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Abstract: In the present paper, the stability of the initial value problem
for the third order partial delay differential equation with nonlocal boundary
condition is studied. The first of accuracy absolute stable difference scheme for
solution of this problem is presented. Stability estimates for solution of this
difference scheme are proved. Numerical results are provided.
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1. Introduction

Classical and nonclassical problems for third order partial differential equations
have been studied widely in the literature (for instance, see [1], [2], [3], [4], [5],
(6], [7], [8], [9], [10], [11], [12], [13], [14]).
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Time delay is one of the most common phenomena occurring in many en-
gineering applications. In control theory, the process of sampled-data control
is a typical example where time delay happens in the transmission from mea-
surement to controller.

Theory and applications of delay linear and nonlinear third order ordinary
and partial differential and difference equations with the delay term were widely
investigated (see, e.g., [15], [16], [17], [18], [19], [20], [21], [22] and the references
given therein).

Our goal in this paper is to investigate the initial value problem for third
order partial delay differential and difference equations with nonlocal boundary
condition. The paper is organized as follows. Section 3 is Introduction. In
Section 2, a theorem on stability of the initial value problem for the third
order partial delay differential equation with nonlocal boundary condition is
established. In Section 3, the first order of accuracy difference scheme for
solution of this problem is studied. Stability estimates for solution of this
difference scheme are proved. In Section 4, numerical results are provided.
Finally, Section 5 is conclusion.

2. Stability of differential problem

In [0,00) x (0,1), the initial boundary value problem for the third order partial
differential equation with time delay and nonlocal boundary conditions

831553’@ — (a(z)utz(t, 7)), + oult, =)

= —b((—a(z)uy(t —w,x)), + ou(t,z))
+f(t,x), 0<t<oo, (0,1),

u(t,z) =g(t,x), —w<t<0, ze]|0,],

u(t,0) = u(t, 1), us (t,0) = uy(t, 1), 0<t<o0

is considered. Throughout this paper, we will assume that
a(x) >a >0,z € (0,0) and a(l) = a(0).

We consider the Hilbert space Ls [0,1] of the all square integrable functions
defined on [0, (], equipped with the norm

l 2
| £ o= ( / \f(a:)\Qda:> |
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Under compatibility conditions problem, (1) has a unique solution u(t,z) for
the smooth functions a(x), z € (0,£), g(t, ),
—w<t<0, x€[0,1],f(t,z), 0<t<oo, z€(0,]),and § >0,b € R

Let us present a theorem on stability of problem (1).

Theorem 1. For the solutions of problem (1), we have following stability
estimates:

Oglgx vz (2, )le[oz} ogtlgx [[ve(t, )||W2[Ol] Ogtlgx [[v(t, )ng[o,z]
n rjw

< My (2+\b\w)nao+/ <2+\b|w>"—f/ 1£(s. )l ds]|
j=1 (—Dw Wz

oo = max { e lou(t Mhwgpoq + o ot g b

where My does not depend on g(t,z) and f(t,z). Here, W§ [0,1],
k =1,2,3 are Sobolev spaces of all square integrable functions 1 (x) defined on
[0,1] equipped with the norm

2 3

Wl = / Z Ve ()| da

J tm]e

Proof. This allows us to reduce the problem (1) to the initial value problem

ot L AT — pA(t —w) + f(1), 0<t< oo,
(2)
v(t) =g(t), —w<t<0

in a Hilbert space H = Lo [0,(] with a self-adjoint positive definite operator A
defined by formula
Au(z) = —(a(z)uy (), + du(x) (3)

with domain

D(A) = {u(x) : u(x), uz(x), (a(x)uy)s € L2[0,1],u(l) =u(0),
ug (1) = uy (0)}.
The proof of Theorem 1 is based on the self-adjointness and positive defi-

niteness of the space operator A defined by formula (3) [25] and the following
theorem on stability of the solution of the abstract problem (2). O
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Theorem 2. ([23]) For the solution of problem (2) the following estimate
holds:

