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Abstract: In this article, we present some recent advances in the dynamics
of one variable complex functions which are especially associated to the Julia
sets, the Fatou sets, the Sigel disks, the Herman rings, fixed points as well
as the Mandelbrot sets. For the sake of interest, we consider mainly research
works which have been done from 2015 to 2019. To achieve our purpose, some
interesting and selected themes are considered to show some recent advances in
the dynamics of one variable complex functions.
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1. Introduction

The dynamics of complex functions started in the early 19th century by G. Ju-
lia, P. Fatou and S. Lattés but major break through came in this research work
in the late 19th century about 1980 after introducing computer graphics into the
subject. In the last few decades, the dynamics of complex functions has been
studied widely in one dimension and higher dimension by many researchers.
Many researchers continue to develop theoretical results and computational
techniques for making development in the dynamics of complex functions and
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it is growing research topic which connects several other fields of scientific re-
search. Details about initial studies and further studies on complex dynamics
can be seen in references cited in this paper. History and introductory theory
about dynamics of complex functions can be seen in [1, 46, 49, 55, 63].

In this work, we present a review on some recent advances in the dynam-
ics of one variable complex functions as well as highlight some of the most
beautiful features. To achieve this goal, we provide the brief description of
recent progress on the following themes related to the dynamics of one vari-
able complex functions which has been done during 5 years from 2015 to 2019:
Simply connected invariant Fatou component, the Julia set’s connectivity of
Newton’s method, dynamical properties about Halley map or Schroder map,
poly-time computable Julia set, dynamical properties of the family of degree
4 Blaschke products, Siegel disks of polynomials, quasisymmetric geometry,
shapes of polynomial Julia sets, buried Julia components, parabolic-like map-
ping and its dynamical properties, McMullen-like mapping as a rational map,
unmating of rational maps, the bungee set of a quasiregular map, the structure
MandelbrotSierpinski maze, the Hausdorff measure’s formula on the Julia set
using singular traces, biaccessibility dimension, quasi-periodic trajectory.

2. Different approaches to studying dynamics of one variable
complex functions

Our focus is to explore some interesting recent features of the dynamical be-
haviour of functions in one-dimensional complex plane. The following different
approaches to studying dynamics of one variable complex functions have been
found in the literature:

We begin with results on invariant Fatou components. For a meromorphic
function f : C — C, the boundary behaviour of map f is deeply described in [5]
on its invariant simply connected Fatou component. There is a case especially
considered when the map is non-rational or transcendental. The theory of
accesses to boundary points of U as well as its relation to the dynamics of f
develops as a prime goal. There is purposely established a consistency among
invariant accesses from U to oo or weakly repelling points of map f as well
as boundary fixed points of the related inner function on D. A dynamical
form of the Correspondence Theorem is also shown which explains the relation
among the topology of accesses and boundary behaviour of the Riemann map.
Moreover, it realizes the structure of J(f) near oo of a Newton map. As an
application of above results, for the Newton maps, a description about the
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accesses to 0o is provided from invariant Fatou components.

When Newton’s method uses to a family of maps that has multiple root,
a jump in degree and complexity arise as the parameters vary. For Newton’s
method, a unified approach about connectivity of the Julia sets of holomorphic
function discuss by Baranski, Fagella, Jarque and Karpinska [6]. This work
is mainly divided in three parts. In the part one, the historical introduction
about Newton’s method and connectivity of the Julia set is given. In the 2nd
part, terminology using in the proofs and preliminary results are mentioned.
The proof of the major outcome is shown in the third part. The result on
the simple connectivity is provided for case of finite and infinite degree. An
approach using in the proof is based on [4] which is introduced by authors.
Assuming relative positions of certain sets, the existence of fixed points of the
map as well as, under iteration of the map, their images are provided. The
existence of absorbing domains inside Baker domains establishes here. It is
noted that use these new ideas for all range of Fatou components which is
not restricted to Baker domains only. In the third part, N denotes a Newton
map which arises by applying the Newtons method to a transcendental entire
function or a polynomial. The proof of the main result is shown very rigorously
as every Fatou component U of N is simply connected. Apart from above, these
results also establish:

(i) N has no invariant Herman rings.

