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Abstract: A new SIS epidemic model on scale-free networks with stochas-
tic perturbation is considered. We deduce that dynamical behaviors of the
model are related to the basic reproduction number Ry of the corresponding
deterministic model. Under the conditions that the intensities of white noises
interference are sufficiently weak, the solution of the model oscillates around the
disease-free equilibrium of the corresponding deterministic model when Ry < 1,
whereas, the disease will be persistent when Ry > 1.
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1. Introduction

Epidemiology is the science to investigate transmission rules of infectious dis-
eases from the group level, so as to make measures of intervention and control.
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It depends not only on the biological features of infections but also on the con-
tact patterns between populations. With scale-free network theory by Barabasi
and Albert [1] developing and maturing, it has been considered as a new and
effective tool to depict and study various complex architectures in nature and
human society. It is more practical to study the spread mechanism of infectious
diseases on scale-free networks.

Pioneering work in this area was carried out by Pastor-Satorras and Vespig-
nani [2, 3]. They introduced the SIS model on scale-free networks and showed
that the spread of infections is tremendously strengthened on scale-free net-
works. Following the work, more and more models, for example, SI [4], SIR [5],
SIRS [6, 7] and SEIRS [8], on scale-free networks were formulated successively.
Notably, a new SIS model with birth and death on scale-free networks was pro-
posed by Zhang and Jin [9]. As mentioned in the paper, the nodes of complex
network have three states: vacant state, susceptible individual occupation and
infected individual occupation, and each node is either empty or occupied by
only one individual. The disease transmission diagram is depicted in Fig. 1.
Let Si(t) and Ij(t) denote the relative densities of healthy and infected nodes
with degree k at time ¢, respectively, where k = 1,2,--- ,n in which n is the
maximum connectivity of any node. Then the equations for the densities Sk (t)
and Ij(t), at the mean-field level, can be expressed as

—— = b(1 = Si(t) — Ii(t)) — AeSk(t)O(t) — dSk(t) + v 1k(t),

(1)
d (1) = MeSp()O(t) — yIx(t) — plx(t),

where © = 1/(k) >, ¢(j)P(4)1;, »(j) denotes an infected node, with degree
7, occupied edges which can transmit the disease. The parameters in system
(1) are summarized as follows:

b: birth rate of empty nodes to healthy individuals,

A: transmission coefficient of the disease between susceptible nodes and
infected nodes,

d: death rate due to natural death,
~; recovery rate of infected individuals,
w: death rate due to the infectious disease and natural death.

Denote fj; = ﬁ)\kgp(j)P(j), then system (1) can be rewritten as



DYNAMICAL BEHAVIORS OF A NEW SIS EPIDEMIC... 997

b ——— A
Vacant Susceptible Infected
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Fig. 1: The flow diagram of the new SIS model

ds;, = [b(l — Sk = 1Ir) = > BrjSklj — dSy + ’Yfk] dt,
j=1

d[k = [ZﬁkJSkI] - ’)/Ik - ,qu:| dt.
7=1

For system (2), according to the results given in Ref.[9], there always exists
a disease-free equilibrium E° = (Hid,o, e ,Hid,O). If Ry < 1, E° is globally
asymptotically stable in D. Otherwise, EY is unstable and it has a unique
endemic equilibrium E* = (ST, IT,---, S}, I}), which is globally asymptotically
stable under the condition v > b. Here

D ={<Sl,h,---,sn,1n) € R3"

b
0<Sp+l<—— k=1,
< k+ k<b+d7 ) an}>

_ Bi;b

MO_((Wru)(ber))m’ B = pMa),

and p(M)y) is the spectral radius of M.

However, there are uncertainty and random environment in nature, which
inevitably affect the dynamical behaviors of epidemic spreading. Thus deter-
ministic models have some limitations in describing the spread of diseases. The
environmental noise in the ecosystem can be molded by Brownian motion. It is
more suitable to describe the disease spreading with stochastic differential equa-
tions with Brownian motion as noise, i.e., stochastic epidemic model. In recent
years, many scholars have focused on stochastic epidemic models on complex
networks and a lot of results have emerged [10, 11, 12].