2
max A%dv(t) , max Adv(t) ,1 max HA%v(t)H
0<t<nw dt? ||y’ o<t<nw dt ||y 2 o<t<nw H
<@ploat [ |46, ds n=12, (4)
0

where

d?g(t
As 9(t) , max
de? ||y —w<t<o0

4%9(1) H ’
at |,

ap = max max
—w<t<0

3. Stability of the difference scheme

Now, we study the stable difference scheme for the approximate solution of
problem (1). The discretization of problem (1) is carried out in two steps.
In the first step, the spatial discretization is carried out. We define the grid
space
[O,E]h:{m:xn ‘ Ty =nh, 0<n <M, Mhz(}.

We introduce the Hilbert space Loy, = Lo([0,£];,) of the grid functions " (z) =
{¢"} defined on [0, €], equipped with the norm

1/2
2

L= > || n

IE[O,f]h

]

To the differential operator A defined by the formula (3), we assign the difference
operator Ay by the formula

Aneh@) = { = (alwet), + 0@} )

acting in the space of grid functions ¢"(z) = {¢"}}! and satisfying the condi-
tions ¥ = M, pl — P = M — YM=1 Here
n_ (pn o SOn—l S071-1—1 o SOn

Yz A , 1<n<M, @ZZ?,OSnSM—l.



ON STABILITY OF THE THIRD ORDER PARTIAL DELAY... )

It is well-known that A7, defined by (5), is a self-adjoint positive definite op-
erator in Loj,. With the help of A7, the first discretization step results in the
following problem

3,,h
t
Lt(g’i) + AFul(t, z) = —bATU (t — w, x)

Fft @), 2 €[04, 0<t< oo, (6)
uh(t x) = gt x), —w<t<0, ze [0,0]p, —w<t<O.

In the second step, we replace the problem (6) with the following first order of
accuracy difference scheme

( uZ+2($)—3uZ+1($)+3u2($)—u2_1(;B) +A$uﬁ+2($)—uz+l($)
3 h T

= bA‘fLuZ_N(J:) + f;?(l’% f,?(x)
= ity ),k > 1, z€[0,0,

ul(z) = g"(ty, ), —N < k <0,

h(z)—yh
(I + 72 A5) L8 — ghio, ), (@)

(I + 7247) 2 DEGE) _ gh(0, 7). € [0, 4],

uh x 7’U4h x uh xT)—u,

T

]:rLN—l(x)
, T € [O,E]h,

h —ouh uh
_ m () —2 mN;21($)+ mN72($)’x c [075]

hy T = 1, 2, ceey
where 7 = 1/N and t;, = k7, —N <k < c0.
Theorem 3. Let 7 and h be sufficiently small numbers. For the solution

of difference scheme (7) the following estimates

h h h
Up o — 2up g + U
2

h h
e T k-1

max
0<k<(m+1)N—2

, max
1<k<(m+1)N

9

2
W3,

T

) T
WQh

h < |: 2 N — 92))mph
ogkg(lgfil)NHu’“HWSh < C1 |2+ 7Ibl( )™ by
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m N
+D @+ TN —2)" T Y £ @)z, | m =01, ...,
j=1 s=(j—1)N+1

by = maX{ ma]g;ollgtt(tk)llwl }Vngggo\lgt () llwz,

t
_pax 1g"( k)llws, }

hold, where C does not depend on 7, h, g"(t;,), and f,?(x) Here, WQkh, k=1,2,3
are spaces of all mesh functions " (z) defined on [0,1],, equipped with the norm

2 3
HwhH = g g ¢:L‘ n*
2h
IGOlh] =0 jtlme

Proof. The difference scheme (7) can be written in the abstract form

h h h_,h h h
Uy o —3uy g H3up—uyp +A Up o Uk
73 h T

= bAth_N—'_f]?uk Z 17

uZ:gZ,—NSkSO,

(I + 72 Ap) M1 = gh(0), (1 + 7245) 25 = g (0),

T2

—2uh +ul wh o —2ul _ +ul _
(Ih+T2Ah) mN+2 Trr2LN+1 mN __ ZmN mel mN 27

h

24 mN+l “hN _ “mN_“?anl _
( (I +7°4p) = = = ym=1,2, ...

in a Hilbert space Loy with self-adjoint positive definite operator A, = A} by
formula (5).