(ii) An invariant Baker domain U of N possess a simply connected absorbing
domain.

(iii) Suppose U is either a periodic Fatou component of minimal period greater
than one, a preperiodic component or a wandering domain, then U is
simply connected.

Moreover, U cannot be a p-periodic Herman ring. These proofs are appli-
cable in all similar situations.

Can we choose any set of n distinct points in the complex plane and con-
struct a polynomial in order to those n points form an attracting cycle for the
related Halley map H)(z) or Schroder map Sy(2), where

2p(2)p'(2) p(z)  p()p(2)p"(2) ,
20/ (2)p' () — p(2)p"(2) P(z) 20 (2)p(2)p(2)

If yes, what is the minimal degree of this type of polynomial? The work by
Collins [20] is mainly focus on these questions: To achieve this goal, for each

Hy(2)=z—

and Sp(z)=z—
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n > 2, it proves that for any set of n distinct points in C, 3 a polynomial
p of degree < n + 1 then the corresponding Hy,(z) and Sp(z) have the given
points as a super-attracting cycle. It improves the result given in [3], which
presents how to determine that type of a polynomial of degree 3n. In addition,
it demonstrates that this degree estimate changes from 3n to n+1. By examples,
it is constructed rigorously to explain that each of the above degree estimate is
sharp for both Halley map H,(z) and Schroder map S,(z).

A poly-time computable Julia set having a recurrent critical point discuss
in [24] and it is claimed that it is first example and no examples are known in
literature till this work. To represent this work, the very well known quadratic
map is considered which is the Feigenbaum polynomial f., . It is shown that the
Julia set of the Feigenbaum map is computable in polynomial time. To resolve
the problem, the poly-time computability of the Julia set of the Feigenbaum
renormalization fixed point F' is proved. This map F is quadratic-like and
conjugate to f.,, as well as the Julia set of F' is homeomorphic to that of f.,.
The introduction of the concept of an oracle is given to define computability of
real or complex functions.

For the Blaschke products By(z) = 23 i of degree 4, the dynamical prop-
erties are investigated in [15]. The concept of tongues for B, is introduced and
focus on the tongue-like sets. Proofs of the non-emptiness of tongue, connec-
tivity of tongues and the boundary of a tongues are provided. The tongues
are bounded for |a] < 3. The Blaschke product B, has a parabolic cycle of
multiplier 1 if a lies to the boundary of a tongue. For the parameter plane,
there are visible some symmetries. Further, the description of the bifurcation is
given which take place in a neighborhood of the tips of the tongues. It observes
that if the parameter is very near to a tip, the two cycles leaving the unit circle
are attracting. The Blaschke product B, possess a parabolic cycle on the unit
circle and if |a| > 2, then a lies to the boundary of a tongue. The shape of
the connected components of the extended fixed tongue is also described. It is
seen that the extended fixed tongue is symmetric with respect to the real line.
Moreover, by observing numerical computation, the properties obtained are
common to all extended tongues for the extended fixed tongue. The following
two conjectures on all the extended tongues are mentioned:

Conjecture 1: Given an extended tongue ET; of period p > 1, its con-
nected components are disjoint. The boundary of every connected component
of the extended tongue E'T. consists of two disjoint connected components. The
exterior component consists of parameters for which there is a parabolic cycle
of period p and multiplier 1. The interior component consists of parameters for
which there is a parabolic cycle of period p and multiplier —1. Moreover, there
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is a period doubling bifurcation taking place throughout the curve of interior
boundary parameters.

Conjecture 2: Parabolic curves accumulate on the unit circle on isolate
points and tangentially to it. Moreover, if a parabolic curve accumulates on a
parameter [, |I| = 1, then there is another parabolic curve of the same period
landing on [ from the opposite side.

These conjectures have a similar structure as the one given in the following
proposition as: Let ETj denote the extended fixed tongue which intersects the
real line. Then, ETj satisfies the following properties: (a) ETy is symmetric
with respect to the real line. (b) For fixed ro, 1 <79 < 2, EToN{a > 0}N{r =
ro} is a connected set on which the multiplier is strictly increasing with respect
to a and takes values in (b, 1), where —1 < b < 0. Moreover, b = —1 if and
only if ro <5/3. (c¢) If (r,a) € ETp, then —1/6 < a < 1/6.