Motivated by the works in [9, 10, 11, 12], we will consider the following new
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SIS model with stochastic perturbation

dSk: |:b(1 - Sk - Ik)_Z/BkjSkIj - dSk + ’YIk:| dt —i—O’ledekl(t),
7=1

3)

dl, = [Z Bri Skl — VI — ,ulk} dt +op2 L, dWia(t),
=1

where ij(t),a,%j,k: = 1,2,--- ,n,j = 1,2 represent independent standard
Brownian motions and the intensities of white noises interference respectively.

The rest of this paper is organized as follows. The existence and uniqueness
of positive solution of system(3) are discussed in the next section. In Section
3, we analyze the asymptotic behavior around the disease-free equilibrium of
corresponding deterministic system (2). In Section 4, we study the dynamics
of system (3) around the endemic equilibrium of system (2). Numerical simu-
lations are given to demonstrate the main results and conclusions are drawn in
Section 5 and Section 6.

2. Existence and uniqueness of positive solution

For any biological system, in order to study dynamical behaviors, whether it
has a global positive solution is the primary issue. In this section, we will
discuss this aspect by the Lyapunov analysis method. The suitable parameters
in Lyapunov function are chosen by graph theory. The Laplacian matrix of
a weighted digraph (3, A) is denoted by L4. For convenience, we denote the
solution of system (3) by X (¢) = (S1(t), I1(t), - , Sn(t), In(t)).

Theorem 1. For any initial value X(0) € R2", there exists a unique
solution to system (3) for all t > 0 and the solution remains in R%" almost
surely for all times.

Proof. Since the coefficients of system (3) are locally Lipschitz continuous,
for any initial value X (0) € R?", there exists a unique local solution on t €
[0, 7.), where 7, is the explosion time. To show that the solution is global, we
only need to show 7. = 0o a.s.. Let mg be a sufficiently large integer such that
m%) < Sk(0) < my, m%) < I(0) < mg for k =1,--- ,n. For each integer m > my,
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define the stopping time as

T = inf{t € [0,7) : min {Se(t), T (), k = 1, n} < —

m

or Imax {Sk(t)7-[k(t)7k = ]-7 T ,n} > m}u

where we let inf ) = +00. Obviously, 7, is increasing as m — oo. Denoting
limy;,— 00 T = Too, We can obtain that 7o, < 7. a.s.. Thus, we only need to show
that 7o = 0o a.s.. Next, We prove it by contradiction. If 7., < oo a.s., there
would exist a pair of constants 7' > 0 and € € (0,1) such that P(1o, < T) > e.
Then there is an integer m1 > mg such that

P(r, <T)>¢, for Ym >my. (4)

Let us define a C*-function V : R¥" — R as

n

V(X(t) = ; [(Sk — agx, — agy In 0%) + Iy —1—=Inlg)|,

where ¢y, is the cofactor of the k-th diagonal entry of Lg, B = (’Bkj)nxn’ and a
is a positive constant to be determined. By It6’s formula, a direct calculation
yields

AV = LVdt + > [op1(Sk — aqe)dWi () + oxa (I — 1)dWia(1)] ,

k=1
where
n n
DV =30 | (1= %) (0 - Su = 1) = X il - dSi + 1)

j=1

N 1
(1- I_k) (; BiSely = Ik = nli) + 5 (a0}, + o) ]

3

< |:aqk(b+d)+aqk2ﬁkjfj+’Y+M+b—(b+,u)fk
j=1

1
+ 5 (aqkail + 022) }

3

= |:aqk(b+d)+’7+,u+b—(b+#_GQk25kj)Ik
k=

[y

j=1
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1
+ 5 (aqkozl + 0%2) } .