Here, g = gl(z), fi = fl(x) and ul! = ul(x) are known and unknown
abstract mesh functions defined on [0, (], with the values in H = Loy,. Therefore,
the proof of Theorem 2 is based on the self-adjointness and positive definiteness
of the space operator A, (5) [26] and the following theorem on stability of the
solution of the difference scheme (8). O
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Theorem 4. ([27]) For the solution of difference scheme (8) the following

estimate holds:

h h h
A% Up o — 2Up g +uy
7—2

Ap,

max
. "1<k<(m+1)N

1
- max
2 0<k<(m+1)N—2

A2 < 2 N —2))™bh
0<k£r(1ax A7 uilm < Cq [( + 71b|( )™ bg

N

m ‘ 1
+Y@+TP((N =2 > AR f) |, m=0,1,...
7j=1

s=(j—1)N+1

where

bo = max{_max HA2 9" (t)llmr, _max 1ARgt (t) 1,

A t
max 47" (8) ).

4. Numerical results

h h
Uk T k-1

i

When the analytical methods do not work properly, the numerical methods
for obtaining the approximate solutions of partial differential equations play
an important role in applied mathematics. In this section, we will use the first
order of accuracy difference scheme to approximate the solution of a simple test

problem

FBu(t,x) Pu(t,x) Bu(t x)
o~ — gioaz. T 16

0.1 (= Lulzte) 16u(t ~1,2))

Ox2

—48¢ 2t sin 22 + 221 gin 2z,

O0<t<oo O<z<m,
u(t,r) =e ?sin2r, -1<t<0,0<z<m,
Lu(t,0) = u(t,m), uy(£,0) = uz(t,m), 0<1t< o0.

The exact solution of problem (9) is u(t,z) = e #sin2z,0 <z <7, -1 <t <
oo. For the approximate solutions of the problem (9), using the set of grid

points
[—1,00); x [0,7|p = {(tg,xn) : tp = k7, —N < k,NT =1,



A. Ashyralyev, S. Ibrahim, E. Hincal

Ty =nh, =M <n <M, Mh =7},

we get the first order of accuracy in ¢ difference scheme

.
ulfl+2 73ulfl+ ! +3uk —up

k+1
—ulty

k—1 k42
u n

k 1 k+2
n+l1 " i _2(u"+ _

k+1 k+2
n+l Un )+un71

u1 7u

2
+2(u7lz+1
(e

T3

k+2
+165n—rn— =

1,1
—2u, +u,,

_umN u
n

Th?2
kE—N

k+1 +un 1

—2un
72

—(0.1) (_uiiliv

+ 16uk—N )

—48e7 2tk sin 2, + 27 2h-N) sin 2z,

ty =kr, mN+1<k<(m+1)N -2,

m=20,1,...

Nr=1, z, =nh, 1<n<M-1, Mh=m,
ud) = sin(2nh)

—n—n +T(

7_( n+1—2u +ul

12
2 14,0
us —2u, +u,

, 1<n<M-1,

2o | J6ul)+

— 16uY) = —2sin(2nh),

(~tas 2 |62

=L — 16u}) (10)

h2

u0+172u +uf

n=l 4 16ul) = 4sin(2nh), 0 <n < M,

mN+172umN+l+umN+1
n+1 n n—1 mN+1

> + 16u) )
mN—1

h2

+7(—

mN mN

U, —2um N gt _
+7_( n+41 7L2 n—1 __ 16umN) — Uy Un

n T 5

U$N+2_2 mN+1+umN

Up41

mN+2 2umN+2

T2

mN-+2
+un 1

+(—
+2(“n+1

mN+1

b2 4 16unmN+2)