Apart from the above, for Blaschke products By x(z) = 23 = + Z%, the
singular perturbations and connectivity of Fatou components are studied by
Canela [14]. Under certain conditions, it is found that all Fatou components
of By (%) have finite connectivity. Further, J(B, ) is the union of countably
many Cantor sets of quasicircles as well as uncountably many point components.

A theorem of Herman extends in [18] as Siegel disks of polynomials with 2
finite critical values contain essentially a critical point on their boundaries under
a diophantine condition on the rotation number. It is known for unicritical
polynomials. Suppose H is the set of § € R such that, for rotation number
0, every orientation-preserving analytic circle diffeomorphism is analytically
conjugate to a rotation. It is shown that there is an element in the cycle of
Siegel disk A whose boundary holds a critical point for every polynomial with
2 finite critical values, and A of arbitrary period and of 8 in H. A proof of the
conjecture on rational maps is provided as: The boundaries of A of rational
maps hold a critical point whenever 6 belongs to H. It is mentioned that this
theorem extended by Benini and Fagella [8] for the case of transcendental entire
maps.

In [64], a result on Siegel disk is rigorously shown as: For 0 < 6 < 1, the
boundary of the Siegel disk of fy(z) = €2™sin(z) centered at the origin is a
Jordan curve which goes through exactly 2 critical points 7/2 and —m /2. Here
0 refers as of Petersen-Zakari (PZ) type and [a1, a9, ..., ay,...] is its continued
fraction. If sup{a,} < oo, then 6 is of bounded type . To prove this result,
David homeomorphisms as well as David’s integrability theorem are introduced.
For some Blaschke models, there is proposed a route to justify the integrability
of the invariant Beltrami differentials for which Petersen’s puzzle construction
is unavailable. The construction of an odd Blaschke fraction is provided which
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perform as the model map for fy. The proof of the above result contains three
key parts as variant of Vitali’'s covering lemma, concept of K-admissible pair
and group of dynamically defined domains. Yoccoz’s cell construction is given
and uses its geometry.

For the Julia set of rational maps, the quasisymmetric geometry of Can-
tor circles describes theoretically and analytically, as well as by pictures using
particular numerical values in [53]. This work explores many interesting mathe-
matical computation and calculation to compute the Cantor circles as the Julia
set. Three families of parabolic rational maps consider here. It is shown that,
for suitable parameters, every Cantor set of circles as the Julia set of a non-
hyperbolic rational map must be quasisymmetric equivalently the Julia set of
one map from above 3 families. A complete classification of quasisymmetric of
the Cantor circles as the Julia sets of rational maps is provided. The construc-
tion of the families of non-hyperbolic rational maps are given for which Julia
sets are Cantor circles with 1 parabolic fixed point, 2 parabolic fixed points and
parabolic periodic points. A sufficient and necessary condition is established
whenever a component of a Cantor circles Julia set is a quasicircle. Further, for
McMullen maps fy(z) = 2™ + ﬁ, A € C\{0}, the quasisymmetric geometry of
the Julia sets of f)(z) is discussed in [54], where [ and m are positive integers
satisfying % + % <1

The research work [39] is based on the theme that fix the shape which needs
to approximate, thereafter change the degree of the polynomials for which Julia
sets approximate the shape. Using the Hausdorff metric, it is represented that,
in the complex plane, any Jordon curve approximates arbitrarily in the Haus-
dorff topology by Julia sets of polynomials. By combining these polynomials,
there is constructed rational maps whereof basins of attraction estimate much
complicated sets. Interestingly, the generated shapes of filled Julia sets look
like cat, butterfly and heart.

In [40], the parabolic-like mapping is defined as well as studies its dynamical
properties. This type of map is a local concept, which is depicted by a filled
Julia set as well as by an external map. Further, a parabolic-like map possess a
parabolic fixed point with an attracting petal outside the filled Julia set, while
the external map of a parabolic-like mapping contains a parabolic fixed point.
The theory of polynomial-like mappings is mainly expanded to parabolic-like
mappings. Rigorously, the Straightening Theorem is proved as any parabolic-
like mapping of degree 2 is hybrid conjugate to a member of the family

Pery(1) = {[Pa]|Pa(z) = 2 + % +A,AeC)

a unique such member if the filled Julia set is connected. It is given that all of
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the maps in Perq(1) have a completely invariant Fatou component.

