein-type Lp inequality for a certain
class of polynomials, J. Math. Anal. Appl., 219 (1998), 472-478.

[7] N.K. Govil and Q.I. Rahman, Functions of exponential type not vanishing
in a half-plane and related polynomials, Trans. Amer. Math. Soc., 137

(1969), 501-517.

[8] N.K. Govil, Q.I. Rahman and G. Schmeisser, On the derivative of a poly-
nomial, Illinois J. of Math., 23, No 2 (1979), 319-329.

[9] E. Hille, Analytic Function Theory, Vol. II, Ginn. and Company, New
York, Toronto (1962).

[10] P.D. Lax, Proof of a Conjecture of P. Erdös on the derivative of a polyno-
mial, Bull. Amer. Math. Soc., 50 (1944), 509-513.

[11] M.A. Malik, On the derivative of a polynomial, J. London Math. Soc.,
(1969), 57-60.

[12] M.A. Malik, An integral mean estimate for polynomials, Proc. Amer. Math.

Soc., 91 (1984), 281-284.

[13] Q.I. Rahman and G. Schmeisser, Lp inequalities for polynomials, J. Ap-
prox. Theory, 53 (1998), 26-32.

[14] N.A. Rather, Extremal Properties and Location of the Zeros of Polynomi-

als, PhD. Thesis, University of Kashmir (19980.

[15] W. Rudin, Real and Complex Analysis, Tata Mcgraw-Hill Publ. Co.
(Reprinted in India) (1977).



994 K. Krishnadas, B. Chanam

[16] A.E. Taylor, Introduction to Functional Analysis, John Wiley and Sons,
Inc., New York (1958).
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