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Abstract: In this paper, first, we obtain L7 analogue of an inequality con-
n
cerning a polynomial p(z) = ) a,2” of degree n having no zero in |z| < k,

v=0

k > 1 proved by Govil et al. [lllinois Jour. of Math., 23, No 2 (1979), 319-329).
Second, we also prove L7 analogue of another inequality for a polynomial

p(z) = > ayz¥ of degree n having all its zeros in |z| < k, k < 1 proved in the
v=0

same paper. The results improve other known inequalities as well.
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1. Introduction and statement of results

Let P, be the class of polynomials p(z) = ayz¥ of degree n. For p € Py,

define

n
v=0
1 2 ¥
o 1Y
ol = o= [ o] a8 b a0 (1.1)
0

From a well known fact of analysis ([15],[16]), we know
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2T %
tim § o= [ |p(e)]"ds b = maxp(a) (12)
11m - (& = Inmax zZ)|. .
y—oo | 27 P |z|=1 P

0

Hence, we can suitably denote

[Plloe = max p(2)]. (1.3)

2
1 .
Further, if we denote ||p|lo = exp o /log ‘p(ew)‘ df 3, then a simple calcu-
T

0
lation shows that

lim = .
i pl, = pl

If p € P,,, Bernstein [3] proved that

1 lloe < nlIPlloc- (1.4)

Inequality (1.4) is known as Bernstein’s inequality where equality occurs for
p(z) = az™, a # 0. Inequality (1.4) can be obtained by letting v — oo in the
inequality

1'lly < nlplly, ~>0, (1.5)

which was proved by Zygmund [18] for v > 1 for all trigonometric polynomials
of degree n and not only for those which are of the form p(e’?). The validity of
(1.5) for 0 < v < 1 was proved by Arestov [1].

If p € P, such that p(z) # 0 in |2| < 1, then inequalities (1.4) and (1.5) can
be replaced respectively by

n
19" loe < 5 1Plloo (1.6)
and

n
HMHSW:qﬁMW v > 0. (1.7)

While inequality (1.6) was conjectured by Erdés and later proved by Lax [10],
inequality (1.7) was proved by de Bruijn [4] for ¥ > 1. Rahman and Schmeisser
[13] showed that (1.7) remain true for 0 < v < 1.



L7 INEQUALITIES... 981

On the other hand, if p € P,, has all its zeros in |z| < 1, Turdn [17] proved
that

o0 oo 1.
1o = 2||PH (1.8)

Both inequalities (1.6) and (1.8) attain equality for the polynomial p(z) =
a+ [z2", where |a| = |3].

Malik [11] generalized (1.6) by considering that p € P, has no zero in
|z| <k, k> 1 and proved that

00 0o~ 1.
19l < Tl (19)

(1.9) is best possible and equality holds for p(z) = (z + k)™.
Under the same hypotheses for the polynomial as above, Govil and Rahman
[7] extended (1.7) into L7 version by proving that

n
Pl < g P 721 (1.10)

Gardner and Weems [6] and Rather [14] independently proved that (1.10) also
holds for 0 < v < 1.

Govil et al. [8] refined (1.9) for p € P, such that p(z) #0in |z| <k, k> 1
by proving that

+k2\a1\
Moo < njao| . 1.11
[P'llc <n {n\ao\(l + k2) + 2k2|a| [Plloc ( )

Inequality (1.11) was extended to LY norm by Aziz and Rather [2]. They
proved that if p € P, has no zero in |z| < k, k > 1, then for each v > 0

’ n
T , 1.12
||p ||’Y — Hék,l ZH’y ||pH’Y ( )

n|a0|k2 + |a1\k:2
nlao| + k?|ay|
On the other hand, as a generalization of (1.8), Malik [11] proved that if
p € P, has all its zeros in |z| < k, k <1, then

where 61 =

Moo - 1.1
19|00 > 1Jrkllp\l (1.13)

Malik [12] generalized (1.13) in the sense that the inequality involves integral
mean of |p(z)| on |z| = 1 and extends to LY norm. He proved that if p € P,
has all its zeros in |z| < 1, then for each v > 0
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121y > ———Il (1.14)
E T M

As a generalization of 1.14, Aziz and Rather [2] proved that if p € P, has
all its zeros in |z| < k, k < 1, then for each v > 0

p
nll5| < I +teazlly (1.15)
.
and
n

lipll-s 1.16
1P ]loe > ST 1Pl (1.16)

k2 _

where 15,1 = nan|k” + |an1]

nlay| + [an—1]

Several improvements, generalizations and extensions of the above inequal-
/

P oo .