In [29], the prime goal of work answers the question that is raised by Mc-
Mullen [42] who provides rational maps family of degree 3 with explicit formula
that is not belonging to the family of rational maps g, : 2z — 2o 4 ¢+ Z%O,
where do,dg > 1 and ¢, A € C. Moreover, those Julia set exhibits buried Julia
components of various types: points, Jordan curves; however, also Julia compo-
nents which are neither points nor Jordan curves. It is important to be studied
that the buried Julia components does not belong to the disconnected Julia
set of any polynomial map. For rational maps, the buried Julia components
may arise. Specially, here focuses on disconnected case. The main target is
to introduce a family of rational maps arising from a special tree that is to
answer the question of McMullen. The dynamical properties are stated in the
following result: If the following conditions satisfy by the weighted dynamical
tree (Hp,w):

-1 .
d= §(d0 +di +dy — 1) is an integer > 2 and max{dp,d;,d2} <d (Al)

(Hp,w) is unobstructed, (A2)

then, 3 a rational map f of degree d+ ds such that the exchanging dynamics
of postcritically separating Julia components of f is encoded by (Hp,w) in
the following sense: (i) every critical orbit accumulates a super-attracting cycle
{20, 21, 22, 23} of period 4; (ii) 3 a homeomorphism h : Joi(f) — J(Hp) such
that the following diagram commutes

jcrit(f) L) jcm't(f)

| |»

JMp) —5— T(Hp)

(iii) for every Julia component J € J..i+(f) such that h(J) is not eventually
mapped under iteration to the fixed branching point «, f|; has degree w(ex) =
di, where ey, is the edge of Hp which contains h(J).

Further, the result related to the topological properties of the Julia com-
ponent of function is given as: For assuming (A1) and (A2), 3 a rational map
f which satisfies the above result as well as J(f) contains buried Julia com-
ponents of many types: (a) Point type: uncountably many points. (b) Circle
type: uncountably many Jordan curves. (c¢) Complex type: countably many
preimages of a fixed Julia component lying over the fixed branching point «,
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say Jo, = h™'(a) € J(f), which is quasiconformally homeomorphic to the
connected Julia set of a rational map fA‘

Furthermore, fhas degree d and has only one critical orbit which is a super-
attracting cycle {Zp, z1, Z2} of period three such that the local degree of f at zj,
is dj, for every k € {0,1,2}.

A unifying example by giving a McMullen-like mapping as a rational map
related to a hyperbolic postcritically finite polynomial P and a pole data D
mentions in [27] that encodes the location of every pole of the rational map
and the local degree at each pole. All these examples present parameter values,
where a Cantor set of circles is exhibited in the associated Julia set. To achieve
this goal, a generalization of special dynamical behavior introduces for rational
map f. The characterization of a McMullen-like mapping by applying an arith-
metic condition depending only on (P, D) is given as for the McMullen family f.
It is provided that the arithmetic condition is necessary. For a McMullen-like
mapping of minimal degree four, an explicit expression is given. The following
two examples obtain topologically conjugate on their Julia set to the McMullen
family for McMullen-like mappings.

Example 1: Suppose the family of rational maps given by ﬁ(z) = 2"+
A (z — a)? and fix a small value of A # 0. For every |a| sufficiently small, if
the arithmetic condition 1/n + 1/d < 1 is satisfied, then f is a McMullen-like
mapping of same type as fy. In this case the pole is moved to a and not located
at the origin as in the McMullen family. The Julia set J (f,\) is a Cantor set of
circles. R

Example 2: Consider a family of rational maps given by fy(z) = 2" +
A(z)/2% where A(z) is any polynomial with deg(A) < d and A(0) # 0 small
enough, if the arithmetic condition 1/n + 1/d < 1 is satisfied, then fis a
McMullen-like mapping of same type as f).