The last equality above is based on ZZ,j:l aBril; = ZZ,j:l Qi Bkjli from

Theorem 2.3 in Ref. [13]. Choose a = min1<k<n{ﬁ} such that
- - Jj=1 J

b+ p—agy Y i Brj > 0. Therefore,

dV < Kdt + Z [Ukl(Sk — aqk)del(t) + ng(fk — 1)dW]€2(t)] , (5)
k=1

where K =37, [agr(b+d) +v+p+b+ %(aqkail + 0%,)]. Integrating both
sides of (5) from 0 to 7,,, AT and then taking the expectations, we obtain that
V(X(0))+ KT >EV (X(1, AT))
>E (17, <V (X ()] ,
where 1y, <7} is the indicator function of {r,, < T'}. For any w € {7,

T}, where m > my, there exists at least one of Si(7,,w) and Iy (7, w), k
1,2,--+ ,n, equaling % or m, then

—~
(=)
S—

IIA

m
V(X > ‘(_ - 1—)
( (7h0)470222h m = agy — aggIn

" 02k<n (E — aqk + aqp n(@%m)),
where we define gy = % From (4), (6) and (7), it follows that
V(X(0))+ KT > ¢ | min ( — _ lnﬁ)
> € o m — aqi — aqg ” .

1
A mi &— 1 »
Jmin W+WMWW]

Letting m — oo, yields co > V (X (0)) + KT > oo, which is a contradiction.
Thus the theorem is proved. O

3. Asymptotic Behavior around
the Disease-free Equilibrium

In Introduction, we mention that E° is the disease-free equilibrium of deter-
ministic system (2), which is globally stable when Ry < 1. It means that the
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disease will die out after some period of time. Hence, it is meaningful to study
the disease-free equilibrium. For system (3), however, there is no disease-free

equilibrium. Thus we will study the asymptotic behavior of system (3) around
EY.

Theorem 2. If Ry < 1,7 > b and

o <b+d, o7y < 2(b+ p),

then for any initial value X (0) € ]Ri”, the solution of system (3) has the property

lim sup = ZE/ { Sk bid) +1,3(u)] du

t—o00
(9)
(ak + ck) b 2,
= K (b ¥ d) kL)
k=1 1
where
o2
Ky = min {(ak +er)(b+d—opy),a <b+u — ﬁ) } ,

k=1, n 9

and ay,ci, k =1,2,--+ . n are positive constants defined as in the proof.

Proof. Let s = Sy — b-%i’ik‘ = I}, then s; > _b+Ld7ik‘ > 0. For system (3),
it can be rewritten as

dSk(t) = |: (b+d Sk — Z’Bk] <8k + b—lb-d>2] + (’Y— b)lk:| dt
7=1

+ ok1 (Sk + de)dwm( ); (10)

b . .
d’Lk [Z ﬁk] <8k + b d)’LJ (’Y + M)’Lk] dt + ng’édekQ(t).

Since all elements of My = m (Brj),xp, are positive, then My is irre-
ducible. By Lemma 2.1 of Guo et al. [14], there exists a positive eigenvector
w = (wy,wsa, -+ ,wy,) of My corresponding to p(Mp), namely that

(OJl,WQ,' o 7wn)M0 = (CUl,OJQ, U 7wn)p(M0) (11)

Let z(t) = (s1(t),i1(t), -+ ,sn(t),in(t)) and define the Lyapunov function as
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n n

V(a:(t)):§z (sk + ix) +§chsk+27+# :
k=1 k=1
where ay,cp, k = 1,2--- ,n are undetermined positive constants. By Itd’s for-

mula, a direct calculation yields

b
av = Lth+; an (s + %) + cosk] o1 (sk—l— H—d)del( )

(12)

n
. Wi
+ ap(sg + 1) +
Z[k(k k) o

] o2t dWia(t),
=1 H

where

LV = Z ag(sk + i) [—(b+ d)sk — (b + p)ix]
k=1

+ch8k|: (b+d) Sk—Zﬁm<8k+b_ib_d>’bj+(’)/—b)ik:|

1
+ 3 ;(ak + c)oty (sk + m) Z aRoiyis
n

I

n 0_2 .
<-> [(ak + ) (b+d —ajy)si + an <b+u— %) zz]
k=1

[Zﬁ’w (Sk + bid)% (v +#)ik}

’Y+H

+Z Ck —b)—ak(2b+d+u)] Sklk

bck/Bk] . b 2 2
_ Z Z Skt + Z(ak + ck) (b—l——d> Oj1

kl]l

DI I BRI BT LR IS

kljl

The inequality above is using (z + y)? < 2(2? + »?) and the fact i, > 0. Let
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w= (Wi, wp),i= (i, - ,in)T, and we note that
bwkﬂk; Z
D) DREL . Wi
i 1 (b+d)(v -l—u
=wMyi — wi = wp(My)i — wi (13)