[l under prescribed

1plloo
restrictions on zeros of p(z) are available in literature. It is also desirable to

know the dependence of the above mentioned ratio on the coefficients of the
polynomial under consideration. In this direction Govil et al. [8] proved the
following two results, where the first improves (1.9) and (1.11), and the second
(1.13) by involving certain coefficients of the polynomial.

ities which fundamentally estimate the bounds of {

Theorem A. Ifp € P, has no zero in |z| < k, k > 1, then

/ n (1= MDA+ FAD + k(= 1)|p = N
o < 505 1.17
I lloo = S AT A =+ 2 + B + R — Dt — g 1Plleer (117)
where )
A I )
n ag n(n—1) ag

Theorem B. Ifp € P, has all its zeros in |z| < k, k <1, then

n (1 — |w)(1 4+ k2|w|) + k(n — 1)|Q — w?|
1.18
P lle0 2 T T Tl (L — &t 12 1 KT} + i — D~ 2] Plloe - (18)
where
R R R L N (1.19)
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In this paper we extend both Theorem A and Theorem B to L7 norms. Our
results influence many of known inequalities including the inequalities discussed
above.

First, we obtain the following result which is L7 analogue of Theorem A. It
not only generalizes Theorem A but also improves inequalities (1.10) and (1.12)
directly while its ordinary version improves (1.9) and (1.11).

Theorem 1. Ifp € P, has no zero in |z| < k, k > 1, then for each v > 0

n
19l < Tl (1.20)
TENC+ 2l
where
¢ = B ADOA + k2) + k(n = Djp = N (1.21)
(1= [AD@ + [A&2) + k(n — 1] — A2]
2
/\:Eﬂ and MZL@~
nao n(n_l) aO

Remark 1. Inequality (1.20) is an improvement of (1.10) proved by Govil
and Rahman [7] for v > 1 and, Gardner and Weems [6] and Rather [14] for
0 <y < 1. It is sufficient to prove that C' > k, where C is defined by (1.21) in
Theorem 1 and k > 1, which is equivalent to showing that

A= AA +F) + k(= Dip =N
(1= ADA +[AR?) + k(n = D)l = A2~

e A+ k2> 14 MK
e, K21 —|A)>1—]),
ie. k*2>1,

which is true since 1 — |A\| > 0 (by Lemma 2.1) and k > 1.

Remark 2. Inequality (1.20) is also an improvement of (1.12) proved by
Aziz and Rather [2]. For this, it is enough to show that C' > 0y, 1, where C' and
0x,1 are defined by (1.21) in Theorem 1 and inequality (1.12) respectively.

Since 8. — nlaglk? + |ar|k*  k+ )|

LT Tnlaol + lak2 Tk + Ak
rem 1, it is sufficient to show that
k(L= MDA+ &%) + k2 (n = D|p = X K+ )|
> )
(1= A+ [ME2) + k(n —1)|u— N3] — k+|\K?

5, where A is defined as in Theo-
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which implies

(k= 1) [(1 = AR A (E + 1) + KNP + &5+ [A[(k+ 1)}
+ k(n —1D)|p— N|{k+ N>+ k+1)}] >0,

from which we eventually obtain

(1= |AD {E AL+ P (A + 1) + K22+ kA + A}
+k(n — 1)|p — N {E? A + k(A +1) + [A]} >0,

which obviously holds due to the fact that [A\| <1 (by Lemma 2.1).

Remark 3. If we let v — oo in inequality (1.20) of Theorem 1, we obtain
n

ol

Hp/Hoo <

Using (1.21), the above inequality becomes inequality (1.17) of Theorem A.