The mating and unmating of rational maps provide in [45]. This work
contains two-way (dual) attempts on unmating of rational maps which is based
on the operation of mating of two polynomials by Douady and Hubbard [23].
A sufficient condition is given that the rational map come up as a mating of
two polynomials. The two opposite cases of rational maps study here and is
contrasted hyperbolic maps where the Fatou set holds all critical points, with
maps where the Julia set holds all critical points. A stronger version of Moore’s
theorem is provided, and then the mating construction is given. The sufficient
criterion presents in [43, 44] for rational map to arise as a mating for rational
maps. The algorithm that unmates rational maps is also given. Many examples
describe for unmating of rational maps. It is shown by using example that
the existence of a pseudo-equator is not essential for a rational map to arise
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as mating. The following open questions related to mating of rational maps
propose in this work:

e Suppose f is a rational map from C to C. Is the existence of an equator
for f sufficient for f to arise as a mating? When f is postcritically finite,
which is more expected, but there does not seem to be a proof in the
literature.

e A (pseudo-) equator € has to be orientation-preserving (pseudo-) isotopic
to f~1(&). Orientation-reversing (pseudo-) equators seem to be as com-
mon as orientation- preserving ones. From such a pseudo-equator it is
possible to construct a semi-conjugacy from z=¢ : §1 — St to the map
f, where d = degf (when f is postcritically finite and J(f) = C). There
should be some sort of orientation-reversing mating associated to such

orientation-reversing (pseudo-) equators.

e The form of Moore’s theorem presented here allows one to shrink each
ray-equivalence class to a point by a pseudo-isotopy H. Is it possible to
put further smoothness assumptions on H? In particular, can one embed
H in a holomorphic motion?

Further, a continuity consequence on quadratic matings discusses in [41]
with respect to parameters of odd denominator rationals. The mating the
basilica with a Siegel disk is found in [62] by considering a family of rationals
maps Rq(z) = 745, where a # 0 is a complex parameter. Moreover, in [59],
the matings of cubic polynomials with a fixed critical point is explored.

For a quasiregular map of transcendental type f : R” — R™, the bungee set
studies first time in [50] by Nicks and Sixsmith. The bungee set is given as the
set points for which orbit is neither bounded nor tends to oco. It is defined as

BU(f) := C\(I(f) U BO(Y)),

where I(f) is the escaping set and BO(f) is the bounded orbit set. It is
proved that the bungee set is infinite, as well as it shares several properties
from BU(f) of a transcendental entire function. It is shown that BU(f)NJ(f)
is an infinite set further, as a conjecture, there mentions that J(f) possesses
positive capacity under certain conditions. For f : R? — R?, it is found that
capJ(f) is strictly positive as well as J(f) # OBU(f). In the quasiregular
setting, the examples of some new properties of the bungee set are provided.
For instance, a quasiconformal map of the plane is given with a non-empty
BU(f); but for an analytic homeomorphism, this behaviour is not possible.
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The structure MandelbrotSierpinski maze (MS-maze) explains by Devanay
in [22] for family of rational maps 22 + A\/z3. It is a newest structure that
belongs to family of these functions in the parameter plane. In the first phase
of the construction, the beginning portion of the MS-maze is constructed which
is called Sierpindelbrot arc (SM arc). At this first level, the maze consists an
infinite string of alternating Mandelbrot sets as well as Sierpinski holes that
consist along an arc in the parameter plane. In this construction, the concept
of a polynomial-like map uses. The Mandelbrot sets (M*) and Sierpinski holes
(EF) arrange as:

LM< E < MP < E2 < M < EL.

where k (> 2) is the period of the attracting cycle for parameters take out from
the main cardioid of M* as well as k (> 1) is the escape time in &F.

In the second phase, infinitely many smaller M* and EF that alternate
on the arc between each M and £ on the first level, as well as finitely many
other M* and £F that extend away from the given Mandelbrot set in a pair of
different directions.

In the final phase, this completes the construction of MS-maze. In this
final level, repeat inductively the above structure to generate the Mandelpinski
maze. Further, this work extends from the construction of the Mandelpinski
maze to a family 2™ + \/z%, where n (> 2) is even but d (> 3) is odd.