=(Ro— 1) > wyiy <0,
k=1

due to Ry < 1 and 7, > 0. Since v > b, we can choose ¢, = ‘zlzélr;f?,ak =
SZJ(F’Yder/)l > 0 such thatwﬂf’gzj - ckﬁkijrLd =0and cx(y —b) —ap(20 +d + pu) = 0,
which together with (13) yield

n

2
LV < —Z [(ak—l—ck)(b—i-d—a,%l)s%—i-ak (b—l—u— %) zk}

2 14
—i—Zak-i-ck (bbd> Ul%l ( )
17(t)

Substituting (14) into (12) and integrating both side from 0 to ¢, we obtain that
t
0 < BV (2(t)) < V(z(0) + E / Plu)du,
0

where E denotes expectation operator. It implies that
o2 9
Z [ ar 4 cx)(b+d — o2))s(u) + ay, <b - %)ik(u)} du
0 k=1
)+ Z ay + ck) b i o2t
b d k1%
Hence,

1 b \?
limsup=E o) (b+d— S
imsup Ok§jl[ak )b+ d - o) (k) )

+ay, <b+u—%> 2(u )] du

n

b 2
< ) (ak+cx) (m) Tji1-
k=1
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Let K1 = min {(a + cx)(b+d —0}),ar (b+ p— 02y/2) }, then the proof is
completed. O

Remark 3. Under the conditions of Theorem 2, the mean square distance
between the solution of system (3) and the disease-free equilibrium EY of de-
terministic system (2) in time average is no more than a value which is related
to o7, and 02,. It is concluded that the solution of system (3) oscillates around
E° and the amplitude depends on the intensities of white noises interference.

Besides, E" is the disease-free equilibrium of system (3), if o3; = 0,k =
1,2,---n. Moreover, E is also globally asymptotically stable, because

n

2
Lv<->" [(ak—i-ck)(b—kd)si—i-ak (bw—%) 2%} <0
k=1

from the proof of Theorem 2.

4. The dynamic of system (3) around E*

For deterministic system (2), if Ry > 1, there exists an endemic equilibrium E*,
which is global stable when v > b. It is revealed that the disease will prevail in
a population. Obviously, there is no endemic equilibrium of stochastic system
(3). In this section, we will discuss dynamical behaviors of system (3) around
the endemic equilibrium E* of system (2).

Theorem 4. If Ry > 1,7 > b, and
0f <b+d, oty <b+p,

then for any initial value X (0) € R3", the solution of system (3) has the property

NN e N " \

lim sup— ZE/ [(Sk(u) — S§)? + (Ix(u) — I;:)?] du

t—o0 t =1 0
< LS (Bsp+mes) oty + (S5 + mai?) o]

_K2 — 2 k k k1 2 k k k2|

where

Koy = k:n?mn {pr(b+d - N (b+p— 0,32)} ,
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and ¢, is the cofactor of the k-th diagonal entry of Lg, k = 1,--- ,n, B =
(’Bkj)nxn = (BkjSZI;‘)an, and pi, k =1,2,--- ,n are positive constants defined
as in the proof.

Proof. Firstly, for system (3), we use the identical technique of Kuniya et
al. [15] for a multi-group SIS model to remove the terms (v — b)I; from the
Lyapunov functionals of dSy to that of dl. For k,7 =1,2---  n, let

- —b . _
B =B =S, Bu=fy ki (15)
The elements of endemic equilibrium E* satisfy

n n
b=> BySili+(b+d)St, > BuSily = (b+ wIj. (16)
— —

Substituting (15) and (16) into system (3), it follows that
s = | - Zﬁk; (Skl; = SiT}) = b+ d)(Si — 57)