Remark 4. Inequality (1.20) in its ordinary form obtained as in Remark 3
improves inequality (1.11) due to Govil et al. [8] as shown in Remark 2. Hence,
it also improves (1.9) due to Malik [11]. For the sake of completeness, we show
that

n A=A+ +k(n=Dp=X|  _ n
1+k A= N)@ —k+E24+EN)+k(n—1)|p—N2 ~ 14+k’

ie.

(1= ADA 4 E ) + k(n = 1)|p = N
(IT= A1 =k +Ek2+EN)+E(n—1)|pn— N2

<1,

for which it is sufficient to show that
14+ E* N <1—k+E* +k\, where k>1 and |\ <1,
which implies that

k(1= M) < K21 = A,
ie. k<K
i.e. 1<k, which is true.

Next, we obtain the following L7 analogue of Theorem B.
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Theorem 2. Ifp € P, has all its zeros in |z| < k, k < 1, then for each
v >0

p
Pl <1+ Dz, (1.22)

~

n

where

(1 — [w)(w] + &%) + k(n = 1)|Q — w?|

D=k : 1.23
(1 —|w)@ + k2|w|) + k(n — 1)|2 — w?| (1:23)
1 a,_1 2 Ap—2
= — d Q= .
Y [ a n(n—1)k? @,

Remark 5. We claim that D <t 1, where D and ¢, ; are defined by 1.23

k2 _
in Theorem 2 and inequality (1.15) respectively. Since t;, ; = nlan|k” + |an-| =

nlan| + lan—1|
kE+ |w]

————, D <t} implies
kot k2| = el THPE

k(1 —|w])(Jw| + k?) + k*(n — 1)|Q — w?| - k+ |wl
(1— w1+ |w|k?) + k(n—1)|Q —w?| ~ k+ |w|k?

The above inequality simplifies to

(k—1) [(1 = |w|) {K*|w|(k + 1) + K*|w]* + &> + |w|(k + 1)}
+ k(n—1)|p — | {k+|w|(k* + k+1)}] <0.

Since k < 1, we have from the above inequality

(1 —Jw]) {E*|w|(k + 1) + E?|w|® + & + |w|(k + 1)}
+k(n—1)|p— [ {k+|w|(k*+Ek+1)} >0,

which clearly holds as |w| <1 due to Lemma 2.2. Thus, inequality (1.22) is an
improvement of (1.15) due to Aziz and Rather [2].

Since [p/ ()] < [|p]|so for 0 < 6 < 27, the following corollary immediately
follows.

Corollary 3. Ifp € P, has all its zeros in |z| < k, k < 1, then for each
v >0
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’ n
> , 1.24

where D is defined by (1.23) in Theorem 2.

Remark 6. Due to the fact that D < ¢, inequality (1.24) of Corollary
3 is a refinement of inequality (1.16) due to Aziz and Rather [2].

Remark 7. Corollary 3 is a generalization of Theorem B. We know by
definition

2

=
n 1 ki n
s =ndim $ o [ |14 e Tan b~ 7
M+ Do o 277/ e 1+ D
0
its R.H.S. on using (1.23) further simplifies to
n (1 — w1 + k2|w]) + k(n — 1)|Q — w?|

T4k A=) —k+ @+ k) thm—D0—w %)

Thus, letting v — oo, (1.24) reduces to (1.18) of Theorem B.

Remark 8. The ordinary inequality form 1.18 of (1.24) obtained by taking
the limit as v — oo in (1.24) is an improvement of inequality (1.13) due to Malik
[11]. To verify this, it is sufficient to show that, for |w| < 1 and k£ <1

(1 — w1 + k3|w]) + k(n — 1)|Q — w?| -1
(1—|w)@—k+E+klw)+kn—1)Q2—w?| =
which is equivalent to showing
14+ K w| > 1 — k4 k% + k|wl,
ie. 1>k, whichis trueas |w| <1.

Finally, we use Holder’s inequality to establish the following result which is
a generalization of Theorem 2.

Theorem 4. Ifp € P, has all its zeros in |z| < k, k < 1, then for each
¥y>0,r>1,s>1withr 14+s1=1
, n
> " ol 1.26
L L (1.26)

where D is given by (1.23) in Theorem 2.
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Letting s — oo (so that 7 — 1) in Theorem 4, we obtain Corollary 3, and
hence consequences of Corollary 3 follows. Thus, taking the limit as s — oo
(so that » — 1) or r — oo (so that s — 1) and then letting v — oo, in view of
Remark 6, (1.26) of Theorem 4 reduces to (1.18) of Theorem B.