In [21], a complete rigorous proof of a formula proves for the Hausdorff
measure on the Julia set in terms of singular traces. Moreover, there is recon-
structed proofs of some existing results for resolving their purposes. It is proved
that if C is any Jordan curve in C with finite upper s-dim Minkowski content,
and ( is a conformal equivalence between the exterior of D and the exterior of
C, then [F, M| is in the weak Schatten ideal L, . Further, it is shown that
f = o(Myoz|[F, Mgz]|P) is p- conformal with respect to ¢.. Furthermore, the
self-contained proof of the following result is given: Suppose f is a complex
polynomial. Then,

(1) [F, f(Mz)] = f'(Mz)[F, Mz] € (Lp,c0)o;
2) |IF, f(MZ)][P = | f'(Mz)[P|[F, Mz][P € (£L1,00)o-

Moreover, some familiar results on the connection between Dixmier traces and
zeta-function residues are also provided. Using these results, the following result
gets: Suppose ¢ # 0 is in the main cardioid of the Mandelbrot set and p € (1,2)
is the Hausdorff dimension of the Julia set J of ¢.. “Suppose m, is the p-dim
Hausdorff measure on J. Then,
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(i) [F,Mz] € Ly o0;

(ii) V continuous Hermitian trace ¢ on L, 3 a constant K (¢, c) such that
for every f € C(J),

o(Myoz|[F, Mz)P) = K(p,0) /J fdmy;

(iii) if w is a dilation-invariant extended limit on Lo, (0, 00) such that wolog is
also dilation invariant, then K(try, ¢.) > 0. Here, tr,, is a Dixmier trace
corresponding to w.”

The biaccessibility dimension is given as the Hausdorff dimension of those
external angles whose the corresponding rays land together with some other ray.
In [13], a discussion about a purely combinatorial characterization of biaccessi-
ble angles provides for both dynamic and parameter forms, and the Hausdorff
dimension of the set of biaccessible angles estimate here. Only the case of
quadratic polynomials p. = 22+ ¢ is considered in this work. The following two
sets investigate

(i) Biacy the set of combinatorially biaccessible ¢ € S! with respect to 9

(ii) Biac the set of combinatorially biaccessible parameter angles ¥ € S!,
where 1} is the parameter angle.

Based on these sets, the Hausdorff dimension of biaccessible angles
dimp (Biacy) and the Hausdorff dimension of biaccessible parameter angles
dimp (Biac) are discussed. It is proved that for every parameter angle ¥ € S,
dimp (Biacy) for N = N(v(9)) and S = S,1(v(19)).

Further, the dimension of renormalizable angles and kenading sequences are
described. An algorithm from internal address to kneading sequence is given.
Topologically and combinatorially biaccessible angles in the Julia set and the
Mandelbrot are expressed. The two pairs of bounds are given for the Hausdorff
dimension of biaccessible itinearies and kneading sequences. Furthermore, the
embedding of the Hubbard tree utilize in their computations.

In [38], the synchronous chaos discusses on the Julia set of complex-valued
coupled map lattices. It is very interesting application of chaotic set which
is called the Julia set in the complex plane. Due to complex-valued coupled
map lattices, it has become an important study since the local synchronization
is found by some researchers for real coupled map lattices. Firstly, a unified
formulation is given for describing both local and global synchronization theory
of complex-valued coupled map lattices. Secondly, investigates the problem of
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constructing a network for which the fastest synchronized speed can be made
by choosing suitable coupling coefficients.

Further, solve an inf min max problem related to the problem of finding
a complex coupling weight among a class of coupling matrices which gives the
fastest synchronized rate. Moreover, the global and local synchronization are
shown on the Julia set with individual maps of the quadratic and cubic forms.
The important and interesting statistical properties of real and complex one-
dimensional maps are discussed in [56] under weak hyperbolicity assumptions
which are very useful in the study of Julia sets, fractal dimensions, etc. The
existence and statistical properties of physical measures is studied, with respect
to geometric reference measures. The geometric properties of these measures
are also found. The reference measure p could be the Lebesgue measure on
the phase space, or more generally a conformal measure supported on the Julia
set. Such a measure v, when ergodic, has the important property of being a
physical measure with respect to u. The dynamics of J(f) is taken, where the
chaotic dynamical behavior concentrates.