+ (v — b, (1 — S—)] dt + o1 SpdWia (1),

Sk (17)
S I k Sk
A (t [Zﬁk] (s - ) — (=) (1~ S—)] dt
+ opo Lk dWia(t).
Define a C*-function V : R%" — R* as
RS . ‘
V(X (t) = 5 Zpk(sk — S} + I — I})?
k=1
Sk N I,
+ch (Sk Sf—Sfin =~ 5t + I, —I; —Iklnl—;>
= Vl + V27
where pp, k = 1,--- ,n are positive constants to be determined. The Matrix

B is irreducible from the irreducibility of matrix (Brj)nxn- It is follows that
cx > 0,k = 1,2,--- ,n by the property (1) of Theorem 2.3 in Li et al. [13].
Then V' is positive definite. Let L be the generating operator of system (17).
Then one has
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LVi=> pr(Sk—Si+ I —I}) [b— (b+d)Sp — (b+ p) Ii]
k=1

1 n
T3 Zpk (0715% + 0% 1})
k=1

= " ok(Sk = Sj + It —I}}) [—(b+d)(Sk —S}) = (b+p) (I —I})]
k=1
1 - * * * *
+3 Zpk [071(Sk — Sk + S3)? + oo Ik — I + 1;;)?]

<Zpk[ (b+d — a2,)(Sk — S0 — (b — aZ) (T — 1)

— (20 +d+ p) (S, — SP) (I, — If) + 021 Si2 + o 112

And
n S* noo
L%zZ@( —S—k)[— Bij(Sklj — SpI7) — (b+ d)(Sk — Sp)
k=1 k Jj=1
Sk = k1 2 ax 2
k k=1

n | S[._SZI;Ik)

(- %) (2% -1)- (-

< - ZZCkﬁkg[ <—> (;i) +g<§) +g(§,§2‘§i)}
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+ch = b)(Sk — Sp) ULk — 1) +Z (0k1Sk + oiali)
k=1

where g(a) = a — 1 —Ina. Using property (2) of Theorem 2.3 in Li et al. [13],
we know that

35 i o(2) - o(2)) -0 *

k=1 j=1
According to (18) and the fact that g(a) > 0 for a > 0, it follows that
LV, < ;@(7 —0)(Sk — Sp) (I — 1) + ; o> (0k1Sk + aiali) -

Since v > b, we choose p = % > 0 such that ¢, (y—b)—pr(2b+d+p) = 0.
It can be obtained that

LV =LVy + LV,
<Zpk [~ (b+d = 071)(Sk = Si)? = (b+ p — aiia) (I — I;)?]
C * * ¢ * *
+ Z [(%Sk +kak2) T + (%Ik +pklk2> 01%2]
k=1
= G(t).

Hence,

n
AV <G)dt+ Y opr [Er(Sk—SF) + peSk(Sk—Sf; + T —I})] dWia (t)
+ ) orelee(Tx — I7) + pri(Sk — Si; + I — I7)] dWia(1).
k=1

Integrating both sides of (19) from 0 to ¢ and taking the expectations, we have

0 <EV(X(t)) < EV(X(0)) + E/ G(u
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Therefore,

t—o00

: [IRAR \

lim sup ;E ; Zpk [(b+d — o) (Sk(u) — S;)?
k=1

+ (b+ p— aiia) (I(w) — I;)?] du

n — —
Ck ax * Ck 7« *
< ; K;Sk +Pk5k;2> o+ <§Ik +pk‘Ik2) 012@2} .

Let K9 = min {pk(b +d— ail),pk (b +p— 022) } This completes the proof.
O

Remark 5. Under the conditions of Theorem 4, the mean square distance
between the solution of system (3) and the endemic equilibrium E* of deter-
ministic system (2) in time average is no more than a value which is related
to o7, and 0%,. It means that the solution of system (3) fluctuates around
E*. Therefore, It is concluded that system (3) is persistent in the mean square
sense, which means that the disease is prevalent.