2. Lemmas

We require the following lemmas to prove our results.
The following lemma is due to Govil et al. [8].

Lemma 2.1. Ifp € P, has no zero in |z| < k, k > 1, then

Clp'(2)] < 1d'(2)], (2.1)

1
where here and elsewhere q(z) = z"p (%)’

_ k(@ = ADOAL+F?) +E(n — 1) — N
€= (1 — [AD + [A[K2) + k(n — 1)|u — N2’ (2.2)

k 2k?2
)\:—% and #:7%
n ag n(n —1) ag

such that

AN <1 and (n—1)|p— XN <1—|\>2%

Lemma 2.2. Ifp € P, has all its zeros in |z| <k, k <1, then on |z] =1

|4'(2)] < DIp'(2)], (2.3)
where
Do A= lwD(wl+#) + k(n -1 —w?|
(1= [wh (L + k2 |w]) + k(n = 1)|Q — w?|’
1 @1 2 ap—2 2
w=———and) = —= such that |w| <1 and (n—1)|Q—w?| <
nk a, n(n —1Dk? a,

1—|w|?
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Proof of Lemma 2.2. Since p(z) has all its zeros in |z| < k, k < 1, then

1
— > 1. Thus, applying

the polynomial g(z) = 2"p | = ) has no zeros in |z| < e
z

Lemma 2.1 to the polynomial ¢(z), we have

1 1
(1= fol) (14 lolz ) + 10 = DI -
() <k A — Gl
(1= fol) (ol + 35 ) + 0= DI =
where
1/k [ 1 ap—1
w = — — = — —
n o ap nk a,
and
2/k2 ap—2 2 Ap—2
Q= —= = —.
nin—1) a, nin—1)k? a,
Then,
1 — |w))(|w| + k) + k(n — 1)|Q — w?|
/ < k ( /
RIS F TN el + k= D — w2 P )l
and |w| <1 and (n —1)|Q —w?| <1 —|w|? O
1
Lemma 2.3. Ifp e P, and q(z) = 2"p (:), then for each o, 0 < @ < 27
z
and v >0
21 27 21
// ¢ (") —i—eiap’(ew)‘deda < 27Tn7/ ‘p(ew)"yd& (2.4)

0 0 0

The above lemma is due to Aziz and Rather [2].

Lemma 2.4. Let z be any complex and independent of o, where « is any
real, then for v > 0

2w 2
/‘1+ze"a|vda:/‘ew‘—l—\zH'yda (2.5)
0 0

The above lemma is due to Gardner and Govil [5].
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3. Proof of the Theorems

Proof of Theorem 1. Since p(z) has no zero in |z| < k, k > 1, we have,
by Lemma 2.1

Cl' () < |d'(2)] for [2] =1, (3.1)

where C is defined by (1.21) in Theorem 1.
We have for every real o and R > r > 1,

!R—I-eia‘ > ‘r+ei°“.

Then, for every v > 0 we have
2 2
/|R+eia‘ﬂ/da2 /|r—|—eia‘7da. (3.2)
0 0

/(10
For points ¢, 0 < § < 2x, for which p/(e?) # 0, we denote R = q/ge‘e)
P (e

r = C, then by (3.1) and Remark 1 we have R > r > 1 and for each v > 0,

and

~—

27 27 .