For smooth interval maps, Bruin, Luzzatto and van Strien [12] give mixing
rates upper bounds closely related to the growth of derivatives at the critical
values. But the results from this work express that the mixing rates can be
much faster than the growth of derivatives at critical values: an interval map
f satisfying the Large Derivatives condition

li_}m |Df"(v)| = oo, for each critical value v of f in the Julia set
n—oo

together with other mild conditions, has a super-polynomially mixing abso-
lutely continuous invariant measure. A result shows in the complex setting for
a non-renormalizable polynomial. For a general rational map without parabolic
cycles, it is proved that the summability condition with exponent 1 is enough
to guarantee the existence of a super-polynomially mixing absolutely continu-
ous invariant measure. The two results are proved, one case for real as well as
another for complex. It is also shown that a map satisfying the some assump-
tions, has the following two expanding properties: expansion away from critical
points as well as backward contraction. Verbally, the first property means that
outside any given neighborhood of the critical points the map is uniformly hy-
perbolic; the second property means that a return domain to a ball of radius
0 centered at a critical value is much smaller than §. A finer quantification of
the expansion features of a map is given that satisfies these two properties.

It is shown in [30] that the components of the preimages of a small ball
intersecting the Julia set shrink at least at a super-polynomial rate. This unex-
pected result represents a significant improvement on the estimate of the same
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type for rational maps which satisfies the summability condition with a suffi-
ciently small exponent. It is deduced that the Julia set is locally connected
when it is connected. Next, a dimension-like parameter that measures the com-
bined size of all “bad pull-backs” of a suitably chosen small neighborhood of
the critical points is introduced. A bad pull-back is a pull-back that is not
contained in any diffeomorphic pull-back. Using the local Markov structure
(nice sets) provided by the backward contracting property, it is shown that the
badness exponent is zero. A straight outcome of this result is that the conical
Julia set has codimension zero in the Julia set. A tail estimate in terms of the
rate of shrinking of components of preimages of small sets is obtained, and of
the badness exponent only. The result on the regularity of the invariant density
is found through an upper bound of the Poincare series. For a complex polyno-
mial that is expanding away from critical points and backward contracting, it
is shown that the Julia set has Hausdorff dimension < 2 and is holomorphically
removable.

In [51], new results related to Eremenkos conjecture and Bakers conjecture,
and about the rate of escape in Baker domains are obtained. In progress on
Eremenkos conjecture, that all the components of I(f) are unbounded, and on
Bakers conjecture, that if f has order at most 1/2, minimal type, then all the
components of F'(f) are bounded. Some examples are provided by considering
the functions (i) f(z) = 2z(1+e7 %) (ii) f(z) = z+1+e 7 (iil) f(2) = z+bsin z,
where b > 27 (iv) g(z) = 2z cos y/z.

The concepts of certain polynomial perturbations and uniform linearizabil-
ity introduce in [28]. There is also mentioned the concept of J-stability for
polynomial-like maps. It has a direct result relating J-stability, irrationally
indifferent periodic points, and uniform linearizability. It is known that every
irrationally indifferent fixed point of an analytic function with a Brjuno rota-
tion number is linearizable, and this is sharp for quadratic polynomials. The
Brjuno numbers set is given by

B={a e R\Q: %g, " log g1 < o}

In the complex plane, an analytic function f(z) = Az+0(z?) defined in a neigh-
borhood of zero is linearizable near the fixed point 0 if it is locally analytically
conjugate to its linear part. This work attentions toward the irrationally indif-
ferent case where A = e*™@ with « irrational. Douady conjectured as this is
sharp for all rational functions of degree > 2. It is proved that Douadys conjec-
ture holds for the class of polynomials for which the number of infinite tails of
critical orbits in the Julia set equals the number of irrationally indifferent cycles.
The following result is also given as: If family f(a,z) = Az + X732, fr(a)2F is



1084 M. Sajid

uniformly linearizable for |a| < r, then the quadratic polynomial F(z) = Az + 22
is linearizable. There also provides a result on the persistence of Siegel disks
and Cremer points on the J-stable set. Saturated polynomials are those for
which the Fatou-Shishikura inequality on the number of non-repelling cycles
is an equality. It is established that saturated polynomials do not have exotic
Siegel disks. Moreover, it is found that Julia-saturated polynomials do not have
exotic Siegel disks.