_2U$N+1+um]\7+l _ 16umN+1)
n

n+1

72
—2u? MmN g m

mN
+(=2

h2 n— 1 _|_16umN)

umN g mN =1 mN -2

k

_ .k .k
Uy = Upyg, Uy

5 L ,0<n<M m=1,2,...,

k_ .k k
— Uy = Upp — Ups_qs

T

mN <k<(m+1)N, m=1,2,....
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We can write (10) in the matrix form

k=1,23,..., U=

sin (Q(M —1)h)

0

sin (2h)

0

BUF2 4 CUF + DU* + EUF! = o(UFN),

Ul=(1-2n0°% U?=U'-(1-4r2)U°
UmNJrl _ FleUmN _ FflUmel
UmN—|—2 — 2UmN+1 4 F—IPUmN o 2F—1UmN—1
(+FIU™ 2 m=1,2,..

(11)

where B,C, D, E, F, H and P are (M +1) x (M +1) matrices, o(U*N), U°, U!

and U",r = k,k+1,k+ 2 are (M + 1) x 1 column vectors defined by

1 0
a b
0 a
B=|. .
0 0
0 0
| 1 -1
0
—a ¢
0 -—a
C =
0 0
0 0
| 0 0
[0
0
0
DE(g) = | -
0
0
| O

0

0

)

0
0
0

[an}

o

[an}

)
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10 0 0 0 0 —17
-s z =S 0 0 0
0 —-s 2z —s 0 0 0
0O 0 0 0 z —s 0
0 0 0 -s z =S
1 -1 0 0 0 -1 1 |
i 0 0 0 0 —17
s p s 0 0 0
0 s p s 0O 0 O
P = . ,
0O 0 0 0 p S
0O 0 0 O s p
|1 -1 0 0 0 -1 1 |
D, g=d,
DE(g) = {
E, g =e,
F —
FH(Z) — { ) Z q7
H, z = t,
F o C T
i Ut
eUFNMy=| + |, U =| : |, r=kktlk+2
80?\4—1 Unr—1
U | Ui |
where
k—N k—N k—N
Uy — 2u + U, 4 _
ok = —(0.1) (— L 3 "=+ 16u), N)
— 48¢ 72tk sin 22, + 22N gin 2z,
tp=kr, mN +1<k<(m+1)N -2,
m=0,1,...., 1<n<M-1.
Here, Wedenotea:—T—}Z?, b:T—13—|-#+¥7 C:_%_T_}Qﬂ_lf_ﬁ’d:%

2 2
—d, t =242 41672, p= -2 — 1672,
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2

g=1+2 11672, s=1,.

The numerical solutions are recorded for different values of N and M, and u*
represents the numerical solution of this difference scheme at u(t,z,). Table
1 is constructed for N = M = 40,80,160 in t € [0,1], t € [1,2], t € [2,3]
respectively and the errors are computed by

mEY = max w(ty, zn) — uk|.
M N+1<k<(m+1)N, OSnSM‘ (b 2n) = |

Table 1. Errors of difference scheme (10).

(NNM) [N=M=40 | N=M=80 | N=M = 160
t€0,1] | 0.0790 0.0400 0.0200
te[1,2] | 0.0823 0.0411 0.0205
te[2,3] | 0.0789 0.0402 0.0202

If N and M are doubled, the values of the errors are decreases by a factor
of approximately 1/2 for the first order difference scheme (10). The errors
presented in this table indicates the accuracy of difference scheme.

5. Conclusion

In the present paper, the stability of the initial boundary value problem for
the third order partial delay differential equation with nonlocal conditions is
investigated. The first order of accuracy difference scheme for solution of this
problem is presented. Stability estimates for solution of this difference scheme
are proved. Numerical results are provided. Some statements of the present
paper were published, without proof, in [23], [24].
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