. . . Y . Y q, 626 . v
/q/(629)+€zap/(619)‘ do = p/(ezé)‘ /p/gew%_i_eza dav
0 0

21
/(160 v
o |7 q'(e”) ;
~[peen| |5 | + oo ao
0

(by Lemma 2.4)

21
p’(e“’)‘7 / IR+ e da
0

2
> P,(ew)"y/h—keiapda
0
(by (3.2)).
Hence,

2 2
/ q (") —I—eiap'(ew)‘vdoz > p'(ew)‘v/W—l—eiapda (- r=0C), (3.3)
0 0
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for points ¢/, 0 < 6 < 27, for which p/(e?) # 0.
For points ¢, 0 < § < 2, for which p/(¢?) = 0, inequality (3.3) trivially
holds. Hence, using (3.3) in Lemma 2.3, we obtain for each v > 0,

2T 2T 21
/ p’(ew)‘ﬂ/dQ/ |C+ eiapda < 27Tn'y/ Ip(e?)|7do),
0 0 0
which is equivalent to
1 1
27 ~ ] 2 5 2 5
/ GOl / € + ¢ da /|p(ei9)wd9 (3.4
T
0 0 0
from which the desired conclusion of Theorem 1 follows. O

Proof of Theorem 2. Since p(z) has all its zeros in |z| < k, k < 1, p/(2)
also has all its zeros in |z| < k, & < 1. Hence, by Gauss-Lucas Theorem, the
polynomial

2l (i) — ng(2) - 2(2) (3.5)

.
s all its zeros in |z| < k, k < 1, we have by Lemma

has all its zeros in |z| >

Further, since p(z) h
2.2

o I =

d'(2)] < DIp(2)] o |2] =1, (3.6)

where D is given by (1.23).
For |z| = 1, we also have

P (2)] = Ing(2) — 2¢'(2)]. (3.7)
Using (3.7) in 3.6 we have on |z| =1
|¢'(2)| < Dlng(z) — 2¢'()|. (3.8)

Thus, in view of (3.5) and (3.8), the function

B 2q'(z)
Y5 = B lnale) - ()]
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is analytic in |z| < 1, |¢(2)] < 1 on |z] = 1 and ¢(0) = 0. Therefore, the
function 1 + D¢(z) is subordinate to the function 1+ Dz for |z| < 1. Hence,
by a well known property of subordination [9], we have for each v > 0

7‘1 +D¢(ei9)(7d9 < 7(1+Dei9 " . (3.9)
0 0
Now,
2 (2) n(2)

1+ Dg¢(z) =1+ nq(z) — 2¢(2) - nq(z) — zq'(z)’

which implies for |z| = 1,

Ina(2)] = 1 + Dé(2)|Ing(z) — zq'(2)]
=1+ Do(2)|Ip'(2)|  (by (3.7)).

Since |p(z)| = |g(2)| on |z| = 1, we have from the preceding inequality
nlp(2)] = [L+ Dé(2)[lp'(2)] on [2] =1 (3.10)
ie.,
n p/(z) ‘ =1+ Dé(z)| on|z| =1.
P'(2)

Then for each v > 0 and 0 < 6 < 27, we have

21 5 2

p(e”?) NE
n«,/ 7(e?) d0:/‘1—|—]_)¢)(e )‘ do,
0 0
which on using (3.9) gives
2w 2
0y [ ,
m/ pe”) d@g/‘HDerQ,
p'(e®)
0 0

which implies

p(ew) Y

1
,

. do
p'(e) ’

% 21
s < /(1+Dei9

0

2
0

which equivalently gives inequality (1.22). O
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Proof of Theorem 4. Proceeding similarly as in the proof of Theorem
2, we have from (3.10)

nlp(z)| = 1+ Do(2)[|p' (2)I-

Then, for each v > 0 and 0 < 0 < 27 we have

2 2m
w [loeras = [+ o] 1) ras.
0 0

Applying Holder’s inequality to the above inequality, we have for r > 1, s > 1
with r=! + 57! = 1 and for each v > 0

27 21 % 2 %
. Ty S
n’ / ‘p(e’e)‘w do < / ‘1 + D(b(ew)‘ do / p’(e’e)‘ ao y
0 0 0
which implies
1 1 1
27 5 2 Ty 2T sy
1Y Ty 1Sy
n / ‘p(ezg)‘ g » < / ‘1 + qu(ew)‘ de / p'(ew)‘ de
0 0 0
Using (3.9) in the above inequality, we have
1 1 1
27 5 27 Ty 271 sy
. AT . S
n / (p(ew)(7 s < / ‘1 + e do / P a0l
0 0 0
which equivalently gives
, n
p > Pl
|| ||S"/ ||1+DZ||r'y|| H’Y
which is the desired conclusion of the theorem. O
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