For the family of polynomials P.(z) = 2" + cz*, n > k > 2, where c is a
complex parameter, the geometric limits of Julia sets and connectedness locus
of P.(z) study in [2] with n and k positive integers. The connectivity of the
Julia sets of singularly perturbed rational maps fy(z) = %, n > 2,
A€ C*—{X: "2 = 1}; explores in [25]. Bergweiler [11] provides criteria
for the escaping set and the Julia set of an entire function to have positive
Lebesgue measure. For transcendental meromorphic functions, the dynamics
of a family shows in [58] and Herman rings with small periods as well omitted
values determine in [16]. The dynamical properties of the extraneous fixed
points characterize in [26] with respect to their stability, basins of attraction,
cycles, etc. Moreover, the graphical visualizations of the corresponding Fatou
and Julia sets also demonstrate. In [33], the dynamics and limiting behavior
of Julia sets of Konig’s method for multiple roots are given by showing, for all
order ¢ > 2, 3 a complex polynomial such that the Julia set of Konig’s method
for multiple roots applied to it, is disconnected. In [19], there is relationship
given as: (i) The Julia set of orthogonal polynomials to the outer boundary
of the support. (ii) The filled Julia set to the polynomial convex hull of the
support. (iii) The Green function associated with orthogonal polynomials to
the Greens function for the complement of the polynomial convex hull.

The topological properties of Fatou sets and Julia sets of transcendental
entire functions little widely discuss in [37] which is translated research work
from [36]. The dynamics of two parameter families of hyperbolic sine and cosine
like functions investigates in [9, 10]. It is shown in [60] that Fatou sets, Julia
sets, and escaping sets of a transcendental semigroup are respectively equal to
the Fatou sets, Julia sets, and escaping sets of their subsemigroups under some
conditions. An explicit construction of polynomial semigroups of two generators
with a Cantor target as a Julia set is given by Morosawa [48]. Further, it is
found that the existence of polynomial semigroups such that the associated
Julia set contains no interior points as well as Hausdorff dimension arbitrarily
close to 2. A criterion studies in [61] for some rational maps having exactly
one fixed (super-) attracting or parabolic basin that provides guarantee the
existence of the carpet Julia sets.
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The exploration of filled-in Julia sets arising from centered polygonal lacu-
nary functions find in [47]. It is determined in [7] that Newton maps of rational
functions are conjugate to quadratic polynomials. Further, it is provided that
there are no Newton maps of rational functions which are conjugate to z3. The
dynamics and Julia sets of iterated elliptic functions present in [31] by consid-
ering the parametrized family of elliptic functions F 4(2) = p(z) + b for b € C,
A a lattice, and o the Weierstrass elliptic p function with period lattice A.
In [32], Hittmeyer, Krauskopf and Osinga explore interactions of the Julia set
with critical and (un)stable sets in an angle-doubling map on C\{0} by study-
ing a nonanalytic perturbation of the complex quadratic family z — 22 + ¢ in
the form of a two-dimensional noninvertible map. In [34, 35], it is obtained that
there exists a transcendental entire function whose Julia set contains quasicon-
formal copies of the given quadratic Julia sets for any finite as well as infinite
collection of quadratic Julia sets respectively. In [52], the radial distribution of
Julia sets of some entire functions with infinite lower order is studied which are
solutions, the polynomial or differential polynomial of solutions of the equation
1"(z) + A(2)f'(2) + B(2) f(2) = 0. Some dynamical properties of fundamental
trigonometric functions sin z,cos z and tanz have been found in [57]. Frac-
tals from nonlinear iterated function system of the complex mapping family
f(z) = 2™ + ¢ are generated in [17].

3. Conclusion

In the present work, we have been presented some recent advances in the dy-
namics of one variable complex functions as well as explored beautiful features
from 2015 to 2019. It is seen that there are several different approaches in
dynamics of one variable complex functions but there are still many more pos-
sibilities of research work in this field. Here we have been restricted our self to
some selected research themes in some certain directions.
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