5. Simulation

In order to demonstrate the theoretical results above, we numerically simu-
late the solution of system (3). Consider a scale-free network whose degree
distribution is P(k) = Ck™" with r = 2.3, ;. P(k) = 1 and maximum con-
nectivity of any node n = 100. Let b = 0.05,d = 0.01,v = 0.06, x = 0.05, and
o(k) = ak®/(1 + ck®) with « = 0.75,a = 0.8,¢ = 0.01. Using the Milstein’s
Method, the discretized difference equations of system (3) take the form

n
Ski+1 = Sk + At [b(l — Sk — 1) —Z BrjSk,ilji — dSk; + VI
i=1

2
+0k1Sk,iV ALk, i + mSEiAt (&1,
) ) 2 3 1, (20)
n
Iy i1 = I + At [Z BrejSk,ilji — Vi — Mfk,z]
j=1

2
o
ool i VA, i + %L@At (i — 1)
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0.16
0.85
—k=10
0.12 — k=35 |{
0.75 —k=80
o =
> =2
5 ‘@ 0.08
S 085 S
o ©
0.55 0.04
0.45 0
0 50 100 150 200 0 50 100 150 200

time t time t

Fig. 2: The time series of system (3) with A = 0.025, Ry =
0.6972, o)1 = 0.012, o2 = 0.02.

0.16
0.85
—k=10
0.12 —k=35 |4
0.75 —— k=80
w* —
> =
= G 0.08
S 065 S
© ©
0.55/j 0.04
0.45 0
0 50 100 150 200 0 50 100 150 200
time t time t

Fig. 3: The time series of system (3) with A = 0.025, Ry =
0.6972, 01 = 0.005, oo = 0.008.

where &, 4y 8ko iy F1, k2 = 1,2,--- ,n,0 = 1,2,--- | N are independent standard
normal random variables.

First, we choose A = 0.025, then Ry = 0.6972 < 1 by calculation. Fig. 2 and
Fig. 3 (imaginary lines) depict the solution of deterministic system (2), which
verify the global stability of the disease-free equilibrium E°. From Theorem 2,
the solution of system (3) oscillates around E°, provided that the intensities
are sufficiently weak. Fig. 2 and Fig. 3 (solid lines) illustrate this result under
different intensities.

Next, we choose A = 0.08 such that Ry = 2.2311 > 1. In this case, the
endemic equilibrium E* of system (2) is globally asymptotically stable, which
is shown in Fig. 4 and Fig. 5 (imaginary lines). Besides, it follows from
Theorem 4 that the solution of system (3) fluctuates around E*, which means
that the disease is prevalent. Fig. 4 and Fig. 5 (solid lines) confirm this.
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g 03 8 02
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0 50 100 150 200 250 300 0 50 100 150 200 250 300
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Fig. 4: The time series of system (3) with A = 0.08, Ry =
2.2311, 041 = 0.012, 749 = 0.02.
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)
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A X
0 0 50 100 150 200 250 300 0050 50 100 150 200 250 300
time t time t

Fig. 5: The time series of system (3) with A = 0.08,Ry =
92.2311, 071 = 0.005, oo = 0.008.

By comparing Fig. 2 and Fig. 3, the parameters are all the same but with
different intensities of white noises. Specifically, o1 = 0.012, oo = 0.02 in Fig.
2 and o1 = 0.005, 030 = 0.008 in Fig. 3. It easily can be seen that the range
of oscillation around EY gets smaller with the intensities getting weaker. The
same result is also showed up by comparing Fig. 4 and Fig. 5.

6. Conclusion

A new SIS epidemic model with stochastic perturbation has been proposed
by stochastic differential equations to investigate the dynamical behaviors of
epidemics on scale-free networks. Through theoretical analysis, we obtain that
the existence and uniqueness of solution to the model. Under the conditions
that the intensities of white noises interference are weak enough, the solution of
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system (3) oscillates around the disease-free equilibrium of the corresponding
deterministic model (2) when Ry < 1. Otherwise, the solution of system (3)
fluctuates around the endemic equilibrium of model (2) when Ry > 1, which
means that the disease will be persistent. Moreover, the range of oscillation
gets smaller with the intensities of white noises decreasing.

Because Si(t), I(t) denote the relative densities of the healthy and infected
nodes with degree k, it is necessary to consider whether the solution of system
(3) satisfies Si(t) + Ix(t) < 1,k = 1,2,--- ,n. The sufficient condition for
boundedness of the solution is an interesting but challenging problem.
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